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Any reference to a formula or statement contained in the present docu-
ment starts with a capital letter (eg ‘A.1’). Any reference not of this form
is to the main paper, Panaretos & Tavakoli (2012).

APPENDIX A: THE SPECTRAL DENSITY OPERATOR

The autocovariance operators encode all the second-order dynamical prop-
erties of the series and are typically the main focus of functional time series
analysis. Since we wish to formulate a framework for a frequency domain
analysis of the series { X;}, we need to determine a suitable notion of Fourier
transform of these operators. This we call the spectral density operator of
{X:}, defined rigorously in Proposition A.1 below.

The following summarizes the basic property of the spectral density oper-
ator. Results of a similar flavour related to Fourier transforms between gen-
eral Hilbert spaces can be traced back to, for example, Kolmogorov (1978);
we give here the precise versions that we will be requiring, for completeness,
since those results do not readily apply in our setting.

PROPOSITION A.1. Suppose p =2 or p = oo, and consider the following
conditions:

I(p). The autocovariance kernels satisfy Y ez ||nllp < o0,
II. The autocovariance operators satisfy Y ,cz || %l < oo,

where || %,/ is the nuclear norm or Schatten 1-norm (see Paragraph F.1.1).
Then, under I(p), for any w € R, the following series converges in ||-||,:

(A1) () = % S exp(—iwt)n(- ).
teZ
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We call the limiting kernel f,, the spectral density kernel at frequency w.
It is uniformly bounded and also uniformly continuous in w with respect to

||-Hp, meaning given € > 0, there exists a 0 > 0 such that

lwi —wa| <6 = ||foJ1 _J[wsz <ée.

The spectral density operator F#,,, the operator induced by the spectral density
kernel through right-integration, is self-adjoint and non-negative definite for
all w € R. Furthermore, the following inversion formula holds in ||-|[,:

2 .
(A.2) fu(T,0)e"™da = r(7,0),Vt, T, 0.
0

Under only I1, we have
(A3) yw = Z e_ﬂwt%tv

teZ

where the convergence holds in nuclear norm. In particular, the spectral den-
sity operators are nuclear, and ||| Z,||l; < > 124, < 0.

ProOOF OF PROPOSITION A.1. The convergence of (A.3) in ||-||,, and the
uniform boundedness of the spectral density kernel follows from the triangle
inequality. Using the property r(7,0) = [r_¢(0,7)]", we obtain £,(r,0) =
[f (o, T)]T, so that the spectral density operator %, is self-adjoint. For uni-
form continuity, notice that

Hﬁh *][wsz < Z ’e_ﬁtwl _ e—ﬁtw2

7],
teZ
(A.4) <cY ‘e—ﬁtm —eit2 12 3 ||,

[t|<N t|>N

where C' = maxez |7/, Fixing ¢ > 0, since I(p) holds, we can choose
N = N(g) > 0 such that the righthand sum of (A.4) is smaller than /2.
Now since for each ¢, the function w — e~ is uniformly continuous, we
can choose a § = §(N,e) > 0 such that the lefthand side of (A.4) is smaller
than €/2. Since 0 = §(N(e),e) = d(¢), uniform continuity follows.

For the non-negativity, we need to show that (Z,p,¢) > 0, for any ¢ €
L?([0,1],C). Our approach is inspired by Brillinger (2001). Let

A0(r) = [ oD ()0
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where I
p((UT) (r,0) = 71 Z e_ﬁw(t_s)Xt(T)Xs(a).
t,s=0

2
The element () is a random element of L2 ([0,1],C) since EHQO(T)H < 00.
Hence, its expectation exists and Lemma F.3 yields

]E(p(T) =7t (A() + -+ ATfl) ©,

where Ay = Y1 _pe %, Since Ar — Z, in |||, the convergence also
holds in operator norm |||-||| .. Therefore, the Cesaro-sum

T (Ag+---+ Ar_1)

also converges to .%, in operator norm and E¢(T) — Z_¢ in the norm of
L?([0,1],C). Since
2

" 1 s T-1
oI o) = o2T)™ Xi(7) exp(—iwt) | p(7)| dr >0,

we obtain
= (imEeD o) = Ii (T)
(Fup,p) = <hijso 7s0> = ll%nE<s0 ,s0> > 0.

The inversion formula follows from permuting the sum and integral, using
the dominated convergence Theorem. It is done directly in the case p = oo;
in the case p = 2, it is done by proving equality of the projections

</_1fwe““dw,<p> = (n, )

for all ¢ € L%(]0,1]?, C), where we abuse from notation by writing (p, g) =

f[O,lP gO(JZ‘)g(ZE)dLIZ‘ for w,g € L2([07 1]25 (C)
If IT holds, then I(2) holds and the spectral density kernel is defined in
an L? sense. Equation (A.3) then follows from triangle inequality. O

APPENDIX B: HIGHER-ORDER CUMULANT SPECTRA
Provided

(B.1) > cum (X, ..., Xt 5 Xo) |2 <00, VEkeN

t1,..,tp—1=—00
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holds true, we may also introduce the notion of a higher order spectral
density, the cumulant spectral density of order k, defined in L?:

fwl,...,wk_l (T17 o e 7Tk)
(2 )k 1 Z exp (_szjtﬂ>cum (Xt1(7_1)7--',thfl(Tk—l),XO(Tk)) .
g t1,..,tg—1=—00 j=1

In shorthand, we will write

o)

1
fwl,...,wk,l = W Z exp ( Z wj )Cum th, Ce ath,pXO) .

t1,..,lg—1=—00
We note that this density will be bounded. In fact, the convergence of the

series defining the higher order density can be described explicitly as follows:

LEMMA B.1. We have

T-1

1
St ons = W Z exp ( —1 Zw] )curn Xty Xty y, Xo) + &1,
ti,et—1=—(T-1)

where the equality is in L?>. The error term is uniform in w, and satisfies
er ~o(l) as T — oo if (B.1) holds. Under the stronger condition

(0.)
o () leum (X, - Xy, Xo)|, < 00, forj=1,... k-1,

t1,..tg—1=—00

we have e7 ~ o(T~1), as T — oc.

Proor. Direct consideration of the expression for £, . ., , yields that

‘ET’ = (Qﬂ%z [Z|t,,>TZu¢V chm (Xt1,~- th 17X0)H2:| and the

estimates of the error follow directly. In particular, the error is indepen-
dent of the w’s. O

With regards to higher order moments, we may establish an asymptotic
representation of the cumulant kernel of the functional discrete Fourier
transform in terms of the cumulant spectral density of the same order:

TueoreM B.2.  Let AT (w) = ST exp(—iwt). We have
T2 cum (X (D (), X (7))

= (27r)k/271A(T) (wl + -4 wk) 01 Wh—1 (Tl, . ,Tk) +ep, in L2,
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where the error term is uniform in w. In particular, ep ~ o(T') if

> [eum (X3, ..., Xz, Xo) ||, < o0,
t1,..,lg_1=—00
and e ~ O(1) if

o0

Z (T4[t5]) [lcum (X4, ..., Xy, Xo) ||, <00, forj=1,...,k=1.

t1,tg—1=—00
Notice that in the case k =1, f(1) = u(71).
Proor. We have

cum ()Z'L(L)Tl)(ﬁ)7 . 75(&?(774))
-1 -
(B.2) = (QTI'T)—k/Q Z 6—1'1 Zlel(tj_tk)wje—ﬁtk(w1+~~~+wk) «
t1,...,t=0
X cum (th_tk (Tl)v s 7th—1—tk7X0(Tk))

With the change of variables ¢ = t3,u; =t; —t; for j =1,2,...,k — 1, and
defining A(T) (t) =1if 0 <t <T, and 0 otherwise, we can re-express the last
expression as

(QWT)k/Zcum (X g‘f) (1), .. ,Xg;) (Tk))

T-1 . k—1
= Z e_ﬂzjzl Y% cum (X, (1), - -+ Xy » Xo (%))
Uyt —1=—(T—1)

% S0y 1)+ B gy + D (p)e M)
teZ

T-1 . k-1 k
= Z 6_]1 Ejil ujij(T) Z wj | cum (Xu1 (Tl), . 7XUk—1 s X()(Tk)) + 1,7,

Uyt —1=—(T—1) Jj=1

where AT (w) = YT e~ Now, &1 7 is an error term, that we can bound
using Lemma F.7:

T-1
lerr| <2 > (a4 -+ a1 ]) [Joum (Xuy, -5 X5 Xo) |

UL, —1=—(T—1)

00"

Using the dominated convergence theorem, we find that e 7 ~ o(T") under
the first mixing condition, and €; 7 ~ O(1) under the second one, in both
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cases independently of w. For the rest of the proof, we shall omit the 7;’s
Using Lemma B.1, we have

T%/2cum ()?&Tl),,f(g;)) (2w k/2 IA(T) (Z%)fwl, W

+ (2m)F/2 LA (Z Wj) ear + (2m) e,

j=1

where €5 7 is the error term of Lemma B.1. Since AT)(.) is O(T), we obtain
that the global error term is o(T") (resp. O(1)) under the first (resp. second)
cumulant mixing condition. O

APPENDIX C: THE PERIODOGRAM KERNEL AND ITS
PROPERTIES
We recall the following condition used in the main paper:

Condition C(L,k): Foreach j =1,...,k—1,

Z (14 It [|cum (Xtyy- ooy Xy, Xo) ||, < 00

t1,..tg—1=—00

The cumulant mixing conditions of Theorem B.2 are simply C(0,k) and
C(1,k). With this definition in place, we may determine the exact mean of
the periodogram kernel:

PropOSITION C.1.  Assuming that C(0,2) holds true, we have

E [p(r,0)] = % /_ Fr(w — a)fa(r,0)da + p(r)p(o) Fr(w), in L%

In particular, if w = 2ws/T, with s an integer such that s 20 mod T,

E [pc(uT)(T7U):| = 217r/_ Pr(w— a)fy(r,0)da, in L.

- %COV (XD.XD) + —E[X D (D)]E[X Do)

w w 27T w —w
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Using the inversion formula of Lemma A.1, we obtain

1 T-1 T .
=7 Z —lw(t- s/ et (1, 0)da + p() (o) Pr(w)
_ 1 / "
T )
:|A(T)(w7a)‘2

= % /: Fr(w— a)fo(r,0)da + u(t)pu(o) Fr(w).

_ t_s)(w—a)] fa(,0)da + pu(T) (o) FPr(w)

For the case w = 27s/T, with s an integer with s # 0 mod T, the result
follows from the fact that Frr(w) = 0. O

THEOREM C.2. Assume wy and we are of the form 2ns(T)/T, where
s(T) is an integer, s(T)) Z0 mod T. We have

(T)

cov (pwl (7—17 Ul)apgg) (7_27 02)) - 77(‘01 - w?)fun (7—17 7_2)][—w1 (01? 02)+

+ (w1 + w2) fu, (71, 02) fewy (01, T2) + €T,

where the function n(z) equals one if x € 2nZ, and zero otherwise. The error
term er is o(1) under C(0,2) and C(0,4); e ~ O(T~') under C(1,2)
and C(1,4). In each case, the error term is uniform in wy,ws of the form
2rs(T) /T with s(T) #0 mod T.

PROOF. In this proof, in order to compactify notation, we will say that
o(T)

the error term is . under assumption A /B, meaning that the error term

is of order o(T) under condition A, and of order O(1) under condition B.
Since

COV( g)(ﬁ,gl),ﬁg)(ﬁﬁz))

= cov ()Z' L(UTI) (Tl))N( (_721(01), )Z'g) (7'2))? (_132 (02))

—E | XD (r) X (01) X T, (m2) X D)(09)
A B C D
~E[X D)X D, (0)]E [X D, ()X Do)
=E[ABCD] - E[ABIE[CD],
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using the notation (A) = cum (A) = EA, (A,B) =cum (A4, B), (A,B,C) =
cum (A, B,C'), and so on, and invoking Lemma F.8, we deduce

cov (p(g;) (7—17 0’1)@&? (7-23 02)) = (Av Ba Ca D)+

+ (A)(B,C,D)+ (B)(A,C,D)+ (C)(A,B,D) + (D)(A, B,C)
+(A,C)(B,D)+ (A,D)(B,C)
+ (A4)(C)(B, D) + (A)(D)(B,C) + (B)(C)(A, D) + (B)(D)(4,C)
(C.1)
= (A,B,C, D)+ (A,C)(B,D) + (A, D)(B,C).

The last equality stems from the fact that (A) = (B) = (C) = (D) = 0,
given that wyi,ws are of the form 27s(7") /T, with s(T) # 0 mod T. We now
approximate each term of (C.1) using Theorem B.2:

27 -
(Aa Ba C) D) = ?fwl,fwl,fwg (Tla 01,72, 02) +T 26T7
where er is the error term of Theorem B.2. Thus (A, B,C, D) = O(T™1),
uniformly in w under either C(0,4) or C(1,4).
For the next term, we have under the assumption C(1,2)/C(0,2):

(A,C)(B,D) =
o(T)

_ o(T)
= T2 {A(T)(wl — w2) o1 (7'1,7'2) + ‘O(l)} {A(T)(WQ — wl)f_wl (01,02) -+ 0(1)}

= T72|A(T) (wl - wQ)wal (7—17 TQ)f—wl (017 02)

] o)
+T QA(T)(Wl —W2)J[w1 (7_177_2) o()
B o(T)
+ T 2AD (wy — wy)fuy (01, 02) o)

o(1)
o(T-2)

+

Using the fact that A) = O(T), £, = O(1) uniformly in w, we obtain

o(1)

(A, C)(B, D) = n(wr — wa)fun (11, 72)f~w, (01, 02) + or-1y

where the function n(x) equals one if x € 277Z, and zero otherwise. A similar
calculation yields
o(1)

(A7 D)(B7C) = 77((01 +w2) w1 (Tlao'Q)f*wl (0-1’7_2) + o(r-1)

and in each of these cases, the error term is uniform in wi,ws of the form
27s(T) /T, with s(T) #0 mod T.
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Piecing the results back together, we conclude that

cov (PL(};) (1, 01)71)5)?(72, 02)) = (w1 — w2)foo, (11, 72)f~w, (01, 02)

o(1)

+ n(wl + WQ)fwl (7—17 0-2)J[*w1 (O-la 7—2) + O(T—l)’

with the error term being uniform in wj,ws of the form 27s(7T)/T, with
s(T)#£0 mod T. O

APPENDIX D: ESTIMATION OF THE SPECTRAL DENSITY
OPERATOR

Let W (x) be a real function defined on R such that

1. W is positive, even, and bounded in variation,
2. W(x)=0if |z| > 1,

3. [Z W(x)dz =1,

4. [% W(z)*dz < .

The assumption of a compact support is not necessary, but will simplify
proofs. For a bandwidth By > 0, write

(D.1) W (z) =S <‘”+2”>.
jez Br Br

Some properties of W can be found in Section F. Our spectral density esti-

mator fugT) of £, at frequency w is the weighted average of the periodogram
evaluated at frequencies of the form {27s/T}1_!, with weight function W (T):

o =1 21rs
(T) _2r (T) ( B > (T) .
£ (1, 0) ;:1 %% w pQ;S (1,0)

Concerning the mean of the spectral density estimator, we have:

ProposiTION D.1.  Under C(1,2), if Br — 0 and BT — 00 as T —
o0, then

BT (r,0) = [ W(@)forap (r,0)de + OB 'T), in 12
R

and the error terms are uniform in w.
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PRrOOF. We use Proposition 2.6 to write

EfT) (7,0 ZW ( 27T8>{f27rs(70)+0( h}

:;;mﬂ(—m)ﬁm(w)w { ZW(T( 2;8>}’

where the error term is uniform in s. Using Lemmas F.6, F.10 and F.12 we
obtain

92 T-1 2 ot
% Z w @ (w — ;S) Sors(T,0) = ; w @ (w— @) fo(1,0)da + e,
s=1

where ep ~ O(B;IT_l), uniformly in w. Using Lemma F.12,
2T W) 2ms _ o1
& g («= ) =0

if ByT' — oo. Combining these facts, we may write

E£D) (7, 0) / WD (v — a) fu(r, 0)da + O(BZTY) + O(T).

With a change of variables, we obtain

2w

W (w— @) fodo = / W(z)fo—zBpdx.
0 R

This completes the proof. O
Concerning the covariance of the spectral density estimator, we have:
THEOREM D.2.  Under C(1,2) and C(1,4),
cov ( &‘F) (71, 01),fw(;r) (72, 02))
= [ (O - W e - alfaln ) alor,02)
+ WO (wr = WD (ws + a)fa(11,02)f a(01,7) bda
+O(B7*T™ %) +O0(T ™),

in L?, and the error terms are uniform in w.
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PRrOOF. Using Theorem C.2, conditions C(1,2) and C(1,4) yield

cov (fung) (r1,00), £ (72, 02))
T—1

= (2n/T)* > WD(w; — 27s/T)YW T (wy — 271/ T) x
s,l=1

< n2n(s = /D) fope (1 72) g (01, r0)+

T

+0(2n(s +1)/T)age (m,02) g (01, 72) + O

T
or -1 2
T ST wB(wy —27s/T)| O(T™)
s=1

92 2 T—1
+ (;) sz::l W I (wy — 278/ TYW T (wy — QTFS/T)][L;S (71, Tg)f# (01,02)

L

+ (T) Zl W (w1 — 2/ T)W D (w1 + 278/ T) fags (11, 02) fo225 (01, 72),
s=

where the error term is uniform in s,/. An application of Lemmas F.6, F.10,

F.11 and F.12 now completes the proof. O

APPENDIX E: A CLASS OF EXAMPLES

Our central result concerning the asymptotic representation of the discrete
Fourier transform requires mixing conditions on the underlying stationary
process that might be non-trivial to verify in certain situations. However, in
this section, we demonstrate that these conditions are valid for a broad class
of stationary processes, namely linear processes of any order (potentially of
infinite order), under natural conditions on their coefficient operators and
innovation processes. For tidiness, we will employ the same notation for
norms on functions f : [0,1] — C or g : [0,1] x [0,1] — C, as it will usually
be clear which is the case by the context:

1/p

i, = 10wae) " taty = (ff, lotrparas)

I fllc = sup |f(7)], l9lloe = sup |g(7,0)l.
T7€[0,1] 7,0€[0,1]

We will also use the following notation for the norm with respect to one of

1
the variables: |[g(7,-)[|, = (fol lg(T, J)]pda) /p, and similarly for ||g(7, ") -
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With these definitions in place, we can provide the following moment con-
ditions on a general linear process, which are sufficient for the mixing con-
ditions to hold:

ProprosITION E.1.  Let

Xt = Z Asgt—s

SEZL

be a linear process with El|eg|l5 < oo for allp > 1, and

> (s as]ly < oo

SEL

for some positive integer |, where as is the kernel of As. Then for all fized
=1,2,..., X; satisfies C(L,k):
(E.1)
> A+ eum (Xey, ., Xy, Xo)||, <00 G=1,...,k—1.
t1yeth 1E€Z

In addition,

(E.2) YA+ D2, < oo,
teZ
and,
(E.3) Y Mlleum (X, Xey, Xeg, Xo)ll; < o0,
t1,t2,t3

where we view cum (Xy,, X1y, Xi5, Xo) as an operator on L2([0,1]%,R) - see
Section 2.

PrROOF OF PROPOSITION E.1. We first prove (E.1). Since the assump-
tions of Proposition F.14 are satisfied, using the notation of Lemma F.17,
we have

cum (X¢,, ..., Xy, ,,Xo) = Z(Atrsé e @Atkfl,séA,s)cum (€0)k »
SEZ

where the convergence is in L?, and

cum (g9);, = cum | €g, . ..,€0
—_——

k times
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Since

H(At1—8® T ®Atk71_s®A_s)cum (50)kH2
< llat—slly -+ flag,_,—sllla=sll5llcum (o) .,

we have

k
Z [lcum (X, .. .,th_l,XO)HQ < (Z(l + t!l)HatHQ) |cum (g0),]l,-

t1,estp_1€Z teZ
Furthermore,
Z \tj\chum (X, ,th_l,Xo)H2
t1,..,tk_1€Z
< > tlllen—slly - e, —sllylla—sllyllcum (o)l

t1,e 5tk —1,5€Z

and, using the change of variables u1 =t1 —s,...,ux_1 = tp_1— S, up = —s,
and Jensen’s inequality, we obtain

k
<2 (Z(l + \UI)’HauHQ) leum (o) -

UEZ

Therefore

Z (14 ]tj\l)chm (thv'--vth—uXO)Hz < 00.
t1,estpy_1€Z
We now turn to the proof of (E.2). By Proposition F.14,
'@t = Z(At_s®A_5)cum (50)2 .
SEZ

Using Lemma F.17, we have

(At—s®A_g)cum (g9)y = Ap_scum (g9)y A*

R

and hence Proposition F.20 yields

12411y < llleum (o)l D Ar=sll oo A5l oo

SEZL

Since cum (&), is the covariance operator of the random element ¢, Lemma F.22
implies that
2
[leum (g0),lll; = Elleo — Eeollz < oo
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Furthermore, since A; is an integral operator,
1Al < llally-

Hence

2
Z 1%, < Elleo — Eeoll3 Z lat—s|lylla—slly < oo
teZ t,s€EZL

Using the same arguments as before, we also obtain

ST+ Y1 < oo

t

We now turn to show (E.3). Recall that

cum (Xt1 s XtQ,Xt3,Xt4) = Z(Atl_sé) c @At4_s)cum (50)4 .
SEZ

Since (A;®A;) is an operator on L%([0, 1]?, R) (see Lemma F.17), and cum (&),
can be viewed as an integral operator on L?([0, 1]?,R), with kernel

k((11,72), (01,02)) = cum (e0(71),€0(72), €0(01), €0(02)) ,
we obtain
(At1—s® s ®At4—s)cum (50)4 = (Atl—S®At2—5)Cum (50)4 (AZ‘378®A2“475)-
Thus, Proposition F.20 yields
[(Ar 5@+ - ®As,—s)eum (e0)y]lly < [|An—s®Ar—s]lllcum (o) [l 147, - s S A7, ll,-
Since E||eo||5 < 0o, Proposition F.14 implies
[leum (£0) lll, = [leum (0),l, < oo.

We also have
|HAt1®At2m2 = Hat1H2Hat2H2’

and

4% @ AL, = llacslslla .

Hence

Z |||CUH1 (Xt17Xt27Xt37XU)|”1 < 0.
t1,t2,t3
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APPENDIX F: BACKGROUND RESULTS AND TECHNICAL
STATEMENTS

This section contains several intermediate results in functional analysis
and probability in function space that are required in our earlier formal
derivations. In addition, we also collect some known results and facts for the
reader’s ease. Our first two lemmas provide an easily verifiable L? moment
condition that is sufficient for tightness to hold true. They collect arguments
appearing in the proof of Bosq (2000, Theorem 2.7):

LEMMA F.1 (A class of compact sets for separable Hilbert spaces). Let
H be a separable Hilbert space with scalar product (-,-) and norm |-||,.
For any sequence of integers 1 = ny < ng < ---, any sequence of posi-
tive numbers l such that limy_. lp = +o00, and any complete orthonor-
mal sequence (en)n=12,.. of H, the set K = (= Bk is compact, where

By = {x €H:>2, (z,e)? < l,;l}.

PROOF. Suppose H is a real separable Hilbert space (all the following
steps can be reproduced for a complex separable Hilbert space). The se-
quence (e;,) induces an isometric isomorphism H — /l3(R) via

x € H— ((x,e1),(x,e2),...).

We can therefore write © = (21, x2,...), where z; = (z,€;).

Since K is in particular a metric space, showing its compactness is equiv-
alent to showing that it is complete and totally bounded (Munkres 2000,
Theorem 45.1). Recall that a metric space (M,d) is totally bounded if, for
every € > 0, there exists a finite covering of M by e-balls. This means that
there exists a subset F. C M such that

(F.1) for any point of m € M, there is a point p € F. with d(m,p) < e.

The set Fy is called a (finite) e-net of M.

First notice that K is complete since it is a closed subset of H. Let us
show that is is totally bounded. Fix € > 0, and let k£ be the smallest integer
such that I, 1 < £2/2. Let

Hp ={(z1,22,...) € H :2; =0 for j > k}.

Since the set L .
Hy(1;%) = {w € Hy« Jall, < 172}



16 V.M. PANARETOS & S. TAVAKOLI

is compact, it is totally bounded, and there exists a finite %—net F of

Hi(ly 1/2 ). Let us show that F is a (finite) e-net of K. Let x = (z1,x2,...) €
K, P, : H— H denote the orthogonal projection onto Hy, and I : H — |
be the identity operator on H. Notice that

Py(K) C Pu(By) = Hy(i7 /),

hence there exists a point p € F' such that || Pyx — p”% < % Notice also that
(I - Py)z|5 <1t < % by definition of Bj. Hence

2 2 2 2 2
[z = pllz = 1Pe(z =)o+ (I = Be)(z = p)llz = [ Prz — plla +[[(T = Pr)ll3,
since p € Hy. We thus have ||z — pl|, < ¢, and K is compact. O

LEMMA F.2 (Criterion for tightness in Hilbert Space). Let H be a (real
or complex) separable Hilbert Space, and Xp : w — H, T = 1,2,... be
a sequence of random variables. If for some fized basis (e,) of H, we have
IE|<XT,en>|2 < ap,n = 1,2,...; for all large T, and Y~ an < 00, then
(X7) is tight. -

PROOF. Fix € > 0. We shall define a compact set K C H such that
P(Xr ¢ K) < e, for all large T'. This will show that X is tight.
Set SI' = > jmn E[(XT, ej)|?. For T large enough, ST < S,,, where

Sn = E:(%'< 0.
i>n
Notice that lim, .~ S, = 0. Set ny = 1, and [; = ¢/(257). We then define
I = kl; and choose integers 1 < ng < ng < --- such that

S1
Snk S W
Define B, = {1: eH: Y2, () < z,;l}, and K = (3%, By, which is
compact by Lemma F.1. Using successively the union bound and Markov’s
inequality, we obtain

P[Xr ¢ K] < Z]P’[Z (X1, e5)] 21,;1]
J

k>1 >ng
< Zlk Z E[(X7,e;)|?
j=ng

S;j{:lkshk < }::5%::
k k
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LeEmMA F.3. LetpfuT)( T,0)=T" Ets L e W)X (1) X (o) = X(T)( )X X7 )( )-

Then, EpL(L,T) =T Yag+--+ar_1), where ar(r,0) = Zt:_T e Wy (1, 0).

PROOF. Make the change of variables u = t — s, and observe that, by
stationarity of X,

T-1
Epl)(r,0) =T7" 3 (T = |u)e ™" r(r,0),
=—(T-1)
which then yields the result. O

LEMMA F.4. If [ |z|PW (z)dx < 0o and C(p,2) holds true, then

/RW(@J[w—xBde = fut

S (CDEBE Ot
k! owk

-/R:z:kW(x)dx +O(BD),

in L?, and the error term is uniform in w. Notice that since W is even,
the integral is zero if k is odd. The case p = 1 will be useful for consistent
estimation of f,:

/W(z)fw_mBde = £, +O(Br), in L2
the error term being uniform in w.

PROOF. In the following, although all equalities are meant in the L? sense
with respect to the variables 7,0. Since for every ¢ € L?([0,1],C), the

mapping i
0
w— Dk <][w7 90>

is continuous, we can write the Taylor expansion of £,_,p,(7,0), with re-
spect to z at x = 0:

af&(Ta )
fw—mBT(T,U):][w(T,U)— B ’a:wx+...
N (~1p1BE  ar L (7, o—)’ i
(p - 1)' Oap—1 a=w

+ Ry(z,w,T,0),
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where

(=P By (7, 0)

|
p! 80[17 a=w—0,Br

Ry(z,w,T,0) =

and 6, € [0, x]. This expression is bounded in L? by

p
1Ry (s, ||2_i H

which does not depend on w. Hence we obtain

—1

k:B akw
/W () form xBde_warZ lz' T&j; /Rg;kW(x)dx

BT
—-sup ||[=— x|PW (x)dx
+ 2 prawpfw [ oW (@)
=0(B})
and the error is uniform in w. O
LEMMA F.5.  Letxy,...,Zn;Y1,--.,Yn be (complex or real) numbers bounded

by K. Then |x129---2n — Y12 - - yn| < K"V 3500y — y4l.

ProOF. Rewriting the expression in a suitable way yields the result:

i(mnmz I 11 )|

k j=1 1=k j=1  i=k+1

\961902 o —Yiy2- =

- n

n
ZH H ’ygl’lHﬂUk—yk’

1j=11=k+1

<K Z [zk — Ykl
k=1

O]

Denote by V2(h) the total variation of a function h : [a,b] — C (Wheeden
& Zygmund 1977, Chapter 2.1).

LEmMA F.6. Let f, f1,..., fn : [a,b] — C be bounded in variation and
bounded. Let ||f|oc = supyepap |f(2)]. Then,

(i) VO (Tt £7) < Simy V2 Tz 1 lloo-
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(i3) If+ : [c,d] — [a,b] is a strictly increasing bijection, V2(f) = Vf(g)(f) =
VA(fo). If Y : [c,d] — [a,b] is a strictly decreasing bijection, V2(f) =
Vi(fou).

(i4i) For any a < ¢ < b, we have VE(f)+V2(f) = V2(f), and hence for any
a <c<d<b, we have VI(f) < V2(f).

(iv) For any X € C, VO(\f) = |MNVL(f).

(v) (triangle inequality) V2(f1 + f2) < V2(f1) + VP(f2).

(vi) If f is continuous on [a,b], " exists on (a,b) and is Riemann integrable
on [a,b], VI(f) = [ |f'(x)|da.

(vit) If f : R — C is 2mw-periodic, and g(x) = f(w — ) for some w € R,
Vi (g) = Vi (f)-
(viii) If VP(f) < oo, f is bounded on [a,b].

We notice that the total variation has some of the properties of a norm.

PROOF. Recall the definition of total variation: let I' = {xq,..., 2} be
a partition of [a, b], that is,

a=x9<x1 < < Ty =Db,
and define

m

Sr(f) = Z |f(z5) — fxio1)]

i=1
The total variation of f between a and b is

V(f) = Sup Sr(f)s

where the supremum is taken over all partitions I" of [a, b].
Hence for any such partitions, and any f,g : [a,b] — C,

Z |f(xi)g(zi) — f(mim1)g(@iz1)]

=1

< N f (@) [9(xs) — g(@i)]] - g(@ioa) [f (i) = fzio)]]

=1

< flloo D l9(@i) = g(@io)| + llglloe D | f (i) = f(zia)]
=1

= i=1
< [ F eV (9) + llgllV (£)-

Taking the supremum over all partitions yields

V([ -9) < 1FleV(9) + llgllocV (f)-
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We then obtain (i) by induction.

For (i7), first assume that v is a strictly increasing bijection. Therefore
{zo,...,xm} is a partition of [¢,d] if and only if {¥(xg),..., ¥ (xy)} is a
partition of [a,b]. If ¢ is a strictly decreasing bijection, {xg,...,zn} is a
partition of [¢, d] if and only if {¢(z,), ¥(Tm—-1),...,¥(x0)} is a partition of
[a, b]. Statement (i7) is a direct consequence of these one-to-one correspon-
dences between the partitions of [a, b] and [c, d].

Statements (7ii), (vi) and (viii) are proven in Wheeden & Zygmund (1977,
Chapter 2.1).

For (iv), notice that

DI ) = W) (@ima)l = [N D If (i) = flwiza)l-
i=1 =1

For (v), notice that

[(fr + f2)(@i) — (fr + fo)(zi-1)| < |fo(@i) — fi(@i-1)| + [ fo(@i) — fo(@i-1)].

Taking the sum over i and the supremum on all partitions {zg, ...,z } of
[a, b] yields the (v).

For (vii), define g(z) = f(w — x). Notice that V2(f) = fi;j:(f) because
f is 2m-periodic. Hence without loss of generality, we can assume that 0 <
w < 2. Using (i7i) we obtain

VET(f) = Vo () + VET(F) = Va7 (F) + VT (f) = V™27 ().

Choosing ¢ (z) = w — z, (i) yields

VETP(f) = V0%, (9) = V5™ (9).
]

We introduce the following condition, which will be used in the following
results:

T1 (Taper condition 1) Let h(u), —0o < u < oo be a real function, which
is bounded, bounded in variation and with h(u) = 0 for |u| > 1.
We denote by ||h||o its supremum, and by V!, (k) its total variation
(between —1 and 1).

LEMMA F.7.  Suppose hq,, ..., hq, satisfy T1, set hé? (t) = ha, (t/T) and

define H((IT)Q,C (W) =D tez [H?Zl hg) (t)} exp(—iwt). We have the following
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iequality for all uy, ..., ugp_1 € Z:

STRIO(t+ur) BRI (t+ 1) (t) exp(—iwt) — HT , (w)

ap—1 ay,...,ak
teEZL

§K(|u1!+---+|uk_1|),

k—1
where K = (maxj:17._,,k ||haj||oo) . (maxj:17,__,k V_ll(haj)) 1s independent
of w.

PRroOOF. Using Lemma F.5, we obtain

DDt A un) - b (e )R () exp(—iwt) — HT) ()

teZ
<SR @] B E ) B (4 wa) = R (@) R (1)
teZ
k=2 k=1
< Wl (s oyl )+ 30 3 (06D 0 ) = 1D ).
J= j=1t€Z

( )(t +uj) — hg) (t)‘ For simplicity, we suppress

Let us now bound } ;c |h
the indices. If u > 0,

uj—1
Dt +u) - @) < ZZ‘hT>t+v+ 1) — hgT>(t+v)‘
teZ v=0 teZ
’le—l
< 3 VIR
v=0
= ’uj’V—ll(ha)a

where we have used Lemma F.6 for the last equality. If © < 0, we simply
replace Zggl with 22]_ 11, and the same bound holds. Hence

Zh (t 4 uq) ) (t+ up— 1)h(T)(t)exp(—f1wt)—Hg)__.ﬂk(w)

ak—1
teL

< K (Jun| + -+ fugal)
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We recall the definition of a cumulant:

[IRE

JEV

)

cum (Y1,...,Y,) = Z(—l)p_l(p - 1! ﬁE
=1

v

where the summation extends over all unordered partitions v = (vy,...,vp),p =
1,...,7m, of {1,...,r}. The following result is found in Rosenblatt (1985,
p.34):

LemMA F.8.  IfE[]];c,Yj| < oo for all subset of indices J C {1,...,r},

p
E[Yi-- Y] => [[eum(Yj;j €w),
v =1

where the sum extends over all unordered partitions v = (v1,...,1,) of

{1,...,7}.

Let (-,-) denote the scalar product in L2([0, 1]¥), and ||-||, be the induced
norm. We abuse notation in the following Lemma and do not distinguish
the notation of the scalar product and norm for distinct £’s.

LEMMA F.9. Let Xy be a strictly stationary functional time series, X; €
L2 ([0,1],R) such that E|| Xo||5 < oo for all positive integers p. Then, for any
¢1, s 711Z)k S L? ([071}7R))

<Cum(Xt17'-- 7th) 7¢1 Q- ®¢k> = Cum(<Xt17w1>7"' ) <tha¢k>) .

Hence

Jeum (X, 1), s (X ) [ < flewm (X, oo X ol lly - - [[9lo-

PROOF. The proof is merely an application of Tonelli’s theorem — which
is justified since all strong moments of X exist — and is therefore omitted.

O]

We shall require the following lemma to quantify the approximation error
of integrals by Riemann sums.

LEmMMA F.10. Let h : [a,b] — R be a function of bounded variation. If

A, = [P h(t)dt = 52 S0 h(a+ (b - a)j/n), then |A,| < (b— a)*al I

the sum goes only from 1 to (n — 1), |A,] < (b— a)w.
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PROOF. First let us prove the Lemma for f : [0,1] — R of bounded
variation. Since f is of bounded variation, it is bounded and has a fi-
nite number of discontinuities, and is hence Riemann integrable on [0, 1]
(Wheeden & Zygmund 1977, see results (2.1), (2.8) and (5.54)). The fol-
lowing is from Polya & Szego (1972, Pt.2, Chapter 1, problem 9). Set

= fol flx)dz — =370 f(j/n). Since

n 1/n j—1
F(z)de = / 2)da = / f( —I—x)dm,
/ Z 1)/n Jz::l 0 n

we obtain

1/n n i—1
\A'\—/ fG/n) — (‘7n+$)

l/n n i — 1

<[ {\f G - f (L= + o)

< i, Vi (e = 0.

0 n

For A, = f;’ h(t)dt — =2 7_1h(a+ (b —a)j/n), we use the change of
variables ¢(z) = (b — a)xz + a,z € [0, 1] and we obtain

1 1™
A= (b=a) {/0 (hov)(@)da - nzwoww/n)} .
j=1
The previous results and Lemma F.6 (ii) yield
An| < (b= a)Vg (how)/n= (b= a)Vg(h)/n.
The second statement of the Lemma follows trivially from this. O

LemMa F.11. W) (2) is 27 periodic, [T W) (z)da = 1. Furthermore,
if Br <1, [WT)|| o = BLTHWHOO, and we have V= (W) = %TVfw<W)-

PROOF. Let us first prove that [T W) (z)dx = 1. Since

7’ ™1 T+ 27j
(T) - —
/—7r W (x)dx ]%%/—71’ BTW ( BT ) dx,

the change of variables y = (z + 27j)/ By yields

™ (2j+1)n/B
[ wh@de =3 [ Wy = [ Wy -
- £ J@i-1)n/Br R
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If By < 1, then for & € [—m, ], WT)(z) = 5-W(z/Br). The third
statement follows directly because of the periodicity, and the last statement
follows from

s /B 1 e
V(W) = VLTS (W) Br) = 2-VI(W).
We have used Lemma F.6 and the fact that W (z) =0 if |z| > 1. O
Using this lemma, we obtain

LEMMA F.12. Provided By — 0,
o LT=1
T Z W (w - 27s/T) = 14+ O(B;'T™Y),
s=1

and the error is uniform in w.

PROOF. Set

A, = wT )(w—ada——ZWT) —27s/T),

_ [T _2r 1)
[WW (a)da T;W (21s/T),

where W) () = W) (w — ). Lemmas F.6, F.10 and F.11 yield

2

2T
< 20y (T) 1(T) _
(Al < ZE VD) 4 WD oe) = 2

VEW) + [[Wlleo),

which does not depend on w, and is of order O(B;*T~1). Since
W (w - a)da =1,
we obtain
27 T -1
- ST wWI(w—2rs/T) =1+ O(BF'T™),

and the error is uniform in w. O

LeEmMA F.13.  Under condition C(p,2), for each k =0,1,...,p:

8k w . —lw
&j; :Z(—nt)ke b1,

teZ
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and the convergence is L?, uniformly w. Moreover,

k
W'ﬂ} < 0 k:1727...,p.

sup
w 2

Proor. Since C(p,2) implies C(k,2) for k£ = 0,1,...,p, the result fol-
lows by an iterative application of Rudin (1976, Theorem 7.17) to the pro-
jection of the partial sums

N
Z €_ﬁwt7't.
t=—N
Hence
9k k
sup || 5 fol| < Z(l + [t |7l < oo
T,0,W Ow 9 1

O

PROPOSITION F.14. Let ag : [0,1]> — R;s = 0,41,42,... be functions
such that 3,7 ||as|l, < 0o, and let As be the operator on L? ([0,1],R) with
kernel as. Let e¢,t = 0,%£1,... be an id sequence of random elements of
L2 ([0,1],R) such that E|lgo|l5 <00, p=1,2,....

Define Xt(N) = fo:_N Agei—s. Then, the linear process Xy = > o7 Aser—s
has the following properties:

1. Norm-2 LP(P) convergence: limy_ (EHXt(N) —XtHZ) v 0, and

2.

(F.2) [leum (€0)y [, < o0,

where we have written cum (gy), = cum | €o, ..., &g
——
k times

3. We have cum (Xy,, ..., Xt,) = Y gen(Ap—s®@ - - @Ay, —s)cum (go),, , where

the convergence is in ||-||, and ® is as in Lemma F.17.

PROOF. Let N
X, W= x, - xN = 3 A,
|s|>N

for the tail of the series of X;. Since

[Aset—slly < [ Asllooller—slly = llasllallet—sll2;
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I

Yo laslly-

s, B {llet—sul -+ llee—s, I, }
[$1]5e-0s]8p|>N
< Z a5 HaSsz(EHEt—aHg)l/p"'(E||5t—sp||§)l/p
[$1]5ee0s]8p|>N
= Elleol5 - Z lasylla - las, ||,
[81]5e0s|8p| >N
p
= Elleoll5 - ( > !ast)
[s|>N
< 00,

where the inequality in the third line follows from the generalized Holder
inequality. Hence,

. —(N)[|P\1/P _
Jim, (B[ )" =

norm-2 LP(IP)-convergence of X ™) 4o X,
Let us now show (F.2). For any partition v = (v1,...,15p) of (1,...,k),
let |v;| denote the number of elements of the set v;, and f|yj| [ denote the
integral over [0, 1]"’9‘| The triangle inequality and Jensen’s inequality yield

leum (o) ll, < > (g—1)! H [H Eo(Tj)]

v=(V1,...,q)

< Y qfll_[

H €0 Tj
v=(V1,...,Vq) Jjey
= X - HEHaoHL”'
v=(V1,...,q) =
< 0.

The sum is over all unordered partitions of {1,...,k}. The last inequality
follows from the assumption JE||50||Z < o0, since || < k. Let us turn to the

proof of the last statement of the proposition. Using the notation of Lemma
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F.17, we claim that

cum (X, ..., Xy,)

= cum (Z As it =515 s Z Ask5tk—sk)

S1€7Z SKEL
— 1 — ge ey —
(F.3) Z cum (As, &4y —s, Ag €ty —s,.)
S1y-.sSKEL
= Z (AS1(§> T ®A8k)cum (5751—817 ce ’5tk—8k)
81,...78k€Z
(F.4) = 2:(141517355 + @Ay, —s)eum (o),
SEZL

where the equality holds in ||-||,; the first equality is by definition of X;, and
the last equality stems from the independence of the &;’s. Since

H(At1—8® T ®Atk_5)cum (50)kH2 < Hat1—8||2 T Hatk_SHQHCHm (Eﬂ)k”za
and
k
Z”ah—SHQ"'Hatk—SHQ < Z Hat1—81H2"'Hatk—SkHQ = ZHGSHQ )
SEZL S1,esSKEL SEZL

the series (F.4) converges in ||-||,.
We now justify the equality (F.3) and the one following it. For (F.3),
recall the definition of the cumulant,

cum (Xyp, .., Xy ) (70,0, Th) = Z (—1)7(g—1)! HE [H th(Tj)]7
=1

v=(v1,...,Vq) JEY

where the sum is over all unordered partitions of {1,...,k}. First, notice

that since Xt(N) converges in norm-2 LP(PP)-wise,

(F5)  E| lim X§§)®-~-®X§ZN’] = im E[X;" ®---©x;"),

in ||-||5, where

XMV o xMm, . m) = XM m) - X (),
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Hence

cum (X, ..., X¢, ) (71, .., )

(15eess q) =1 L JEV |
q -

. — N
:]&gnoo (Z )(—1)f1 1(q—]_)'ll_[1E [H Xt(J )(’Tj)
v=(V1,...,Vq = JEY] |

= lim cum( Z Asi€t—s1y- -+ Z Askftk—sk) (T1y. oy TR)

N—oo
|s1]<N lsk|<N

= lim Z cum (As €t -5y, -+, AspEtp—sp,) (T1, -+, Th)

N—o0

|81|7"'7‘Sk|SN
= Z cum (Ag €451y Asp€tr—sy.) (T15 -, Th),
S1,...,SkEZL

where the equalities hold in ||-||5, and the penultimate equality stems from
the multilinearity of the cumulant.

Now that we have justified the equality preceding (F.3), let us justify the
one following it. In the following, all integrals will be on hypercubes [0, 1]
of the appropriate dimension.

cum (Ag €455 - - Asketkfsk) (71,5 Tk)

E ] / as, (75,0721, s, (0)do;
Jjey

= ¥ enta-vl

V:(Vlv"'qu)

- :Z (-1 /U”/E {H as, (15,05)et; =8 O'J] Hdaj

JEV, JjEY

q
Z (—1)1 (g — 1)!H]E [H as;(1j,05)et;—s;(05) ] HdUJ
=1

JEV

k
cum asl 7_1>O-1)5151 s1 (Ul) -5 Agy, (Tkv Uk)gtkfsk (Uk)) H daj
j=1
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k
= / | ag (T1,01) -+ - asy (Th, o Jeum (64, —g, (01)5 -+ 5 €ty —sp, (O)) H do;
j=1

= [(Aslé e @Ask)cum (Etrmss- s Etpmsip)] (T1o- o3 Th)s

where the equalities hold in [|-||,. The only non-trivial equality is the second
one, to which we now turn. Since we want to show an equality in |-[|,,
which is the norm of a Hilbert space L2(]0,1]*,R), we only need to show
equality of the projections onto an orthonormal basis. Let (¢5)n=12,. be an
orthonormal basis of L? ([0, 1], R). Then,

(Sonl K- ‘Pnk)nl,...,nkzl,l...

is an orthonormal basis of L?([0, 1]¥, R) and using the notation (-,-) for the
scalar product, we obtain

<E [A815t1—81 - Aské—tk—sk]? Py @ @ Qpnk>
= <(A51® T ®ASJC)IE [5151—51 K& Etk*Sk]ﬂOm Q- ‘pnk>7

which is justified by Tonelli’s Theorem. Indeed,
E/.../|A51(Tl,gl)cpm(n)atl_sl(gl).-.ASk(Tk,ak)gonk(m)stk—sk(ak)\dea

—E | [[ 14 (7. 0)om (et (@) drdo - [[ 140, (7. )pni (Pt (0)] drdo

< llasylly -+ las, B [llets—silla -+~ lete—si lla]
k

< llas lly - - llas, 1 Ell€oll

< 00,

where the first inequality is justified by the Cauchy-Schwarz inequality, and
the second one by the generalized Holder inequality. This completes the
proof. O

The following Lemma is a straightforward extension of results on approx-
imate identities (see Edwards (1967, §3.2)) adapted to our framework:

LeEmMA F.15 (Approximate identities). Suppose Kp,T = 1,2,... is a
sequence of functions defined on [—m,m| satisfying, as T — oo:

(i) supy 7 | Kr(a)|do < oo,
(ii) [* Kr(o)da — 27
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(iti) For all 6 >0, [5<q < [K7(a)|dov — 0.
Let E C R be an interval,
g:[-m 7] x E—C

be a function and, for each e € E, define g.(w) = g(w,e). Let g.(w) denote
the function e — ge(w).

If the function w — g.(w) is uniformly continuous with respect to |||,
meaning that Ve > 0,36 > 0 such that

(F.6) w1 —we| <8 = |lg.(w1) — g.(w2)l, <,
and bounded with respect to ||-||,,
sup lg. (W), < o0,
then the convolution
Kp # ge(w) = /7; Kr(a)ge(w — a)da
converges in |-, to ge(w), uniformly in w:
sup K7 * g.(w) —g.(W)ll, =0 asT — oc.

Notice that if p = 0o, (F.6) is the same as uniform equicontinuity of the
family of functions {ge}eck.

Proor. We follow the same strategy an in Edwards (1967, Theorem
3.2.2). We use the shorthand notation [ = [” . Setting

ar = /KT(Oé)dOl,
we obtain via Jensen’s inequality
sup || K7 * g.(w) — arg.(w)]|, < / [Kr(a)] - sup [lg.(w — @) — g. ()| da =: I.
w w

Fix ¢ > 0. We can choose 0 > 0 satisfying (F.6). The rest of the proof
parallels that of Edwards (1967); the idea is the following: we separate the

/ / e )

The first integral will be small because of the continuity condition and the
boundedness of the L'-norm of K7, and the second integral is small of the
property (iii) of an approximate identity, and because the g.’s are bounded.
The proof then completed by noting that ap — 2. O
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REMARK F.16. Notice that, in the previous Lemma, the rate of conver-
gence depends only on

1. The properties of the approrimate identity,
2. The bound sup,, ||g.(w)|,
3. The continuity parameter 6 = 6(¢).

F.1. Some operator theory. This section contains some background
material and notation from operator theory, for ease of reference.

LEMMA F.17. Let K C R™ be measurable and compact. Let a,b,c €
L?(K x K,R), with induced operators A, B,C on L*(K,R). That is,

Af(T):/Ka(T,a)f(a)dU, in L2, Vfe L*(K,R).

We can define the product operator AB of two operators by composition,
i.e. the operator AB is defined by (AB)f = A(Bf) for f € L*(K,R), and
has kernel

T(T,U):/KG(T,M)Z)(M,U)dU, in L2.

This operation is assoctative.
We can also define the (Hilbert-Schmidt) operator (A®B) on L*(K x
K,R), defined by
(A®B)C = ACB',

and where Bl is the adjoint operator of B. More explicitly,

(ABBICI(r.0) = [ a(r,ma)blo. pa)e(pr, po)dpudas, in L2

Furthermore, ifay, ..., a, € L*(K xK,R), with induced operators Ay, . .., Ap,
we can define the Hilbert-Schmidt operator A1®@ --- @A, on L2(K™ R) by

(A1@ - QA f(T1, .. Tn) = Ai(r1,01) %X Ap(Tn,o0) f(01, .. yop)doy . .. doy,

Kn
in L2, for f € L*(K™ R). In particular,
(A1®- @A) (1 ® - R pp) = A1p1 ® - @ Anipy,

for o1,...,0n € L>(K,R").
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F.1.1. Schatten classes of Operators. We recall here the definition of
Schatten classes of operators (Ringrose (1971), Zhu (2007)), and some of
their basic properties. Let H be a separable Hilbert space. If we denote by
Lo (H) the space of bounded operators on H,we can define the Schatten
p-class of H as follows:

DerINITION F.18. For 1 < p < oo, the Schatten p-class of H is the
subset S, C Loo(H) consisting of all compact operators T for which

> [Ten, en)|P < oo,

n>1

for all orthonormal bases {e,} of H; by convention Sec = Loo(H ), the space
of bounded operators.

It follows directly from the properties of £, spaces that 1 < p < ¢ <
oo = S, C 5. The following characterisation of the Schatten p-classes is
a classical result:

ProposiTiON F.19. Let T be a compact operator on H, with singular
value decomposition

T = Z)\nsan ® P,

where
A1 > A > 2> 0.

For 1 <p < oo, we define the Schatten p-norm

0 1/1”
I17°l,, = [Z /\Z] -
n=1
Then we have
TeS, < |[T|, < oo,

for any orthonormal basis (ey,),
> KTen, en)” < ITII,
n

and the space (Sp, [|-|ll,) is a Banach space.
ForT € Lo(H), we define ||T||,, = A1, and this coincides with the usual
operator norm.
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For any bounded operators A, B on H, we can define their product AB
as being the bounded operator on H obtained by composition of A and B,
(AB)x = A(Bx), x € H.We can now state a useful Holder-type inequality
for Schatten spaces:

ProprosiTiON F.20. Let 1 < t,p,q < oo, such that % = %4— é. If A €
Sp, B € Sy, then AB € Sy and

ABI; < Al Bl

Notice that the Schatten 1-norm is the nuclear norm. The Schatten 2-
norm is also called the Hilbert-Schmidt norm, and we have the following

property for T € So:
2 2
TNz =D I Teal”,
n
where ey, es, ... is an orthonormal basis of H, and the sum is independent

of the choice of the basis. It is also useful to recall the following result
(Weidmann 1980, Theorem 6.11):

PROPOSITION F.21. Let H = L*(M,C), with M a measurable subset
of R™. An operator T : H — H is Hilbert-Schmidt if and only if 3k €
L*(M x M,C) such that for all f € H,

Tf(x) = /M k(x,y)f(y)dy a.s. for x € M.

We have ||T|lly = [[arsnr 1K(z,y) 2 dxdy, and the adjoint TT is induced by
the kernel kf(z,y) = k(y, ).

The following well-known result relates the expected squared norm of a
random variable to the trace of its covariance operator:

LEMMA F.22.  Let K = [[}_[a;,bj] C R™, where —oo < aj < bj < o0
forj=1,...,n. Let p denote Lebesgue measure on R™. Let X be a random
element of

L2(K,C) = {f : K — C: |[fll, < o},

where || fll2 = /(f. f) and (f,g) = [x fgdu. f, g€ L*(K,C). Let r(t,s) =
cov(X(t),X(s)), t,s € K be the covariance kernel of X, and % be the
operator on L*(K,C) induced by the kernel. If E|X|3 < oo, then Z is
trace-class and

trace (%) = E| X — EX|2 = / F(t, )t
K



PROOF. Since r is the covariance kernel of X,
r(t,s) = r(s,t), Vt,se€ K.

Moreover, Z is a self-adjoint and non-negative operator. Since the space
L?(K,C) is separable, for any orthonormal basis (e;,), we have

trace (Z) = Y (Zen,en) =B (X —EX,en)]* =E[|X — EX|)3 < o0,

n>1 n>1

thus Z is trace-class. On the other hand, Tonelli’s Theorem yields
E|X - EX|3 :/ E| X (t) — EX(t)|?dt :/ r(t, t)dt.
K K

Hence

trace (%) = /K F(t, ) dpa(t).
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