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Any reference to a formula or statement contained in the present docu-
ment starts with a capital letter (eg ‘A.1’). Any reference not of this form
is to the main paper, Panaretos & Tavakoli (2012).

APPENDIX A: THE SPECTRAL DENSITY OPERATOR

The autocovariance operators encode all the second-order dynamical prop-
erties of the series and are typically the main focus of functional time series
analysis. Since we wish to formulate a framework for a frequency domain
analysis of the series {Xt}, we need to determine a suitable notion of Fourier
transform of these operators. This we call the spectral density operator of
{Xt}, defined rigorously in Proposition A.1 below.

The following summarizes the basic property of the spectral density oper-
ator. Results of a similar flavour related to Fourier transforms between gen-
eral Hilbert spaces can be traced back to, for example, Kolmogorov (1978);
we give here the precise versions that we will be requiring, for completeness,
since those results do not readily apply in our setting.

Proposition A.1. Suppose p = 2 or p =∞, and consider the following
conditions:

I(p). The autocovariance kernels satisfy
∑
t∈Z ‖rt‖p <∞,

II. The autocovariance operators satisfy
∑
t∈Z |||Rt|||1 <∞,

where |||Rt|||1 is the nuclear norm or Schatten 1-norm (see Paragraph F.1.1).
Then, under I(p), for any ω ∈ R, the following series converges in ‖·‖p:

(A.1) fω(·, ·) =
1

2π

∑
t∈Z

exp(−iωt)rt(·, ·).
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We call the limiting kernel fω the spectral density kernel at frequency ω.
It is uniformly bounded and also uniformly continuous in ω with respect to
‖·‖p, meaning given ε > 0, there exists a δ > 0 such that

|ω1 − ω2| < δ =⇒
∥∥fω1 − fω2

∥∥
p < ε.

The spectral density operator Fω, the operator induced by the spectral density
kernel through right-integration, is self-adjoint and non-negative definite for
all ω ∈ R. Furthermore, the following inversion formula holds in ‖·‖p:

(A.2)
∫ 2π

0
fα(τ, σ)eitαdα = rt(τ, σ), ∀t, τ, σ.

Under only II, we have

(A.3) Fω =
∑
t∈Z

e−iωtRt,

where the convergence holds in nuclear norm. In particular, the spectral den-
sity operators are nuclear, and |||Fω|||1 ≤

∑
t |||Rt|||1 <∞.

Proof of Proposition A.1. The convergence of (A.3) in ‖·‖p and the
uniform boundedness of the spectral density kernel follows from the triangle
inequality. Using the property rt(τ, σ) = [r−t(σ, τ)]T , we obtain fω(τ, σ) =[
fω(σ, τ)

]†, so that the spectral density operator Fω is self-adjoint. For uni-
form continuity, notice that∥∥fω1 − fω2

∥∥
p ≤

∑
t∈Z

∣∣∣e−itω1 − e−itω2

∣∣∣ ‖rt‖p
≤ C

∑
|t|≤N

∣∣∣e−itω1 − e−itω2

∣∣∣+ 2
∑
|t|>N

‖rt‖p,(A.4)

where C = maxt∈Z ‖rt‖p. Fixing ε > 0, since I(p) holds, we can choose
N = N(ε) > 0 such that the righthand sum of (A.4) is smaller than ε/2.
Now since for each t, the function ω 7→ e−itω is uniformly continuous, we
can choose a δ = δ(N, ε) > 0 such that the lefthand side of (A.4) is smaller
than ε/2. Since δ = δ(N(ε), ε) = δ(ε), uniform continuity follows.

For the non-negativity, we need to show that 〈Fωϕ,ϕ〉 ≥ 0, for any ϕ ∈
L2 ([0, 1],C). Our approach is inspired by Brillinger (2001). Let

ϕ(T )(τ) =
∫ 1

0
p(T )
ω (τ, σ)ϕ(σ)dσ,
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where

p(T )
ω (τ, σ) = T−1

T−1∑
t,s=0

e−iω(t−s)Xt(τ)Xs(σ).

The element ϕ(T ) is a random element of L2 ([0, 1],C) since E
∥∥∥ϕ(T )

∥∥∥2
<∞.

Hence, its expectation exists and Lemma F.3 yields

Eϕ(T ) = T−1 (A0 + · · ·+AT−1)ϕ,

where AT =
∑T
t=−T e

−iωtRt. Since AT → Fω in |||·|||2, the convergence also
holds in operator norm |||·|||∞. Therefore, the Cesàro-sum

T−1(A0 + · · ·+AT−1)

also converges to Fω in operator norm and Eϕ(T ) → Fωϕ in the norm of
L2 ([0, 1],C). Since

〈
ϕ(T ), ϕ

〉
=
∫ 1

0

∣∣∣∣∣
(

(2πT )−1/2
T−1∑
t=0

Xt(τ) exp(−iωt)

)
ϕ(τ)

∣∣∣∣∣
2

dτ ≥ 0,

we obtain

〈Fωϕ,ϕ〉 =
〈

lim
T

Eϕ(T ), ϕ

〉
= lim

T
E
〈
ϕ(T ), ϕ

〉
≥ 0.

The inversion formula follows from permuting the sum and integral, using
the dominated convergence Theorem. It is done directly in the case p =∞;
in the case p = 2, it is done by proving equality of the projections〈∫ π

−π
fωeitωdω, ϕ

〉
= 〈rt, ϕ〉

for all ϕ ∈ L2([0, 1]2,C), where we abuse from notation by writing 〈ϕ, g〉 =∫
[0,1]2 ϕ(x)g(x)dx for ϕ, g ∈ L2([0, 1]2,C).

If II holds, then I(2) holds and the spectral density kernel is defined in
an L2 sense. Equation (A.3) then follows from triangle inequality.

APPENDIX B: HIGHER-ORDER CUMULANT SPECTRA

Provided

(B.1)
∞∑

t1,...,tk−1=−∞
‖cum

(
Xt1 , . . . , Xtk−1

, X0
)
‖2 <∞, ∀ k ∈ N
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holds true, we may also introduce the notion of a higher order spectral
density, the cumulant spectral density of order k, defined in L2:

fω1,...,ωk−1
(τ1, . . . , τk)

=
1

(2π)k−1

∞∑
t1,...,tk−1=−∞

exp
(
− i

k−1∑
j=1

ωjtj
)
cum

(
Xt1(τ1), . . . , Xtk−1

(τk−1), X0(τk)
)
.

In shorthand, we will write

fω1,...,ωk−1
=

1
(2π)k−1

∞∑
t1,...,tk−1=−∞

exp
(
−i

k−1∑
j=1

ωjtj
)
cum

(
Xt1 , . . . , Xtk−1

, X0
)
.

We note that this density will be bounded. In fact, the convergence of the
series defining the higher order density can be described explicitly as follows:

Lemma B.1. We have

fω1,...,ωk−1
=

1
(2π)k−1

T−1∑
t1,...,tk−1=−(T−1)

exp
(
− i

k−1∑
j=1

ωjtj
)
cum

(
Xt1 , . . . , Xtk−1

, X0
)

+ εT ,

where the equality is in L2. The error term is uniform in ω, and satisfies
εT ∼ o(1) as T →∞ if (B.1) holds. Under the stronger condition

∞∑
t1,...,tk−1=−∞

(1+|tj |)
∥∥cum

(
Xt1 , . . . , Xtk−1

, X0
)∥∥

2
<∞, for j = 1, . . . , k−1,

we have εT ∼ o(T−1), as T →∞.

Proof. Direct consideration of the expression for fω1,...,ωk−1
yields that

|εT | ≤ 1
(2π)k−1

∑k−1
ν=1

[∑
|tν |≥T

∑
u 6=ν
tu∈Z

∥∥cum
(
Xt1 , . . . , Xtk−1

, X0
)∥∥

2

]
and the

estimates of the error follow directly. In particular, the error is indepen-
dent of the ω’s.

With regards to higher order moments, we may establish an asymptotic
representation of the cumulant kernel of the functional discrete Fourier
transform in terms of the cumulant spectral density of the same order:

Theorem B.2. Let ∆(T )(ω) =
∑T−1
t=0 exp(−iωt). We have

T k/2 cum
(
X̃ (T )

ω1
(τ1), . . . , X̃ (T )

ωk
(τk)

)
= (2π)k/2−1∆(T )(ω1 + · · ·+ ωk)fω1,...,ωk−1

(τ1, . . . , τk) + εT , in L2,



FOURIER ANALYSIS OF FUNCTIONAL TIME SERIES 5

where the error term is uniform in ω. In particular, εT ∼ o(T ) if

∞∑
t1,...,tk−1=−∞

∥∥cum
(
Xt1 , . . . , Xtk−1

, X0
)∥∥

2
<∞,

and εT ∼ O(1) if

∞∑
t1,...,tk−1=−∞

(1+|tj |)
∥∥cum

(
Xt1 , . . . , Xtk−1

, X0
)∥∥

2
<∞, for j = 1, . . . , k−1.

Notice that in the case k = 1, f (τ) = µ(τ).

Proof. We have

cum
(
X̃ (T )

ω1
(τ1), . . . , X̃ (T )

ωk
(τk)

)
= (2πT )−k/2

T−1∑
t1,...,tk=0

e
−i

∑k−1

j=1
(tj−tk)ωje−itk(ω1+···+ωk)×(B.2)

× cum
(
Xt1−tk(τ1), . . . , Xtk−1−tk , X0(τk)

)
With the change of variables t = tk, uj = tj − tk for j = 1, 2, . . . , k − 1, and
defining h(T )(t) = 1 if 0 ≤ t ≤ T, and 0 otherwise, we can re-express the last
expression as

(2πT )k/2cum
(
X̃ (T )

ω1
(τ1), . . . , X̃ (T )

ωk
(τk)

)
=

T−1∑
u1,...,uk−1=−(T−1)

e
−i

∑k−1

j=1
ujωj cum

(
Xu1(τ1), . . . , Xuk−1

, X0(τk)
)

×
∑
t∈Z

h(T )(u1 + t) · · ·h(T )(uk−1 + t)h(T )(t)e−it(ω1+···+ωk)

=
T−1∑

u1,...,uk−1=−(T−1)

e
−i

∑k−1

j=1
ujωj∆(T )

 k∑
j=1

ωj

 cum
(
Xu1(τ1), . . . , Xuk−1

, X0(τk)
)

+ ε1,T ,

where ∆(T )(ω) =
∑T−1
t=0 e−iωt. Now, ε1,T is an error term, that we can bound

using Lemma F.7:

|ε1,T | ≤ 2
T−1∑

u1,...,uk−1=−(T−1)

(|u1|+ · · ·+ |uk−1|)
∥∥cum

(
Xu1 , . . . , Xuk−1

, X0
)∥∥
∞ .

Using the dominated convergence theorem, we find that ε1,T ∼ o(T ) under
the first mixing condition, and ε1,T ∼ O(1) under the second one, in both
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cases independently of ω. For the rest of the proof, we shall omit the τj ’s.
Using Lemma B.1, we have

T k/2cum
(
X̃ (T )

ω1
, . . . , X̃ (T )

ωk

)
= (2π)k/2−1∆(T )

 k∑
j=1

ωj

 fω1,...,ωk−1

+ (2π)k/2−1∆(T )

 k∑
j=1

ωj

 ε2,T + (2π)−k/2ε1,T ,

where ε2,T is the error term of Lemma B.1. Since ∆(T )(·) is O(T ), we obtain
that the global error term is o(T ) (resp. O(1)) under the first (resp. second)
cumulant mixing condition.

APPENDIX C: THE PERIODOGRAM KERNEL AND ITS
PROPERTIES

We recall the following condition used in the main paper:

Condition C(l,k): For each j = 1, . . . , k − 1,
∞∑

t1,...,tk−1=−∞
(1 + |tj |l)

∥∥cum
(
Xt1 , . . . , Xtk−1

, X0
)∥∥

2
<∞.

The cumulant mixing conditions of Theorem B.2 are simply C(0,k) and
C(1,k). With this definition in place, we may determine the exact mean of
the periodogram kernel:

Proposition C.1. Assuming that C(0,2) holds true, we have

E
[
p(T )
ω (τ, σ)

]
=

1
2π

∫ π

−π
FT (ω − α)fα(τ, σ)dα+ µ(τ)µ(σ)FT (ω), in L2.

In particular, if ω = 2πs/T, with s an integer such that s 6≡ 0 mod T,

E
[
p(T )
ω (τ, σ)

]
=

1
2π

∫ π

−π
FT (ω − α)fα(τ, σ)dα, in L2.

Proof.

Ep(T )
ω (τ, σ) =

1
2π

cov
(
X̃ (T )

ω , X̃ (T )
ω

)
+

1
2π

E
[
X̃ (T )

ω (τ)
]
E
[
X̃

(T )
−ω (σ)

]
=

1
2πT

T−1∑
s,t=0

e−iω(t−s)cov(Xt(τ), Xs(σ)) +
1

2πT
µ(τ)µ(σ)|∆(T )(ω)|2

=
1

2πT

T−1∑
s,t=0

e−iω(t−s)rt−s(τ, σ) + µ(τ)µ(σ)FT (ω).
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Using the inversion formula of Lemma A.1, we obtain

=
1

2πT

T−1∑
s,t=0

e−iω(t−s)
∫ π

−π
eiα(t−s)fα(τ, σ)dα+ µ(τ)µ(σ)FT (ω)

=
1

2πT

∫ π

−π

 T−1∑
s,t=0

e−i(t−s)(ω−α)


︸ ︷︷ ︸

=|∆(T )(ω−α)|2

fα(τ, σ)dα+ µ(τ)µ(σ)FT (ω)

=
1

2π

∫ π

−π
FT (ω − α)fα(τ, σ)dα+ µ(τ)µ(σ)FT (ω).

For the case ω = 2πs/T, with s an integer with s 6≡ 0 mod T, the result
follows from the fact that FT (ω) = 0.

Theorem C.2. Assume ω1 and ω2 are of the form 2πs(T )/T , where
s(T ) is an integer, s(T ) 6≡ 0 mod T . We have

cov
(
p(T )
ω1

(τ1, σ1), p(T )
ω2

(τ2, σ2)
)

= η(ω1 − ω2)fω1(τ1, τ2)f−ω1(σ1, σ2)+

+ η(ω1 + ω2)fω1(τ1, σ2)f−ω1(σ1, τ2) + εT ,

where the function η(x) equals one if x ∈ 2πZ, and zero otherwise. The error
term εT is o(1) under C(0,2) and C(0,4); εT ∼ O(T−1) under C(1,2)
and C(1,4). In each case, the error term is uniform in ω1, ω2 of the form
2πs(T )/T with s(T ) 6≡ 0 mod T .

Proof. In this proof, in order to compactify notation, we will say that

the error term is
∣∣∣o(T )

O(1)
under assumption A/B, meaning that the error term

is of order o(T ) under condition A, and of order O(1) under condition B.
Since

cov
(
p(T )
ω1

(τ1, σ1), p(T )
ω2

(τ2, σ2)
)

= cov
(
X̃ (T )

ω1
(τ1)X̃ (T )

−ω1
(σ1), X̃ (T )

ω2
(τ2)X̃ (T )

−ω2
(σ2)

)
= E

X̃ (T )
ω1

(τ1)︸ ︷︷ ︸
A

X̃
(T )
−ω1

(σ1)︸ ︷︷ ︸
B

X̃
(T )
−ω2

(τ2)︸ ︷︷ ︸
C

X̃ (T )
ω2

(σ2)︸ ︷︷ ︸
D


− E

[
X̃ (T )

ω1
(τ1)X̃ (T )

−ω1
(σ1)

]
E
[
X̃

(T )
−ω2

(τ2)X̃ (T )
ω2

(σ2)
]

= E [ABCD]− E [AB]E [CD],
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using the notation (A) = cum (A) = EA, (A,B) = cum (A,B) , (A,B,C) =
cum (A,B,C) , and so on, and invoking Lemma F.8, we deduce

cov
(
p(T )
ω1

(τ1, σ1), p(T )
ω2

(τ2, σ2)
)

= (A,B,C,D)+

+ (A)(B,C,D) + (B)(A,C,D) + (C)(A,B,D) + (D)(A,B,C)
+ (A,C)(B,D) + (A,D)(B,C)
+ (A)(C)(B,D) + (A)(D)(B,C) + (B)(C)(A,D) + (B)(D)(A,C)

= (A,B,C,D) + (A,C)(B,D) + (A,D)(B,C).
(C.1)

The last equality stems from the fact that (A) = (B) = (C) = (D) = 0,
given that ω1, ω2 are of the form 2πs(T )/T, with s(T ) 6≡ 0 mod T . We now
approximate each term of (C.1) using Theorem B.2:

(A,B,C,D) =
2π
T

fω1,−ω1,−ω2(τ1, σ1, τ2, σ2) + T−2εT ,

where εT is the error term of Theorem B.2. Thus (A,B,C,D) = O(T−1),
uniformly in ω under either C(0,4) or C(1,4).

For the next term, we have under the assumption C(1,2)/C(0,2):

(A,C)(B,D) =

= T−2
{

∆(T )(ω1 − ω2)fω1(τ1, τ2) +
∣∣∣o(T )

O(1)

}{
∆(T )(ω2 − ω1)f−ω1(σ1, σ2) +

∣∣∣o(T )

O(1)

}
= T−2|∆(T )(ω1 − ω2)|2fω1(τ1, τ2)f−ω1(σ1, σ2)

+ T−2∆(T )(ω1 − ω2)fω1(τ1, τ2)
∣∣∣o(T )

O(1)

+ T−2∆(T )(ω2 − ω1)f−ω1(σ1, σ2)
∣∣∣o(T )

O(1)
+
∣∣∣o(1)

O(T−2)
.

Using the fact that ∆(T ) = O(T ), fω = O(1) uniformly in ω, we obtain

(A,C)(B,D) = η(ω1 − ω2)fω1(τ1, τ2)f−ω1(σ1, σ2) +
∣∣∣o(1)

O(T−1)
,

where the function η(x) equals one if x ∈ 2πZ, and zero otherwise. A similar
calculation yields

(A,D)(B,C) = η(ω1 + ω2)fω1(τ1, σ2)f−ω1(σ1, τ2) +
∣∣∣o(1)

O(T−1)

and in each of these cases, the error term is uniform in ω1, ω2 of the form
2πs(T )/T, with s(T ) 6≡ 0 mod T .
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Piecing the results back together, we conclude that

cov
(
p(T )
ω1

(τ1, σ1), p(T )
ω2

(τ2, σ2)
)

= η(ω1 − ω2)fω1(τ1, τ2)f−ω1(σ1, σ2)

+ η(ω1 + ω2)fω1(τ1, σ2)f−ω1(σ1, τ2) +
∣∣∣o(1)

O(T−1)
,

with the error term being uniform in ω1, ω2 of the form 2πs(T )/T, with
s(T ) 6≡ 0 mod T .

APPENDIX D: ESTIMATION OF THE SPECTRAL DENSITY
OPERATOR

Let W (x) be a real function defined on R such that

1. W is positive, even, and bounded in variation,
2. W (x) = 0 if |x| ≥ 1,
3.
∫∞
−∞W (x)dx = 1,

4.
∫∞
−∞W (x)2dx <∞.

The assumption of a compact support is not necessary, but will simplify
proofs. For a bandwidth BT > 0, write

(D.1) W (T )(x) =
∑
j∈Z

1
BT

W

(
x+ 2πj
BT

)
.

Some properties of W can be found in Section F. Our spectral density esti-
mator f (T )

ω of fω at frequency ω is the weighted average of the periodogram
evaluated at frequencies of the form {2πs/T}T−1

s=1 , with weight functionW (T ):

f (T )
ω (τ, σ) =

2π
T

T−1∑
s=1

W (T )
(
ω − 2πs

T

)
p

(T )
2πs
T

(τ, σ).

Concerning the mean of the spectral density estimator, we have:

Proposition D.1. Under C(1,2), if BT → 0 and BTT → ∞ as T →
∞, then

Ef (T )
ω (τ, σ) =

∫
R
W (x)fω−xBT (τ, σ)dx+O(B−1

T T−1), in L2,

and the error terms are uniform in ω.
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Proof. We use Proposition 2.6 to write

Ef (T )
ω (τ, σ) =

2π
T

T−1∑
s=1

W (T )
(
ω − 2πs

T

){
f2πs(τ, σ) +O(T−1)

}

=
2π
T

T−1∑
s=1

W (T )
(
ω − 2πs

T

)
f2πs(τ, σ) +O(T−1)

{
2π
T

T−1∑
s=1

W (T )
(
ω − 2πs

T

)}
,

where the error term is uniform in s. Using Lemmas F.6, F.10 and F.12 we
obtain

2π
T

T−1∑
s=1

W (T )
(
ω − 2πs

T

)
f2πs(τ, σ) =

∫ 2π

0
W (T ) (ω − α) fα(τ, σ)dα+ εT ,

where εT ∼ O(B−1
T T−1), uniformly in ω. Using Lemma F.12,

2π
T

T−1∑
s=1

W (T )
(
ω − 2πs

T

)
= O(1)

if BTT →∞. Combining these facts, we may write

Ef (T )
ω (τ, σ) =

∫ 2π

0
W (T ) (ω − α) fα(τ, σ)dα+O(B−1

T T−1) +O(T−1).

With a change of variables, we obtain∫ 2π

0
W (T ) (ω − α) fαdα =

∫
R
W (x)fω−xBT dx.

This completes the proof.

Concerning the covariance of the spectral density estimator, we have:

Theorem D.2. Under C(1,2) and C(1,4),

cov
(

f (T )
ω1

(τ1, σ1), f (T )
ω2

(τ2, σ2)
)

=
2π
T

∫ π

−π

{
W (T )(ω1 − α)W (T )(ω2 − α)fα(τ1, τ2)f−α(σ1, σ2)

+W (T )(ω1 − α)W (T )(ω2 + α)fα(τ1, σ2)f−α(σ1, τ2)
}

dα

+O(B−2
T T−2) +O(T−1),

in L2, and the error terms are uniform in ω.
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Proof. Using Theorem C.2, conditions C(1,2) and C(1,4) yield

cov
(

f (T )
ω1

(τ1, σ1), f (T )
ω2

(τ2, σ2)
)

= (2π/T )2
T−1∑
s,l=1

W (T )(ω1 − 2πs/T )W (T )(ω2 − 2πl/T )×

×
{
η(2π(s− l)/T )f 2πs

T
(τ1, τ2)f−2πs

T
(σ1, σ2)+

+ η(2π(s+ l)/T )f 2πs
T

(τ1, σ2)f−2πs
T

(σ1, τ2) +O(T−1)
}

=

[
2π
T

T−1∑
s=1

W (T )(ω1 − 2πs/T )

]2

O(T−1)

+
(

2π
T

)2 T−1∑
s=1

W (T )(ω1 − 2πs/T )W (T )(ω1 − 2πs/T )f 2πs
T

(τ1, τ2)f−2πs
T

(σ1, σ2)

+
(

2π
T

)2 T−1∑
s=1

W (T )(ω1 − 2πs/T )W (T )(ω1 + 2πs/T )f 2πs
T

(τ1, σ2)f−2πs
T

(σ1, τ2),

where the error term is uniform in s, l. An application of Lemmas F.6, F.10,
F.11 and F.12 now completes the proof.

APPENDIX E: A CLASS OF EXAMPLES

Our central result concerning the asymptotic representation of the discrete
Fourier transform requires mixing conditions on the underlying stationary
process that might be non-trivial to verify in certain situations. However, in
this section, we demonstrate that these conditions are valid for a broad class
of stationary processes, namely linear processes of any order (potentially of
infinite order), under natural conditions on their coefficient operators and
innovation processes. For tidiness, we will employ the same notation for
norms on functions f : [0, 1]→ C or g : [0, 1]× [0, 1]→ C, as it will usually
be clear which is the case by the context:

‖f‖p =
(∫ 1

0
|f(σ)|pdσ

)1/p

, ‖g‖p =

(∫∫
[0,1]2

|g(τ, σ)|pdτdσ
)1/p

,

‖f‖∞ = sup
τ∈[0,1]

|f(τ)|, ‖g‖∞ = sup
τ,σ∈[0,1]

|g(τ, σ)|.

We will also use the following notation for the norm with respect to one of

the variables: ‖g(τ, ·)‖p =
(∫ 1

0 |g(τ, σ)|pdσ
)1/p

, and similarly for ‖g(τ, ·)‖∞.
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With these definitions in place, we can provide the following moment con-
ditions on a general linear process, which are sufficient for the mixing con-
ditions to hold:

Proposition E.1. Let

Xt =
∑
s∈Z

Asεt−s

be a linear process with E‖ε0‖p2 <∞ for all p ≥ 1, and∑
s∈Z

(1 + |s|l)‖as‖2 <∞

for some positive integer l, where as is the kernel of As. Then for all fixed
k = 1, 2, . . . , Xt satisfies C(l,k):
(E.1)∑
t1,...,tk−1∈Z

(1 + |tj |l)
∥∥cum

(
Xt1 , . . . , Xtk−1

, X0
)∥∥

2
<∞, j = 1, . . . , k − 1.

In addition,

(E.2)
∑
t∈Z

(1 + |t|l)|||Rt|||1 <∞,

and,

(E.3)
∑

t1,t2,t3

|||cum (Xt1 , Xt2 , Xt3 , X0)|||1 <∞,

where we view cum (Xt1 , Xt2 , Xt3 , X0) as an operator on L2([0, 1]2,R) – see
Section 2.

Proof of Proposition E.1. We first prove (E.1). Since the assump-
tions of Proposition F.14 are satisfied, using the notation of Lemma F.17,
we have

cum
(
Xt1 , . . . , Xtk−1

, X0
)

=
∑
s∈Z

(At1−s⊗̃ · · · ⊗̃Atk−1−s⊗̃A−s)cum (ε0)k ,

where the convergence is in L2, and

cum (ε0)k = cum

ε0, . . . , ε0︸ ︷︷ ︸
k times

 .
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Since ∥∥(At1−s⊗̃ · · · ⊗̃Atk−1−s⊗̃A−s)cum (ε0)k
∥∥

2

≤ ‖at1−s‖2 · · ·
∥∥atk−1−s

∥∥
2
‖a−s‖2‖cum (ε0)k‖2,

we have

∑
t1,...,tk−1∈Z

∥∥cum
(
Xt1 , . . . , Xtk−1

, X0
)∥∥

2
≤

∑
t∈Z

(1 + |t|l)‖at‖2

k ‖cum (ε0)k‖2.

Furthermore,∑
t1,...,tk−1∈Z

|tj |l
∥∥cum

(
Xt1 , . . . , Xtk−1

, X0
)∥∥

2

≤
∑

t1,...,tk−1,s∈Z
|tj |l‖at1−s‖2 · · ·

∥∥atk−1−s
∥∥

2
‖a−s‖2‖cum (ε0)k‖2

and, using the change of variables u1 = t1−s, . . . , uk−1 = tk−1−s, uk = −s,
and Jensen’s inequality, we obtain

≤ 2l
∑
u∈Z

(1 + |u|)l‖au‖2

k ‖cum (ε0)k‖2.

Therefore ∑
t1,...,tk−1∈Z

(1 + |tj |l)
∥∥cum

(
Xt1 , . . . , Xtk−1

, X0
)∥∥

2
<∞.

We now turn to the proof of (E.2). By Proposition F.14,

Rt =
∑
s∈Z

(At−s⊗̃A−s)cum (ε0)2 .

Using Lemma F.17, we have

(At−s⊗̃A−s)cum (ε0)2 = At−scum (ε0)2A
∗
−s,

and hence Proposition F.20 yields

|||Rt|||1 ≤ |||cum (ε0)2|||1
∑
s∈Z
|||At−s|||∞|||A−s|||∞.

Since cum (ε0)2 is the covariance operator of the random element ε0, Lemma F.22
implies that

|||cum (ε0)2|||1 = E‖ε0 − Eε0‖22 <∞.
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Furthermore, since At is an integral operator,

|||At|||∞ ≤ ‖at‖2.

Hence ∑
t∈Z
|||Rt|||1 ≤ E‖ε0 − Eε0‖22

∑
t,s∈Z

‖at−s‖2‖a−s‖2 <∞.

Using the same arguments as before, we also obtain∑
t

(1 + |t|l)|||Rt|||1 <∞.

We now turn to show (E.3). Recall that

cum (Xt1 , Xt2 , Xt3 , Xt4) =
∑
s∈Z

(At1−s⊗̃ · · · ⊗̃At4−s)cum (ε0)4 .

Since (At⊗̃As) is an operator on L2([0, 1]2,R) (see Lemma F.17), and cum (ε0)4

can be viewed as an integral operator on L2([0, 1]2,R), with kernel

k((τ1, τ2), (σ1, σ2)) = cum (ε0(τ1), ε0(τ2), ε0(σ1), ε0(σ2)) ,

we obtain

(At1−s⊗̃ · · · ⊗̃At4−s)cum (ε0)4 = (At1−s⊗̃At2−s)cum (ε0)4 (A∗t3−s⊗̃A
∗
t4−s).

Thus, Proposition F.20 yields∣∣∣∣∣∣(At1−s⊗̃ · · · ⊗̃At4−s)cum (ε0)4

∣∣∣∣∣∣
1 ≤

∣∣∣∣∣∣At1−s⊗̃At2−s∣∣∣∣∣∣2|||cum (ε0)4|||2
∣∣∣∣∣∣A∗t3−s⊗̃A∗t4−s∣∣∣∣∣∣2.

Since E‖ε0‖42 <∞, Proposition F.14 implies

|||cum (ε0)4|||2 = ‖cum (ε0)4‖2 <∞.

We also have ∣∣∣∣∣∣At1⊗̃At2∣∣∣∣∣∣2 = ‖at1‖2‖at2‖2,

and ∣∣∣∣∣∣A∗t3⊗̃A∗t4∣∣∣∣∣∣2 = ‖at3‖2‖at4‖2.

Hence ∑
t1,t2,t3

|||cum (Xt1 , Xt2 , Xt3 , X0)|||1 <∞.
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APPENDIX F: BACKGROUND RESULTS AND TECHNICAL
STATEMENTS

This section contains several intermediate results in functional analysis
and probability in function space that are required in our earlier formal
derivations. In addition, we also collect some known results and facts for the
reader’s ease. Our first two lemmas provide an easily verifiable L2 moment
condition that is sufficient for tightness to hold true. They collect arguments
appearing in the proof of Bosq (2000, Theorem 2.7):

Lemma F.1 (A class of compact sets for separable Hilbert spaces). Let
H be a separable Hilbert space with scalar product 〈·, ·〉 and norm ‖·‖2.
For any sequence of integers 1 = n1 < n2 < · · · , any sequence of posi-
tive numbers lk such that limk→∞ lk = +∞, and any complete orthonor-
mal sequence (en)n=1,2,... of H, the set K =

⋂∞
k=1Bk is compact, where

Bk =
{
x ∈ H :

∑∞
j=nk

〈x, ej〉2 ≤ l−1
k

}
.

Proof. Suppose H is a real separable Hilbert space (all the following
steps can be reproduced for a complex separable Hilbert space). The se-
quence (en) induces an isometric isomorphism H → `2(R) via

x ∈ H 7−→ (〈x, e1〉, 〈x, e2〉, . . .).

We can therefore write x = (x1, x2, . . .), where xj = 〈x, ej〉.
Since K is in particular a metric space, showing its compactness is equiv-

alent to showing that it is complete and totally bounded (Munkres 2000,
Theorem 45.1). Recall that a metric space (M,d) is totally bounded if, for
every ε > 0, there exists a finite covering of M by ε-balls. This means that
there exists a subset Fε ⊂M such that

(F.1) for any point of m ∈M , there is a point p ∈ Fε with d(m, p) < ε.

The set Fε is called a (finite) ε-net of M .
First notice that K is complete since it is a closed subset of H. Let us

show that is is totally bounded. Fix ε > 0, and let k be the smallest integer
such that l−1

k < ε2/2. Let

Hk = {(x1, x2, . . .) ∈ H : xj = 0 for j > k} .

Since the set
Hk(l

−1/2
1 ) =

{
x ∈ Hk : ‖x‖2 < l

−1/2
1

}
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is compact, it is totally bounded, and there exists a finite ε√
2
-net F of

Hk(l
−1/2
1 ). Let us show that F is a (finite) ε-net of K. Let x = (x1, x2, . . .) ∈

K, Pk : H → H denote the orthogonal projection onto Hk, and I : H → I
be the identity operator on H. Notice that

Pk(K) ⊂ Pk(B1) = Hk(l
−1/2
1 ),

hence there exists a point p ∈ F such that ‖Pkx− p‖22 <
ε2

2 . Notice also that
‖(I − Pk)x‖22 < l−1

k < ε2

2 by definition of Bk. Hence

‖x− p‖22 = ‖Pk(x− p)‖22 +‖(I − Pk)(x− p)‖22 = ‖Pkx− p‖22 +‖(I − Pk)x‖22,

since p ∈ Hk. We thus have ‖x− p‖2 < ε, and K is compact.

Lemma F.2 (Criterion for tightness in Hilbert Space). Let H be a (real
or complex) separable Hilbert Space, and XT : ω → H, T = 1, 2, . . . be
a sequence of random variables. If for some fixed basis (en) of H, we have
E |〈XT , en〉|2 ≤ an, n = 1, 2, . . . ; for all large T , and

∑
n≥1 an < ∞, then

(XT ) is tight.

Proof. Fix ε > 0. We shall define a compact set K ⊂ H such that
P(XT 6∈ K) ≤ ε, for all large T . This will show that XT is tight.

Set STn =
∑
j≥n E|〈XT , ej〉|2. For T large enough, STn ≤ Sn, where

Sn =
∑
j≥n

aj <∞.

Notice that limn→∞ Sn = 0. Set n1 = 1, and l1 = ε/(2S1). We then define
lk = kl1 and choose integers 1 < n2 < n3 < · · · such that

Snk ≤
S1

k2k−1
.

Define Bk =
{
x ∈ H :

∑∞
j=nk

〈x, ϕj〉2 ≤ l−1
k

}
, and K =

⋂∞
k=1Bk, which is

compact by Lemma F.1. Using successively the union bound and Markov’s
inequality, we obtain

P [XT 6∈ K] ≤
∑
k≥1

P

∑
j≥nk

|〈XT , ej〉|2 ≥ l−1
k


≤
∑
k

lk
∑
j≥nk

E|〈XT , ej〉|2

≤
∑
k

lkSnk ≤
∑
k

ε

2k
= ε.
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Lemma F.3. Let p(T )
ω (τ, σ) = T−1∑T−1

t,s=0 e
−iω(t−s)Xt(τ)Xs(σ) = X̃

(T )
ω (τ)X̃ (T )

−ω (σ).

Then, Ep(T )
ω = T−1(a0 + · · ·+ aT−1), where aT (τ, σ) =

∑T
t=−T e

−iωtrt(τ, σ).

Proof. Make the change of variables u = t − s, and observe that, by
stationarity of Xt,

Ep(T )
ω (τ, σ) = T−1

T−1∑
u=−(T−1)

(T − |u|)e−iωuru(τ, σ),

which then yields the result.

Lemma F.4. If
∫∞
−∞ |x|pW (x)dx <∞ and C(p,2) holds true, then∫

R
W (x)fω−xBT dx = fω+

+
p−1∑
k=1

(−1)kBk
T

k!
∂kfω
∂ωk

·
∫

R
xkW (x)dx+O(Bp

T ),

in L2, and the error term is uniform in ω. Notice that since W is even,
the integral is zero if k is odd. The case p = 1 will be useful for consistent
estimation of fω:∫

W (x)fω−xBT dx = fω +O(BT ), in L2,

the error term being uniform in ω.

Proof. In the following, although all equalities are meant in the L2 sense
with respect to the variables τ, σ. Since for every ϕ ∈ L2([0, 1],C), the
mapping

ω 7→ ∂k

∂ωk
〈
fω, ϕ

〉
is continuous, we can write the Taylor expansion of fω−xBT (τ, σ), with re-
spect to x at x = 0:

fω−xBT (τ, σ) = fω(τ, σ)−BT
∂fα(τ, σ)
∂α

∣∣∣
α=ω

x+ · · ·

+
(−1)p−1Bp−1

T

(p− 1)!
∂p−1fα(τ, σ)
∂αp−1

∣∣∣
α=ω

xp−1

+Rp(x, ω, τ, σ),
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where

Rp(x, ω, τ, σ) =
(−1)pBp

T

p!
∂pfα(τ, σ)
∂αp

∣∣∣
α=ω−θxBT

xp,

and θx ∈ [0, x]. This expression is bounded in L2 by

‖Rp(x, ω, ·, ·)‖2 ≤
Bp
T

p!
sup
ω

∥∥∥∥ ∂p∂ωp fω
∥∥∥∥

2
|x|p,

which does not depend on ω. Hence we obtain

∫
R
W (x)fω−xBT dx = fω +

p−1∑
k=1

(−1)kBk
T

k!
∂kfω
∂ωk

·
∫

R
xkW (x)dx

+
Bp
T

p!
sup
ω

∥∥∥∥ ∂p∂ωp fω
∥∥∥∥

2

∫
R
|x|pW (x)dx︸ ︷︷ ︸

=O(BpT )

,

and the error is uniform in ω.

Lemma F.5. Let x1, . . . , xn; y1, . . . , yn be (complex or real) numbers bounded
by K. Then |x1x2 · · ·xn − y1y2 · · · yn| ≤ Kn−1∑n

j=1 |xj − yj |.

Proof. Rewriting the expression in a suitable way yields the result:

|x1x2 · · ·xn − y1y2 · · · yn| =

∣∣∣∣∣∣
n∑
k=1

k−1∏
j=1

yj

n∏
l=k

xl −
k∏
j=1

yj

n∏
l=k+1

xl

∣∣∣∣∣∣
≤

n∑
k=1

k−1∏
j=1

n∏
l=k+1

|yjxl||xk − yk|

≤ Kn−1
n∑
k=1

|xk − yk|.

Denote by V b
a (h) the total variation of a function h : [a, b]→ C (Wheeden

& Zygmund 1977, Chapter 2.1).

Lemma F.6. Let f, f1, . . . , fn : [a, b] → C be bounded in variation and
bounded. Let ‖f‖∞ = supx∈[a,b] |f(x)|. Then,

(i) V b
a

(∏n
j=1 fj

)
≤
∑n
i=1 V

b
a (fi)

∏
j 6=i ‖fj‖∞.
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(ii) If ψ : [c, d]→ [a, b] is a strictly increasing bijection, V b
a (f) = V

ψ(d)
ψ(c) (f) =

V d
c (f ◦ψ). If ψ : [c, d]→ [a, b] is a strictly decreasing bijection, V b

a (f) =
V c
d (f ◦ ψ).

(iii) For any a < c < b, we have V c
a (f)+V b

c (f) = V b
a (f), and hence for any

a ≤ c ≤ d ≤ b, we have V d
c (f) ≤ V b

a (f).
(iv) For any λ ∈ C, V b

a (λf) = |λ|V b
a (f).

(v) (triangle inequality) V b
a (f1 + f2) ≤ V b

a (f1) + V b
a (f2).

(vi) If f is continuous on [a, b], f ′ exists on (a, b) and is Riemann integrable
on [a, b], V b

a (f) =
∫ b
a |f ′(x)|dx.

(vii) If f : R → C is 2π-periodic, and g(x) = f(ω − x) for some ω ∈ R,
V 2π

0 (g) = V 2π
0 (f).

(viii) If V b
a (f) <∞, f is bounded on [a, b].

We notice that the total variation has some of the properties of a norm.

Proof. Recall the definition of total variation: let Γ = {x0, . . . , xm} be
a partition of [a, b], that is,

a = x0 < x1 < · · · < xm = b,

and define

SΓ(f) =
m∑
i=1

|f(xi)− f(xi−1)| .

The total variation of f between a and b is

V (f) = sup
Γ

SΓ(f),

where the supremum is taken over all partitions Γ of [a, b].
Hence for any such partitions, and any f, g : [a, b]→ C,

m∑
i=1

|f(xi)g(xi)− f(xi−1)g(xi−1)|

≤
m∑
i=1

|f(xi) [g(xi)− g(xi−1)]| · |g(xi−1) [f(xi)− f(xi−1)]|

≤ ‖f‖∞
m∑
i=1

|g(xi)− g(xi−1)|+ ‖g‖∞
m∑
i=1

|f(xi)− f(xi−1)|

≤ ‖f‖∞V (g) + ‖g‖V (f).

Taking the supremum over all partitions yields

V (f · g) ≤ ‖f‖∞V (g) + ‖g‖∞V (f).
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We then obtain (i) by induction.
For (ii), first assume that ψ is a strictly increasing bijection. Therefore

{x0, . . . , xm} is a partition of [c, d] if and only if {ψ(x0), . . . , ψ(xm)} is a
partition of [a, b]. If ψ is a strictly decreasing bijection, {x0, . . . , xm} is a
partition of [c, d] if and only if {ψ(xm), ψ(xm−1), . . . , ψ(x0)} is a partition of
[a, b]. Statement (ii) is a direct consequence of these one-to-one correspon-
dences between the partitions of [a, b] and [c, d].

Statements (iii), (vi) and (viii) are proven in Wheeden & Zygmund (1977,
Chapter 2.1).

For (iv), notice that

m∑
i=1

|(λf)(xi)− (λf)(xi−1)| = |λ| ·
m∑
i=1

|f(xi)− f(xi−1)| .

For (v), notice that

|(f1 + f2)(xi)− (f1 + f2)(xi−1)| ≤ |f1(xi)− f1(xi−1)|+ |f2(xi)− f2(xi−1)| .

Taking the sum over i and the supremum on all partitions {x0, . . . , xm} of
[a, b] yields the (v).

For (vii), define g(x) = f(ω − x). Notice that V b
a (f) = V b+2π

a+2π (f) because
f is 2π-periodic. Hence without loss of generality, we can assume that 0 <
ω < 2π. Using (iii) we obtain

V 2π
0 (f) = V ω

0 (f) + V 2π
ω (f) = V ω+2π

2π (f) + V 2π
ω (f) = V ω+2π

ω (f).

Choosing ψ(x) = ω − x, (ii) yields

V ω+2π
ω (f) = V 0

−2π(g) = V 2π
0 (g).

We introduce the following condition, which will be used in the following
results:

T1 (Taper condition 1) Let h(u),−∞ < u < ∞ be a real function, which
is bounded, bounded in variation and with h(u) = 0 for |u| ≥ 1.
We denote by ‖h‖∞ its supremum, and by V 1

−1(h) its total variation
(between −1 and 1).

Lemma F.7. Suppose ha1 , . . . , hak satisfy T1, set h(T )
aj (t) = haj (t/T ) and

define H(T )
a1,...,ak(ω) =

∑
t∈Z

[∏k
j=1 h

(T )
aj (t)

]
exp(−iωt). We have the following
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inequality for all u1, . . . , uk−1 ∈ Z:∣∣∣∣∣∣
∑
t∈Z

h(T )
a1

(t+ u1) · · ·h(T )
ak−1

(t+ uk−1)h(T )
ak

(t) exp(−iωt)−H(T )
a1,...,ak

(ω)

∣∣∣∣∣∣
≤ K

(
|u1|+ · · ·+ |uk−1|

)
,

where K =
(
maxj=1,...,k ‖haj‖∞

)k−1
·
(
maxj=1,...,k V

1
−1(haj )

)
is independent

of ω.

Proof. Using Lemma F.5, we obtain∣∣∣∣∣∣
∑
t∈Z

h(T )
a1

(t+ u1) · · ·h(T )
ak−1

(t+ uk−1)h(T )
ak

(t) exp(−iωt)−H(T )
a1,...,ak

(ω)

∣∣∣∣∣∣
≤
∑
t∈Z

∣∣∣h(T )
ak

(t)
∣∣∣ · ∣∣∣h(T )

a1
(t+ u1) · · ·h(T )

ak−1
(t+ uk−1)− h(T )

a1
(t) · · ·h(T )

ak−1
(t)
∣∣∣

≤ ‖ha1‖∞
(

max
j=1,...,k−1

‖haj‖∞
)k−2

·
k−1∑
j=1

∑
t∈Z

∣∣∣h(T )
aj (t+ uj)− h(T )

a1
(t)
∣∣∣ .

Let us now bound
∑
t∈Z

∣∣∣h(T )
aj (t+ uj)− h(T )

a1 (t)
∣∣∣. For simplicity, we suppress

the indices. If u > 0,

∑
t∈Z

∣∣∣h(T )
a (t+ u)− h(T )

a (t)
∣∣∣ ≤ uj−1∑

v=0

∑
t∈Z

∣∣∣h(T )
a (t+ v + 1)− h(T )

a (t+ v)
∣∣∣

≤
uj−1∑
v=0

V T
−T (h(T )

a )

= |uj |V 1
−1(ha),

where we have used Lemma F.6 for the last equality. If u < 0, we simply
replace

∑uj−1
v=0 with

∑0
uj+1, and the same bound holds. Hence∣∣∣∣∣∣

∑
t∈Z

h(T )
a1

(t+ u1) · · ·h(T )
ak−1

(t+ uk−1)h(T )
ak

(t) exp(−iωt)−H(T )
a1,...,ak

(ω)

∣∣∣∣∣∣
≤ K

(
|u1|+ · · ·+ |uk−1|

)
.



22 V.M. PANARETOS & S. TAVAKOLI

We recall the definition of a cumulant:

cum (Y1, . . . , Yr) =
∑
ν

(−1)p−1(p− 1)!
p∏
l=1

E

∏
j∈νl

Yj

,
where the summation extends over all unordered partitions ν = (ν1, . . . , νp), p =
1, . . . , r, of {1, . . . , r}. The following result is found in Rosenblatt (1985,
p.34):

Lemma F.8. If E|
∏
j∈J Yj | <∞ for all subset of indices J ⊂ {1, . . . , r},

E [Y1 · · ·Yr] =
∑
ν

p∏
l=1

cum (Yj ; j ∈ νl) ,

where the sum extends over all unordered partitions ν = (ν1, . . . , νp) of
{1, . . . , r}.

Let 〈·, ·〉 denote the scalar product in L2([0, 1]k), and ‖·‖2 be the induced
norm. We abuse notation in the following Lemma and do not distinguish
the notation of the scalar product and norm for distinct k’s.

Lemma F.9. Let Xt be a strictly stationary functional time series, Xt ∈
L2 ([0, 1],R) such that E‖X0‖p2 <∞ for all positive integers p. Then, for any
ψ1, . . . , ψk ∈ L2 ([0, 1],R),

〈cum (Xt1 , . . . , Xtk) , ψ1 ⊗ · · · ⊗ ψk〉 = cum (〈Xt1 , ψ1〉, . . . , 〈Xtk , ψk〉) .

Hence

|cum (〈Xt1 , ψ1〉, . . . , 〈Xtk , ψk〉) | ≤ ‖cum (Xt1 , . . . , Xtk)‖2‖ψ1‖2 · · · ‖ψk‖2.

Proof. The proof is merely an application of Tonelli’s theorem — which
is justified since all strong moments of X0 exist — and is therefore omitted.

We shall require the following lemma to quantify the approximation error
of integrals by Riemann sums.

Lemma F.10. Let h : [a, b] → R be a function of bounded variation. If
∆n =

∫ b
a h(t)dt − b−a

n

∑n
j=1 h(a + (b − a)j/n), then |∆n| ≤ (b − a)V

b
a (h)
n . If

the sum goes only from 1 to (n− 1), |∆n| ≤ (b− a)V
b
a (h)+h(b)

n .
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Proof. First let us prove the Lemma for f : [0, 1] → R of bounded
variation. Since f is of bounded variation, it is bounded and has a fi-
nite number of discontinuities, and is hence Riemann integrable on [0, 1]
(Wheeden & Zygmund 1977, see results (2.1), (2.8) and (5.54)). The fol-
lowing is from Pólya & Szegö (1972, Pt.2, Chapter 1, problem 9). Set
∆′n =

∫ 1
0 f(x)dx− 1

n

∑n
j=1 f(j/n). Since∫ 1

0
f(x)dx =

n∑
j=1

∫ j/n

(j−1)/n
f(x)dx =

n∑
j=1

∫ 1/n

0
f

(
j − 1
n

+ x

)
dx,

we obtain

|∆′n| =
∫ 1/n

0

n∑
j=1

∣∣∣∣f(j/n)− f
(
j − 1
n

+ x

)∣∣∣∣ dx
≤
∫ 1/n

0

n∑
j=1

{∣∣∣∣f(j/n)− f
(
j − 1
n

+ x

)∣∣∣∣+ ∣∣∣∣f (j − 1
n

+ x

)
− f

(
j − 1
n

)∣∣∣∣} dx
≤
∫ 1/n

0
V 1

0 (f)dx =
V 1

0 (f)
n

.

For ∆n =
∫ b
a h(t)dt − b−a

n

∑n
j=1 h(a + (b − a)j/n), we use the change of

variables ψ(x) = (b− a)x+ a, x ∈ [0, 1] and we obtain

∆n = (b− a)


∫ 1

0
(h ◦ ψ)(x)dx− 1

n

n∑
j=1

(h ◦ ψ)(j/n)

 .
The previous results and Lemma F.6 (ii) yield

|∆n| ≤ (b− a)V 1
0 (h ◦ ψ)/n = (b− a)V b

a (h)/n.

The second statement of the Lemma follows trivially from this.

Lemma F.11. W (T )(x) is 2π periodic,
∫ π
−πW

(T )(x)dx = 1. Furthermore,
if BT < 1, ‖W (T )‖∞ = 1

BT
‖W‖∞, and we have V π

−π(W (T )) = 1
BT
V π
−π(W ).

Proof. Let us first prove that
∫ π
−πW

(T )(x)dx = 1. Since∫ π

−π
W (T )(x)dx =

∑
j∈Z

∫ π

−π

1
BT

W

(
x+ 2πj
BT

)
dx,

the change of variables y = (x+ 2πj)/BT yields∫ π

−π
W (T )(x)dx =

∑
j∈Z

∫ (2j+1)π/BT

(2j−1)π/BT

W (y)dy =
∫

R
W (y)dy = 1.
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If BT < 1, then for x ∈ [−π, π],W (T )(x) = 1
BT
W (x/BT ). The third

statement follows directly because of the periodicity, and the last statement
follows from

V π
−π(W (T )) = V

π/BT
−π/BT (W/BT ) =

1
BT

V π
−π(W ).

We have used Lemma F.6 and the fact that W (x) = 0 if |x| ≥ 1.

Using this lemma, we obtain

Lemma F.12. Provided BT → 0,

2π
T

T−1∑
s=1

W (T )(ω − 2πs/T ) = 1 +O(B−1
T T−1),

and the error is uniform in ω.

Proof. Set

∆n =
∫ π

−π
W (T )(ω − α)dα− 2π

T

T−1∑
s=1

W (T )(ω − 2πs/T ),

=
∫ π

−π
W ′(T )(α)dα− 2π

T

T−1∑
s=1

W ′(T )(2πs/T ),

where W ′(T )(α) = W (T )(ω − α). Lemmas F.6, F.10 and F.11 yield

|∆n| ≤
2π
T

(V π
−π(W ′(T )) + ‖W ′(T )‖∞) =

2π
BTT

(V π
−π(W ) + ‖W‖∞),

which does not depend on ω, and is of order O(B−1
T T−1). Since∫ π

−π
W (T )(ω − α)dα = 1,

we obtain
2π
T

T−1∑
s=1

W (T )(ω − 2πs/T ) = 1 +O(B−1
T T−1),

and the error is uniform in ω.

Lemma F.13. Under condition C(p,2), for each k = 0, 1, . . . , p:

∂kfω
∂ωk

=
∑
t∈Z

(−it)ke−iωtrt,
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and the convergence is L2, uniformly ω. Moreover,

sup
ω

∥∥∥∥∥ ∂k∂ωk fω

∥∥∥∥∥
2

<∞ k = 1, 2, . . . , p.

Proof. Since C(p,2) implies C(k,2) for k = 0, 1, . . . , p, the result fol-
lows by an iterative application of Rudin (1976, Theorem 7.17) to the pro-
jection of the partial sums

N∑
t=−N

e−iωtrt.

Hence

sup
τ,σ,ω

∥∥∥∥∥ ∂k∂ωk fω

∥∥∥∥∥
2

≤
∑
t

(1 + |t|k)‖rt‖2 <∞.

Proposition F.14. Let as : [0, 1]2 → R; s = 0,±1,±2, . . . be functions
such that

∑
s∈Z ‖as‖2 <∞, and let As be the operator on L2 ([0, 1],R) with

kernel as. Let εt, t = 0,±1, . . . be an iid sequence of random elements of
L2 ([0, 1],R) such that E‖ε0‖p2 <∞, p = 1, 2, . . . .

Define X(N)
t =

∑N
s=−N Asεt−s. Then, the linear process Xt =

∑
s∈ZAsεt−s

has the following properties:

1. Norm-2 Lp(P) convergence: limN→∞
(
E
∥∥∥X(N)

t −Xt

∥∥∥p
2

)1/p
= 0, and

E‖Xt‖p2 <∞.
2.

(F.2) ‖cum (ε0)k‖2 <∞,

where we have written cum (ε0)k = cum

ε0, . . . , ε0︸ ︷︷ ︸
k times

 .
3. We have cum (Xt1 , . . . , Xtk) =

∑
s∈Z(At1−s⊗̃ · · · ⊗̃Atk−s)cum (ε0)k , where

the convergence is in ‖·‖2 and ⊗̃ is as in Lemma F.17.

Proof. Let
X
−(N)
t = Xt −X(N)

t =
∑
|s|>N

Asεt−s,

for the tail of the series of Xt. Since

‖Asεt−s‖2 ≤ |||As|||∞‖εt−s‖2 = ‖as‖2‖εt−s‖2,
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E
∥∥∥X−(N)

t

∥∥∥p
2
≤

∑
|s1|,...,|sp|>N

‖as1‖2 · · ·
∥∥asp∥∥2

E
{
‖εt−s1‖2 · · ·

∥∥εt−sp∥∥2

}
≤

∑
|s1|,...,|sp|>N

‖as1‖2 · · ·
∥∥asp∥∥2

(E‖εt−s1‖
p
2)1/p · · · (E

∥∥εt−sp∥∥p2)1/p

= E‖ε0‖p2 ·
∑

|s1|,...,|sp|>N
‖as1‖2 · · ·

∥∥asp∥∥2

= E‖ε0‖p2 ·

 ∑
|s|>N

‖as‖2

p

<∞,

where the inequality in the third line follows from the generalized Hölder
inequality. Hence,

lim
N→∞

(
E
∥∥∥X−(N)

t

∥∥∥p
2

)1/p
= 0,

norm-2 Lp(P)-convergence of X(N)
t to Xt.

Let us now show (F.2). For any partition ν = (ν1, . . . , νp) of (1, . . . , k),
let |νj | denote the number of elements of the set νj , and

∫
|νj |
∫

denote the
integral over [0, 1]|νj |. The triangle inequality and Jensen’s inequality yield

‖cum (ε0)k‖p ≤
∑

ν=(ν1,...,νq)

(q − 1)!
q∏
l=1

∥∥∥∥∥∥E
∏
j∈νl

ε0(τj)

∥∥∥∥∥∥
p

≤
∑

ν=(ν1,...,νq)

(q − 1)!
q∏
l=1

E

∥∥∥∥∥∥
∏
j∈νl

ε0(τj)

∥∥∥∥∥∥
p

=
∑

ν=(ν1,...,νq)

(q − 1)!
q∏
l=1

E‖ε0‖|νl|p

<∞.

The sum is over all unordered partitions of {1, . . . , k}. The last inequality
follows from the assumption E‖ε0‖kp <∞, since |νl| ≤ k. Let us turn to the
proof of the last statement of the proposition. Using the notation of Lemma
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F.17, we claim that

cum (Xt1 , . . . , Xtk)

= cum

∑
s1∈Z

As1εt1−s1 , . . . ,
∑
sk∈Z

Askεtk−sk


=

∑
s1,...,sk∈Z

cum (As1εt1−s1 , . . . , Askεtk−sk)(F.3)

=
∑

s1,...,sk∈Z
(As1⊗̃ · · · ⊗̃Ask)cum (εt1−s1 , . . . , εtk−sk)

=
∑
s∈Z

(At1−s⊗̃ · · · ⊗̃Atk−s)cum (ε0)k ,(F.4)

where the equality holds in ‖·‖2; the first equality is by definition of Xt, and
the last equality stems from the independence of the εt’s. Since∥∥(At1−s⊗̃ · · · ⊗̃Atk−s)cum (ε0)k

∥∥
2 ≤ ‖at1−s‖2 · · · ‖atk−s‖2‖cum (ε0)k‖2,

and

∑
s∈Z
‖at1−s‖2 · · · ‖atk−s‖2 ≤

∑
s1,...,sk∈Z

‖at1−s1‖2 · · · ‖atk−sk‖2 =

∑
s∈Z
‖as‖2

k ,
the series (F.4) converges in ‖·‖2.

We now justify the equality (F.3) and the one following it. For (F.3),
recall the definition of the cumulant,

cum (Xt1 , . . . , Xtk) (τ1, . . . , τk) =
∑

ν=(ν1,...,νq)

(−1)q−1(q−1)!
q∏
l=1

E

∏
j∈νl

Xtj (τj)

,
where the sum is over all unordered partitions of {1, . . . , k}. First, notice
that since X(N)

t converges in norm-2 Lp(P)-wise,

(F.5) E
[

lim
N→∞

X
(N)
t1 ⊗ · · · ⊗X(N)

tl

]
= lim

N→∞
E
[
X

(N)
t1 ⊗ · · · ⊗X(N)

tl

]
,

in ‖·‖2, where

X
(N)
t1 ⊗ · · · ⊗X(N)

tl
(τ1, . . . , τl) = X

(N)
t1 (τ1) · · ·X(N)

tl
(τl).



28 V.M. PANARETOS & S. TAVAKOLI

Hence

cum (Xt1 , . . . , Xtk) (τ1, . . . , τk)

=
∑

ν=(ν1,...,νq)

(−1)q−1(q − 1)!
q∏
l=1

E

∏
j∈νl

lim
N→∞

X
(N)
tj (τj)


=

∑
ν=(ν1,...,νq)

(−1)q−1(q − 1)!
q∏
l=1

E

 lim
N→∞

∏
j∈νl

X
(N)
tj (τj)


= lim

N→∞

∑
ν=(ν1,...,νq)

(−1)q−1(q − 1)!
q∏
l=1

E

∏
j∈νl

X
(N)
tj (τj)


= lim

N→∞
cum

 ∑
|s1|≤N

As1εt1−s1 , . . . ,
∑
|sk|≤N

Askεtk−sk

 (τ1, . . . , τk)

= lim
N→∞

∑
|s1|,...,|sk|≤N

cum (As1εt1−s1 , . . . , Askεtk−sk) (τ1, . . . , τk)

=
∑

s1,...,sk∈Z
cum (As1εt1−s1 , . . . , Askεtk−sk) (τ1, . . . , τk),

where the equalities hold in ‖·‖2, and the penultimate equality stems from
the multilinearity of the cumulant.

Now that we have justified the equality preceding (F.3), let us justify the
one following it. In the following, all integrals will be on hypercubes [0, 1]i

of the appropriate dimension.

cum (As1εt1−s1 , . . . , Askεtk−sk) (τ1, . . . , τk)

=
∑

ν=(ν1,...,νq)

(−1)q−1(q − 1)!
q∏
l=1

E

∏
j∈νl

∫
asj (τj , σj)εtj−sj (σj)dσj


=

∑
ν=(ν1,...,νq)

(−1)q−1(q − 1)!
q∏
l=1

∫
|νl|

∫
E

∏
j∈νl

asj (τj , σj)εtj−sj (σj)

 ∏
j∈νl

dσj

=
∫
· · ·
∫ ∑

ν=(ν1,...,νq)

(−1)q−1(q − 1)!
q∏
l=1

E

∏
j∈νl

asj (τj , σj)εtj−sj (σj)

 k∏
j=1

dσj

=
∫
· · ·
∫

cum (as1(τ1, σ1)εt1−s1(σ1), . . . , ask(τk, σk)εtk−sk(σk))
k∏
j=1

dσj
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=
∫
· · ·
∫
as1(τ1, σ1) · · · ask(τk, σk)cum (εt1−s1(σ1), . . . , εtk−sk(σk))

k∏
j=1

dσj

=
[
(As1⊗̃ · · · ⊗̃Ask)cum (εt1−s1 , . . . , εtk−sk)

]
(τ1, . . . , τk),

where the equalities hold in ‖·‖2. The only non-trivial equality is the second
one, to which we now turn. Since we want to show an equality in ‖·‖2,
which is the norm of a Hilbert space L2([0, 1]i,R), we only need to show
equality of the projections onto an orthonormal basis. Let (ϕn)n=1,2,... be an
orthonormal basis of L2 ([0, 1],R). Then,

(ϕn1 ⊗ · · · ⊗ ϕnk)n1,...,nk=1,2,...

is an orthonormal basis of L2([0, 1]k,R) and using the notation 〈·, ·〉 for the
scalar product, we obtain

〈E [As1εt1−s1 ⊗ · · · ⊗Askεtk−sk ], ϕn1 ⊗ · · · ⊗ ϕnk〉
=
〈
(As1⊗̃ · · · ⊗̃Ask)E [εt1−s1 ⊗ · · · ⊗ εtk−sk ], ϕn1 ⊗ · · · ⊗ ϕnk

〉
,

which is justified by Tonelli’s Theorem. Indeed,

E
∫
· · ·
∫
|As1(τ1, σ1)ϕn1(τ1)εt1−s1(σ1) · · ·Ask(τk, σk)ϕnk(τk)εtk−sk(σk)| dτdσ

= E
[∫∫

|As1(τ, σ)ϕn1(τ)εt1−s1(σ)| dτdσ · · ·
∫∫
|Ask(τ, σ)ϕnk(τ)εtk−sk(σ)| dτdσ

]
≤ ‖as1‖2 · · · ‖ask‖2E

[
‖εt1−s1‖2 · · · ‖εtk−sk‖2

]
≤ ‖as1‖2 · · · ‖ask‖2E‖ε0‖k2
<∞,

where the first inequality is justified by the Cauchy-Schwarz inequality, and
the second one by the generalized Hölder inequality. This completes the
proof.

The following Lemma is a straightforward extension of results on approx-
imate identities (see Edwards (1967, §3.2)) adapted to our framework:

Lemma F.15 (Approximate identities). Suppose KT , T = 1, 2, . . . is a
sequence of functions defined on [−π, π] satisfying, as T →∞:

(i) supT
∫ π
−π |KT (α)|dα <∞,

(ii)
∫ π
−πKT (α)dα −→ 2π



30 V.M. PANARETOS & S. TAVAKOLI

(iii) For all δ > 0,
∫
δ≤|α|≤π |KT (α)|dα→ 0.

Let E ⊂ R be an interval,

g : [−π, π]× E → C

be a function and, for each e ∈ E, define ge(ω) = g(ω, e). Let g·(ω) denote
the function e 7→ ge(ω).

If the function ω 7→ g·(ω) is uniformly continuous with respect to ‖·‖p,
meaning that ∀ε > 0, ∃δ > 0 such that

(F.6) |ω1 − ω2| < δ =⇒ ‖g·(ω1)− g·(ω2)‖p < ε,

and bounded with respect to ‖·‖p,

sup
ω
‖g·(ω)‖p <∞,

then the convolution

KT ∗ ge(ω) =
∫ π

−π
KT (α)ge(ω − α)dα

converges in ‖·‖p to ge(ω), uniformly in ω:

sup
ω
‖KT ∗ g·(ω)− g·(ω)‖p → 0 as T →∞.

Notice that if p = ∞, (F.6) is the same as uniform equicontinuity of the
family of functions {ge}e∈E.

Proof. We follow the same strategy an in Edwards (1967, Theorem
3.2.2). We use the shorthand notation

∫
=
∫ π
−π. Setting

aT =
∫
KT (α)dα,

we obtain via Jensen’s inequality

sup
ω
‖KT ∗ g·(ω)− aT g·(ω)‖p ≤

∫
|KT (α)| · sup

ω
‖g·(ω − α)− g·(ω)‖pdα =: I.

Fix ε > 0. We can choose δ > 0 satisfying (F.6). The rest of the proof
parallels that of Edwards (1967); the idea is the following: we separate the
integral

∫ π
−π into ∫

0≤|α|≤δ
+
∫
δ≤|α|≤π

.

The first integral will be small because of the continuity condition and the
boundedness of the L1-norm of KT , and the second integral is small of the
property (iii) of an approximate identity, and because the g·’s are bounded.
The proof then completed by noting that aT → 2π.
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Remark F.16. Notice that, in the previous Lemma, the rate of conver-
gence depends only on

1. The properties of the approximate identity,
2. The bound supω ‖g·(ω)‖p,
3. The continuity parameter δ = δ(ε).

F.1. Some operator theory. This section contains some background
material and notation from operator theory, for ease of reference.

Lemma F.17. Let K ⊂ Rn be measurable and compact. Let a, b, c ∈
L2(K ×K,R), with induced operators A,B,C on L2(K,R). That is,

Af(τ) =
∫
K
a(τ, σ)f(σ)dσ, in L2, ∀f ∈ L2(K,R).

We can define the product operator AB of two operators by composition,
i.e. the operator AB is defined by (AB)f = A(Bf) for f ∈ L2(K,R), and
has kernel

r(τ, σ) =
∫
K
a(τ, µ)b(µ, σ)dσ, in L2.

This operation is associative.
We can also define the (Hilbert-Schmidt) operator (A⊗̃B) on L2(K ×

K,R), defined by
(A⊗̃B)C = ACB†,

and where B† is the adjoint operator of B. More explicitly,

[(A⊗̃B)C](τ, σ) =
∫∫

K×K
a(τ, µ1)b(σ, µ2)c(µ1, µ2)dµ1dµ2, in L2.

Furthermore, if a1, . . . , an ∈ L2(K×K,R), with induced operators A1, . . . , An,
we can define the Hilbert-Schmidt operator A1⊗̃ · · · ⊗̃An on L2(Kn,R) by

(A1⊗̃ · · · ⊗̃An)f(τ1, . . . , τn) =
∫
Kn

A1(τ1, σ1)×· · ·×An(τn, σn)f(σ1, . . . , σn)dσ1 . . . dσn,

in L2, for f ∈ L2(Kn,R). In particular,

(A1⊗̃ · · · ⊗̃An)(ϕ1 ⊗ · · · ⊗ ϕn) = A1ϕ1 ⊗ · · · ⊗Anϕn,

for ϕ1, . . . , ϕn ∈ L2(K,Rn).



32 V.M. PANARETOS & S. TAVAKOLI

F.1.1. Schatten classes of Operators. We recall here the definition of
Schatten classes of operators (Ringrose (1971), Zhu (2007)), and some of
their basic properties. Let H be a separable Hilbert space. If we denote by
L∞(H) the space of bounded operators on H,we can define the Schatten
p-class of H as follows:

Definition F.18. For 1 ≤ p < ∞, the Schatten p-class of H is the
subset Sp ⊂ L∞(H) consisting of all compact operators T for which∑

n≥1

|〈Ten, en〉|p <∞,

for all orthonormal bases {en} of H; by convention S∞ = L∞(H), the space
of bounded operators.

It follows directly from the properties of `p spaces that 1 ≤ p ≤ q ≤
∞ =⇒ Sp ⊂ Sq. The following characterisation of the Schatten p-classes is
a classical result:

Proposition F.19. Let T be a compact operator on H, with singular
value decomposition

T =
∑
n

λnϕn ⊗ ψn,

where
λ1 ≥ λ2 ≥ · · · ≥ 0.

For 1 ≤ p <∞, we define the Schatten p-norm

|||T |||p =

[ ∞∑
n=1

λpn

]1/p

.

Then we have
T ∈ Sp ⇐⇒ |||T |||p <∞,

for any orthonormal basis (en),∑
n

|〈Ten, en〉|p ≤ |||T |||pp,

and the space (Sp, |||·|||p) is a Banach space.
For T ∈ LC(H), we define |||T |||∞ = λ1, and this coincides with the usual

operator norm.
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For any bounded operators A,B on H, we can define their product AB
as being the bounded operator on H obtained by composition of A and B,
(AB)x = A(Bx), x ∈ H. We can now state a useful Hölder-type inequality
for Schatten spaces:

Proposition F.20. Let 1 ≤ t, p, q ≤ ∞, such that 1
t = 1

p + 1
q . If A ∈

Sp, B ∈ Sq, then AB ∈ St and

|||AB|||t ≤ |||A|||p|||B|||q.

Notice that the Schatten 1-norm is the nuclear norm. The Schatten 2-
norm is also called the Hilbert-Schmidt norm, and we have the following
property for T ∈ S2:

|||T |||22 =
∑
n

‖Ten‖2,

where e1, e2, . . . is an orthonormal basis of H, and the sum is independent
of the choice of the basis. It is also useful to recall the following result
(Weidmann 1980, Theorem 6.11):

Proposition F.21. Let H = L2(M,C), with M a measurable subset
of Rn. An operator T : H → H is Hilbert-Schmidt if and only if ∃k ∈
L2(M ×M,C) such that for all f ∈ H,

Tf(x) =
∫
M
k(x, y)f(y)dy a.s. for x ∈M.

We have |||T |||2 =
∫∫
M×M |k(x, y)|2dxdy, and the adjoint T † is induced by

the kernel k†(x, y) = k(y, x).

The following well-known result relates the expected squared norm of a
random variable to the trace of its covariance operator:

Lemma F.22. Let K =
∏n
j=1[aj , bj ] ⊂ Rn, where −∞ < aj < bj < ∞

for j = 1, . . . , n. Let µ denote Lebesgue measure on Rn. Let X be a random
element of

L2(K,C) = {f : K → C : ‖f‖2 <∞} ,
where ‖f‖2 =

√
〈f, f〉 and 〈f, g〉 =

∫
K fgdµ, f, g ∈ L2(K,C). Let r (t, s) =

cov(X(t), X(s)), t, s ∈ K be the covariance kernel of X, and R be the
operator on L2(K,C) induced by the kernel. If E‖X‖22 < ∞, then R is
trace-class and

trace (R) = E‖X − EX‖22 =
∫
K

r (t, t)dt.



Proof. Since r is the covariance kernel of X,

r (t, s) = r (s, t), ∀t, s ∈ K.

Moreover, R is a self-adjoint and non-negative operator. Since the space
L2(K,C) is separable, for any orthonormal basis (en), we have

trace (R) =
∑
n≥1

〈Ren, en〉 = E
∑
n≥1

|〈X − EX, en〉|2 = E‖X − EX‖22 <∞,

thus R is trace-class. On the other hand, Tonelli’s Theorem yields

E‖X − EX‖22 =
∫
K

E|X(t)− EX(t)|2dt =
∫
K

r (t, t)dt.

Hence
trace (R) =

∫
K

r (t, t)dµ(t).
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