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Abstract

This work is about time series of functional data (functional time series), and consists of three main
parts. In the first part (Chapter 2), we develop a doubly spectral decomposition for functional time
series that generalizes the Karhunen-Loéve expansion. In the second part (Chapter 3), we develop
the theory of estimation for the spectral density operators, which are the main tool involved in
the doubly spectral decomposition. The third part (Chapter 4) is concerned with the problem of
understanding and comparing the dynamics of DNA. It proposes a methodology for comparing the
dynamics of DNA minicircles that are vibrating in solution, using tools developed in this thesis.

In the first part, we develop a doubly spectral representation of a stationary functional time series
that generalizes the Karhunen-Loeve expansion to the functional time series setting. The represen-
tation decomposes the time series into an integral of uncorrelated frequency components (Cramér
representation), each of which is in turn expanded in a Karhunen-Loeve series, thus yielding a
Cramér-Karhunen—Loeve decomposition of the series. The construction is based on the spectral
density operators—whose Fourier coefficients are the lag-t autocovariance operators—which char-
acterise the second-order dynamics of the process. The spectral density operators are the functional
analogues of the spectral density matrices, whose eigenvalues and eigenfunctions at different fre-
quencies provide the building blocks of the representation. By truncating the representation at
a finite level, we obtain a harmonic principal component analysis of the time series, an optimal
finite dimensional reduction of the time series that captures both the temporal dynamics of the
process, and the within-curve dynamics, and dominates functional PCA. The proofs rely on the
construction of a stochastic integral of operator-valued functions, whose construction is similar to
that of the Ito integral.

In practice, the spectral density operators are unknown. In the second part, we therefore develop
the basic theory of a frequency domain framework for drawing statistical inferences on the spectral
density operators of a stationary functional time series. Our main tool is the functional Discrete
Fourier Transform (fDFT). We derive an asymptotic Gaussian representation of the fDFT, thus allow-
ing the transformation of the original collection of dependent random functions into a collection
of approximately independent complex-valued Gaussian random functions. Our results are then
employed in order to construct estimators of the spectral density operators based on smoothed
versions of the periodogram kernel, the functional generalisation of the periodogram matrix. The
consistency and asymptotic law of these estimators are studied in detail. As immediate conse-
quences, we obtain central limit theorems for the mean and the long-run covariance operator of a
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stationary functional time series. Our results do not depend on structural modeling assumptions,
but only functional versions of classical cumulant mixing conditions. The effect of discrete noisy
observations on the consistency of the estimators is studied in a framework general enough to
apply to a wide range of smoothing techniques for converting discrete noisy observations into
functional data. We also perform a simulation study to assess the finite sample performance of our
estimators, and give a discussion of the technical assumptions of our results, and at what cost our
weak dependence assumptions could be changed or weakened, and provide examples of processes
satisfying the technical assumptions of our asymptotic results.

As an application, we consider in the third part the problem of comparing the dynamics of the
trajectories of two DNA minicircles that are vibrating in solution, which are obtained via Molecular
Dynamics simulations. The approach we take is to view and compare the dynamics through their
spectral density operators, which contain the entire second-order structure of the trajectories. As a
first step, we compare the spectral density operators of the two DNA minicircles using a new test
we develop, which allows us to compare the spectral density operators at a fixed frequencies. Using
multiple testing procedures, we are able to localize in frequencies the differences in spectral density
operators of the two DNA minicircles, while controlling a type-I error, and conduct numerical
simulations to assess the performance of our method. We further investigate the differences
between the two minicircles by comparing their spectral density operators within frequencies. This
allows us to localize their differences both in frequencies and on the minicircles, while controlling
the averaged false discovery rate over the selected frequencies. Our methodology is general enough
to be applied to the comparison of the dynamics of any pair of stationary functional time series.

Keywords: functional data, Cramér representation, Karhunen-Loeve expansion, discrete Fourier
transform, periodogram, spectrum, spectral density, spectral density operator, DNA minicircle,
mixing, weak dependence, cumulants, multiple testing, FDR.



Résumeé

Ce travail porte sur des séries temporelles de données fonctionnelles (séries temporelle fonction-
nelle), et est consitué de trois parties principales. Dans la premiere partie (Chapitre 2), nous dévelop-
pons une double décomposition spectrale pour les séries temporelles fonctionnelle qui généralise
I'expansion Karhunen-Loeéve. Dans la deuxiéme partie (Chapitre 3), nous développons la théorie
de I'estimation des opérateurs de densité spectrale, qui sont les outils principaux impliqués dans
la double décomposition spectrale. La troisieme partie (chapitre 4) s’adresse a la compréhension
et ala comparaison de la dynamique de 'ADN. Nous proposons une méthode pour comparer la
dynamique de minicercles d’ADN qui vibrent dans un fluide, en utilisant les outils développés dans
cette these.

Dans la premiere partie, nous développons une représentation doublement spectrale d'une sé-
rie temporelle stationnaire fonctionnelle qui généralise la décomposition de Karhunen-Loeve
au contexte des séries temporelles fonctionnelles. La représentation consiste en une décomposi-
tion de la série temporelle en une intégrale de composantes de différentes fréquences, qui sont
non-corrélées (représentation de Cramér), dont chacun est a son tour décomposée a I'aide de
la décomposition de Karhunen-Loéve, donnant ainsi la décomposition de CKL. La construction
s’appuie sur les opérat de densité spectrale — dont les coefficients de Fourier sont les opérateurs
d’autocovariance de la série temporelle — qui caractérise la dynamique de second ordre de la série.
Ce sont les valeurs propres et les vecteurs propres des opérateurs de densité spectrale qui sont les
éléments principaux de la construction de notre représentation. En tronquant la représentation a
un niveau fini, on obtient une analyse harmonique en composantes principales de la série tempo-
relle, une approximation optimale de dimension finie de la série temporelle qui reflete a la fois la
dynamique temporelle du processus, ainsi que la dynamique interne de la fonction, et qui domine
I'analyse en composantes principales. Les preuves reposent sur la construction d'une intégrale
stochastique de fonctions a valeurs dans des espaces d’opérateurs dont la construction est similaire
a celle de l'intégrale d’Tto.

En pratique, les opérateurs de densité spectrale sont inconnus. Nous développons donc dans la
deuxieme partie de cette these la théorie de base d'une analyse de séries temporelles fonctionnelles
stationnaires par une approche spectrale. Notre outil principal est la transformée de Fourier dis-
crete, (fDFT). Nous obtenons une représentation gaussienne asymptotique de la fDFT, permettant
ainsi la transformation de la collection originale de fonctions aléatoires dépendantes en une col-
lection de fonctions aléatoires complexes approximativement indépendantes et gaussiennes. Nos



VIII RESUME

résultats sont ensuite utilisés pour construire des estimateurs des opérateurs de densité spectrale
basés sur des versions lissées du périodogramme, le généralisation fonctionnelle de la matrice de
périodogramme. La consistance et la loi asymptotique de ces estimateurs sont étudiés en détail.
Comme corollaires immédiats, nous obtenons des théorémes centraux limites pour la moyenne et
I'opérateur de covariance a long terme d’une série de temporelle fonctionnelle stationnaire. Nos
résultats ne dépendent pas de la structure de la séries temporelle, mais seulement de versions fonc-
tionnelles des conditions de sommabilité des cumulants. Leffet de observations bruitées discrets
sur la consistance des estimateurs est étudié dans un cadre général assez pour s’appliquer a un large
éventail de techniques de lissage pour convertir des observations bruitées discretes en données
fonctionnelles. Nous effectuons également une étude de simulation pour évaluer la performance de
nos estimateurs avec un échantillon fini, et donnons une discussion sur les hypothéses techniques
de nos résultats, et comment elles pourraient étre modifiées ou affaiblies. Nous fournissons des
exemples de processus satisfaisant les hypotheses techniques de nos résultats asymptotiques.

Comme application, nous considérons dans la troisieme partie le probléme de la comparaison
de la dynamique des trajectoires des deux minicercles d’ADN qui vibrent dans un liquide, et qui
sont obtenus par simulations de dynamique moléculaire. Notre approche consiste a comparer la
dynamique de ces minicercles d’ADN a travers leur spectre, qui encode toute la structure de second
order de leur trajectoire. Dans un premier temps, nous comparons les spectres des deux minicercles
d’ADN I'aide d'un nouveau test nous avons développé, qui nous permet de comparer les opérateurs
de densité spectrale a des fréquences fixes. En utilisant des procédures de tests multiples, nous
sommes en mesure de localiser dans les fréquences les différences spectres des deux minicercles
d’ADN, tout en contrdlant une erreur de type I, et procédons a des simulations numériques pour
évaluer la performance de notre méthode. Nous étudions de plus les différences entre les deux
minicercles en comparant leurs opérateurs de densité spectrale a I'intérieur des fréquences. Cela
nous permet de localiser leurs différences a la fois dans les fréquences et sur les minicercles,
tout en contrdlant le taux moyen de fausses découvertes sur les fréquences sélectionnées. Notre
méthodologie est assez générale pour étre appliqué a la comparaison de la dynamique de n'importe
quelle paire de séries temporelles fonctionnelle stationnaire.

Mots clefs : données fonctionnelles, représentation de Cramér, expansion de Karhunen-Loeve,
transformée de Fourier discrete, periodogramme, spectre, opérateur de densité spectrale, mini-
cercles d’ADN, coefficients de mixage, dépendance faible, cumulants, tests multiplies, FDR.
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Introduction and Overview

David Brillinger’s aphorism “you want to be thinking of data as anything that can be mathematically
expressed”’ is nowadays extremely pertinent (Brillinger 2012). Partly due to technological advances
over the last decades, an increasing number of modern datasets can be thought of as being sampled
recordings of complex mathematical structures, such as smooth curves or surfaces. Such data
are called functional data, and examples of datasets include growth curves, temperature curves,
electricity consumption curves, gait cycle data, density functions, speech recordings, brain images,
or DNA minicircles vibrating in solution (see Chapter 4 of this thesis, Ramsay & Silverman (2005),
Ferraty (2011)).

From a statistical point of view, many of these datasets can be modeled as independent and iden-
tically distributed (i.i.d.) realizations of an underlying random object, such as a random curve.
However, many other types of data have an intrinsic dependency structure that distinguishes them
from the i.i.d. setting, and prohibits the use of “i.i.d. technology” without further justification. A
particular type of dependency is given by functional time series, in which it is assumed that the
collected curves x1,...,xT correspond to a realization of a sequence of random curves X;,..., Xr,
where X; represents the state of some random curve X at time t. Intuitively speaking, the depen-
dency structure is given by the “memory” that the process (X;);cz keeps of its preceding states, and
its influence on the current configuration of the process.

The object of this thesis is the study of time series of functional data, or functional time series,
through a frequency approach. This involves the study of the series (X;) ;ez not in the (natural) time
domain indexed by the time ¢ € Z, but in a transformed space indexed by frequencies w € [-7, 7].
The tools used for this approach come from Fourier analysis (Fourier 1822, Edwards 1967), which
explains the first part of the title of this thesis.

The advantages of taking a frequency domain approach to study functional time series are manifold
(and will be described below), but perhaps the most appealing result is that the functional discrete
Fourier transform transforms (bijectively) a dependent set of random curves (X;) th1 into a set of
complex valued random curves that are asymptotically independent and Gaussian—in other words
it transforms dependent data into asymptotically independent Gaussian data!

Here is a short description of the chapters of the thesis, followed by a detailed overview. The thesis
start with a compact overview of functional data analysis (Chapter 1), followed by the three chapters
that are the main contributions of this thesis: Chapter 2, where we develop a doubly spectral de-
composition for functional time series that generalizes the Karhunen-Loéve expansion. The theory
of estimation for the main tool involved this doubly spectral decomposition (the spectral density
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operators), will be developed in Chapter 3. In Chapter 4, we study the problem of understanding the
mechanics of DNA, and propose a methodology for comparing the dynamics of DNA minicircles
that are vibrating in solution, using tools developed in Chapters 2 and 3. Chapters A, B and C are
technical appendices presenting some of the background theory used in the thesis.

Detailed Overview of the Thesis

Chapter 1 of the thesis gives an overview of functional data analysis (FDA), and presents its major
tool, the Karhunen-Loeéve expansion (Propositions 1.2.2 and 1.2.3). Then the basic theory for
inference of the first and second-order structure of functional data in the i.i.d. case is presented
in Section 1.3, where the strong law of large numbers and the central limit theorem for random
elements of Hilbert spaces are presented (Theorem 1.3.1), as well as asymptotic results concerning
the eigenstructure of the empirical covariance operator (Section 1.3.2). We then turn to the func-
tional time series case (Section 1.4), first by presenting the case of functional autoregressive models
and functional linear process models, under which asymptotic results for the sample mean and
sample autocovariance operators are given in Theorem 1.4.2. We then move on beyond the linearity
assumption and consider more general functional time series structure whose weak dependence
is quantified by a-mixing or L”-m-approximability (Section 1.4.2). We conclude the chapter by
noting that the Karhunen-Loéve expansion, though being a sensible and optimal tool in the i.i.d.
setup, is not the best approach in presence of dependencies (Section 1.5).

Chapter 2 is devoted to the development of a decomposition for functional time series (FTS) that
generalizes the properties that the Karhunen-Loeéve has in the i.i.d. setup. This is done by first de-
veloping a functional Cramér representation (Theorem 2.4.3), which tells us that each second-order
functional time series can be approximately decomposed into a sum of uncorrelated random func-
tions that are vibrating at distinct frequencies. Further to this first spectral decomposition, we can
perform a second decomposition by expanding each of these uncorrelated random functions using
its Karhunen-Loeve expansion. As a result of this procedure, we obtain a doubly spectral decom-
position of the FTS, a Cramér-Karhunen—Loeve decomposition (Theorem 2.8.6 and Remark 2.8.7),
where the first layer of decomposition is given by the functional Cramér representation, and the
second layer of decomposition is given by the Karhunen-Loeéve expansion. Furthermore, we show
that the truncation of the Cramér—Karhunen-Loéve leads to a finite dimensional approximation
of the FTS that dominates functional PCA (Theorem 2.8.2 and Remark 2.8.5). The theoretical con-
struction of such a decomposition is closely related to linear filterings of FTSs, and by duality to a
stochastic integral of operator-valued functions (presented in Section 2.5). Some technical measure
theoretic considerations are presented in Section 2.7.

The basic object used in the Cramér—Karhunen-Loeéve are the spectral density operators (and
their eigenstructure), whose Fourier coefficients are given by the autocovariance operators of the
FTS. The spectral density operators are therefore usually unknown, and must be estimated from
data in applications. Chapter 3 is devoted to development of the theory of estimation for the
spectral density operators. The central tool for estimating the spectral density operators is the
functional discrete Fourier transform (fDFT; Section 3.3). It transforms a dataset of real curves
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e\ T
(Xp) th1 of the time domain into a dataset of complex curves (X EUTJ)) __ in the frequency domain that

are asymptotically independent and Gaussian, under appropriate cumulant mixing assumptions
(Theorem 3.3.4), with the spectral density operators as asymptotic covariances. This motivates then
taking the fDFT’s empirical covariance, the periodogram operators, as estimators for the spectral
density operators (Section 3.4). It turns out that the periodogram operators are asymptotically
unbiased (Proposition 3.4.4), but are not consistent due to their non-vanishing variance (Proposi-
tion 3.5.4). However, by smoothing the periodogram locally (on a small window of frequencies),
itis possible to construct estimators with reduced variance, the sample spectral density operators
(Section 3.5). In particular, we can show that the sample spectral density operators are consistent
estimators of the spectral density operators (Theorems 3.6.1 and 3.6.2), and that they are asymp-
totically Gaussian (Theorems 3.6.5 and 3.6.7), under appropriate weak dependence assumptions.
As immediate consequences, we obtain central limit theorems for the mean and the long-run
covariance operator of a stationary functional time series (Corollaries 3.3.6 and 3.6.8). Furthermore,
we show that the eigenstructure of the sample spectral density operators consistently estimates
the eigenstructure of the spectral density operators (Proposition 3.7.2), and is also asymptotically
Gaussian (Theorem 3.7.3).

In practice, functional data are often discretely observed, and contaminated with noise. We there-
fore study in Section 3.8 sufficient conditions under which an estimator of the spectral density
operators based on discrete noisy observations of the curves (X;) will still be consistent (The-
orem 3.8.3). Our result is general enough to apply to a wide range of smoothing techniques for
converting discrete noisy observations into functional data (Remark 3.8.4). We perform a simulation
study in Section 3.9 to assess the finite sample performance of our estimators, and give a discussion
of the technical assumptions of our results, and at what cost our weak dependence assumptions
could be changed or weakened. In particular, we show (Remark 3.10.3) that any functional linear
process with summable coefficients (in an appropriate sense) and whose innovations have finite
moments will satisfy the technical assumptions of our asymptotic results.

In Chapter 4, we study the problem of understanding the mechanics of DNA, and how the me-
chanical properties that are described at a fine level scale, from a statistical point of view. More
specifically, we are interested in understanding and comparing the dynamics of two closed strands
of DNA (DNA minicircles) that are vibrating in solution. To address this problem, we compare
the dynamics of the DNA minicircles through the lens of the spectral density operators. The first
method we propose is to compare the dynamics of two DNA minicircles by comparing their spectral
density operators at the level of frequencies (Section 4.3), and localizing at which frequencies the
differences occur. This is done by first testing equality of the to spectral density operators marginally
at each frequency (Theorem 4.3.1), and then performing multiplicity corrections (Section 4.3.3).
We conduct numerical simulations to assess the performance of our method (Section 4.3.5). The
second method we propose is to first localize frequencies at which the two spectral density opera-
tors are different, and then localize on the DNA minicircles where the differences occur, through a
multiple testing approach (Section 4.4).

On the technical side, the mathematical foundations of FDA have their roots in functional analysis
and Bochner integrals.
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The deterministic technical challenges with FDA are that the random elements one has to work
with take values in linear spaces with infinite dimension, such as Banach spaces or Hilbert spaces.
Contrary to finite dimensional vector spaces, not all norms are equivalent in infinite dimensions.
For instance, the trace norm of an operator on a Hilbert space—the norm related to the total
variance of random elements—is much stronger and more difficult to work with than the operator
norm, which corresponds roughly to the largest singular value of an operator. In between the
two is the Hilbert-Schmidt norm, which gives a Hilbert space structure to a subspace of the space
of bounded operators. Often, proofs will involve a fair “mix” of these different types of norms,
which might make them difficult to follow. A list of notation has therefore been added to the thesis
(page xvii) to facilitate reading, while the technical background is briefly recalled in Section 1.1, and
more thoroughly in Chapter A.

The concept of random variable in a Banach space is formalized by the Bochner integral, which
is in some sense a generalization of the Lebesgue integral (Lebesgue 1904, Tao 2011) to Banach
space valued functions. Fortunately, many of the properties of the Lebesgue integral extend to the
Bochner integral; we give in Section 1.1 some of its main properties, and a more detailed exposition
in Chapter B.

Further to the Bochner integral, we will be concerned with convergence in distribution for random
elements in Banach spaces; Chapter C reminds some basic facts and gives a useful result for
establishing tightness for the particular case of random elements in Hilbert spaces.



CHAPTER

Functional Data Analysis

Functional data analysis (FDA) is the field of statistics that treats complex
data structures —such as smooth curves or surfaces—that depart from the
conventional univariate and multivariate structure. A key feature that dis-
tinguishes functional data from multivariate or high-dimensional data is
their dimension. Functional Data is assumed to belong to a (often linear)
infinite dimensional space, whereas multivariate or high-dimensional
data is constrained to belong in a finite dimensional space, whose dimen-
sion p is either fixed, or allowed to grow along with the sample size in
asymptotic settings. Another feature that distinguishes functional data is
that they are assumed to have some inherent smoothness, in contrast with
multivariate data, for which smoothness is not meaningful. FDA is now a
well established field. Its roots can be traced at least back to Grenander
(1981), and the current literature on the subject is very rich. The main
references on the subject are (Ramsay & Silverman 2005, Ramsay et al.
2009, Ferraty 2011, Horvath & Kokoszka 2012, Ferraty & Vieu 2006, Ferraty
& Romain 2011).

We introduce the notation and remind basic concepts of functional anal-
ysis that shall be used throughout the chapter in Section 1.1. We then
present (Section 1.2) basic aspects of FDA, and review in Section 1.3 some
of the theory for inference of functional data in the i.i.d. case. We then
turn to the setting of functional time series (Section 1.4), which is the
main concern of this thesis. We conclude this chapter with the main
motivation of this thesis, which is the need for a generalization of the
Karhunen-Loeve expansion to the non-i.i.d. setting (Section 1.5.
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1.1 Some Background Theory

Typically, but not invariably, the random object of interest is X : QO —
B, where (Q,0,P) is a complete probability space, and B is a separable
Banach space, or a separable Hilbert space, whose norm is denoted by ||-|l.
We usually omit the space of events (2, and say X € B is a random element.
The rigorous definition of random element in a Banach space can be done
through the Bochner integral (see Chapter B).

Since the random element takes values in Banach or Hilbert spaces, we
need to introduce some of their related concepts. A continuous map-
ping T : B — B, between two Banach spaces is called a bounded oper-
ator if it is linear and continuous. Continuity is equivalent to ||| T'lllo, =
sup o I Txll /1 xll < oo. The set of bounded operators T : By — By is de-
noted by 4, (B1, B2), and we also use the abbreviation 4, (B) = %5 (B, B).
F~o(B1,By) is in fact a linear space, and is complete under the operator
norm |||-lll- It is therefore also a Banach space. For T, S € % (B), we can
define their composition TS(x) = T(Sx), x € B, which is also a bounded
operator whose norm satisfies || TSlllo < I TllloollISllloo- We now turn to
operators on separable Hilbert spaces. Since these are Banach spaces
with additional structure (given by their inner-product :,-) : H x H — C),
the definition of bounded operator extends to Hilbert spaces. A bounded
operator T € %, (H], H») between two Hilbert spaces is called compact
if it can be written as T = .57, A, (T) @, ®2 9, where (A,,(T)) 41 is a se-
quence of decreasing positive numbers tending to zero (the singular val-
ues of T), the sequences (w”)nzl’ respectively ((pn)n21 are orthonormal
sequences in Hj, respectively H,, and ¢ ®, v is a linear operator defined
by p 22w (f) ={f,w)e for f,w € Hy, ¢ € H,. Note that compactness is a
restrictive property: for instance, the identity operator on H is not com-
pact. The class of compact operators is denoted by .#,(H;, H»). For any
compact operator T € .¥.(H;, H»), we can define its Schatten p-norm by
Ty = (X 21 An(T)p)l/p, for p € [1,00), and (| Tlllooc = sup, A, (T). They
are both well defined, due to the uniqueness of the singular value de-
composition. The Schatten co-norm is equal to the operator norm when
restricted to compact operators, and hence poses no conflict of notation.
The Schatten p-norm is indeed a norm (for each p € [1,00]), and the space

Fp(Hy, Hy) = {T € F(Hy, Hp) : I Tl , < oo}

is a Banach space when equipped with the norm [|-|ll ,. It is called the
Schatten p space. The abbreviation #,(H) = #,(H, H) is often used. The
Schatten norms follow the inequality [l|[ll , = Ill-ll ; if 1 < p < g < oo, which
implies the following chain of inclusions,

A (Hy, Hy) € S (Hy, H) € S (Hy, Hp) € S (Hy, Hp) © S0 (H, Ha),

for 1 < p < g < oco. A Holder inequality also holds for Schatten spaces, and
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is very useful: if T € #,,(H), S € S, (H), for p, g € [1,00], we have
NS <WTWHMSHg r'=p~t+q7"

The Schatten space % (H, H») is called the space of Hilbert-Schmidt
operators, and is in fact a Hilbert space when equipped with the inner
product
(T,S)7,= )_ (Ten,Sen), T,S€F(Hi, Hy),
nx=1

where the sum extends over any orthonormal basis (e;),>1 of H;, and
is independent of the choice of the basis. The corresponding norm is
given by |||T|||§ =Y ,>1Te,l?>. The Schatten space .% (H) is also quite
important, and is called the space of nuclear operators on H, or trace-class
operators on H, because we can define the trace for its elements:

Tr(T) =) (Tepen), TeS(H),

n=1

where the sum extends over any orthonormal basis (e;),>1 of H, and
is independent of the choice of the basis. In particular, |Tr (T)| < I Tlll;,
and therefore the trace is a continuous linear functional on 4 (H). Fur-
thermore, if T is a positive operator, i.e. (Tx,x) = 0 for all x € H, then
Tr(T) =ITIll;. Notice that the Hélder inequality tells us that TS and ST
are trace class if T € .4 (H) and S is any bounded operator. A Hilbert space
that we will often use is H = L? ([0, 1],R), or H = L? ([0,1],C). In both cases,
the inner-product is given by ( f, g) = fol f()g(r)dt, where @ denotes the
complex conjugate of @ € C. More details about operators on Banach or
Hilbert spaces are given in Chapter A.

Let us now come back to random elements. Let X € B be a random
element, where B is a separable Banach space. If E| X|| < oo, the expecta-
tion of X exists, and is defined as the unique element E X € B satisfying
¢(EX) = E¢(X) for all linear and continuous functionals on B. It satisfies
the contraction property | EX| < E|| X|, and commutes with any bounded
operator T € % (B,B;),i.e. TEX = E[TX]. Arandom element X € H,
where H is a separable Hilbert space, has a mean pu = EX if E || X| < oo,
and a covariance operator Z = E[(X — ) ®2(X — )] if E|| X||* < co. The
covariance operator is a trace-class operator, and since the trace is a
continuous and linear, we have

Tr () = E[Tr((X - p) ®2(X - )] = E[| X - u]%,

which illustrates the fundamental relation between the total variance
and the nuclear norm. If Y € H is another random element with
E|lY || < oo, the cross-covariance operator of X and Y is defined by

Exy=EI(X-EX)®(Y-EY)].

7
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It is a nuclear operator, and therefore
Tr(Zx,v) = E[Tr (X - EX)® (Y - EY))] = E{(X-EX),(Y - EY)).

More details and results concerning random elements in Banach or
Hilbert spaces are given in Chapter C.

1.2 Basic Aspects of Functional Data Analysis

The typical setting of functional data analysis (FDA) is concerned with in-
ference on the law of a random function X € L2 ([0, 1], R), with E|| X||? < oo,
based on a sample Xj,..., X}, iid X. The random function X can be thought
of as a collection of random variables {X(7) : T € [0, 1]}. A crucial assump-
tion concerning this collection of random variables is that it is assumed
to be smooth with respect to the parameter 7. Smoothness is meantin a
broad sense here, and can range from assuming continuity of the sample
paths of X—which is sometimes modeled by assuming that X is a random
element of the Banach space C([0, 1], R)—or by assuming that the sample
paths are k times differentiable—by assuming X is a random element
of the Sobolev space #%2([0,1],R). Most often, the chosen space is a
Hilbert space (an assumption that simplifies considerably the derivation
of asymptotic results), and we shall therefore assume in this Chapter that
the random function X takes values in L% ([0,1],R). We mention how-
ever that work has also been done on departing from the linear space
assumption (e.g. (Chen & Miiller 2012)), and is a growing area.

The main objects describing the random function X are the mean function
and the covariance surface:

Definition 1.2.1.
Assuming E 1 X2 < 0o, the mean function pL € I%([0,1],R) is defined by

p(r) = E[X(@)], 7€l0,1],

and the covariance surface, or covariance kernel r € L? ([0, 112, R) is defined
by
r(T,0) = E[(X(@) - p@) (X(0) - u@)], 1,0€]0,1].

Interpretation is helped by analogy to the multivariate case: The mean
function is the functional analogue of the mean vector, and the covariance
surface in the analogue of the covariance matrix. The covariance surface
induces by right integration an linear operator & on L2%([0,1],R), whose
eigenstructure plays a central role in FDA:

1
Zh(T) =f r(t,0)h(o)do, heL?([0,1],R);T €[0,1]. (1.2.1)
0

The covariance operator is well defined if E || X|? < oo, and is a non-
negative self-adjoint and trace-class operator on L2 ([0,1],R), with singular
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value decomposition

o0
R =) AnPn®2¢n, (1.2.2)
n=1
(see e.g. Bosq (2000)), where A, denotes the n-th largest eigenvalue (i.e.
A = Ay =...0), ¢, denotes the corresponding eigenfunction, and the
convergence of the series holds with respect to the nuclear norm ||-|l|;.
The eigenfunctions are of course not identifiable, but each eigenprojection
@n ®2 @, is identifiable, provided 1, is an eigenvalue of multiplicity one.
Dimension reduction techniques play a important role in multivariate
analysis, but it is no exaggeration to say that their role in FDA is central,
because the random elements dealt with are intrinsically infinite dimen-
sional. The functional counterpart of principal component analysis (PCA),
functional PCA (fPCA), is given by the celebrated Karhunen-Loeéve ex-
pansion (see e.g. Karhunen (1947), Lévy (1948), Ash & Gardner (1975),
Grenander (1981)):

Proposition 1.2.2 (Karhunen-Loéve Expansion, L2 version).
Let X € L2 ([0,1],R) be a random function with E 1 X112 < oo, with covari-
ance operator given by (1.2.2). The random function X admits the decom-
position

o0

X=p+) &npn, (1.2.3)

n=1
where @y, is defined in (1.2.2), & = (@n, X — 1), E&, =0 and E[Epé ] =
Anbnm, Withép m =1 if n = m, and zero otherwise. The convergence of the
series holds in mean square, in L2 ([0,1],R):

2
K—o0
= Z An I 0.
n>K

K
El|X—p— an(l)n

n=1

The Karhunen-Loeve expansion yields a separation of the random func-
tion X into a sum of random variables (the ¢,;s, also known as the scores)
times orthogonal deterministic functions (¢,). Of course, any orthogonal
basis of L2 ([0, 1], R) would yield such a decomposition, but (1.2.3) has the
additional property that the random variables (¢ ;) are uncorrelated (even
independent in the Gaussian case), and that truncation of the series (1.2.3)
at a finite level K yields the best K-dimensional linear approximation of
X (also known as the best basis property). More precisely, this means that
the solution to ,
argggg:{[E“X—p—P(X—p)” , (1.2.4)

where %k is the space of all orthogonal projections on L2([0,1],R) with
rank at most K, is given by P = Zle ®n ®2 @y, the projection onto the
subspace of the first K eigenfunctions of #, or in other words, P(X — u) =
erle &nn. Assuming continuity of the covariance kernel of X yields an
even stronger result:

see equation (A.2.7) on
page 219 for the
definition of ®,
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Proposition 1.2.3 (e.g. Ash & Gardner (1975), Grenander (1981)).

Under the same setting as Proposition 1.2.2, with the additional condi-
tion that (t,0) — r(1,0) is continuous—or equivalently that T — X(1) is
continuous in mean square—we have:

(i) Mercer’s Lemma:

the eigenfunctions ¢, are continuous, and the convergence of the
series expansion

o0

r(T,0)= ) An@n(®)@n(o) (1.2.5)

n=1
holds uniformly and absolutely on [0,1].

(ii) Karhunen-Loéve expansion (strong form):

the convergence of (1.2.3) holds uniformly in mean square:

K 2
sup [E(X(T)_ Z én(Pn(T)) K;o’oo-
7€(0,1] n=1

The Karhunen-Loéve expansion is also useful for computing linear and bi-
linear functionals of random elements. For instance, if X, Y are random el-
ements of L?([0,1],R) with Karhunen-Loéve expansions
X=Yus1¢npnand Y =3 151wy, and f: I?([0,1],R) — B is a linear
and continuous mapping into a Banach space, then

FX) =) &nflpn),

n=1

where the right-hand side converges in mean. Furthermore, if
g:L*((0,1],R) x L*((0,1],R) — B
is a bounded multilinear mapping, then

gX, V)= Y &nlmf@n¥m)

n,m=1

where the right-hand side converges in mean. In particular, the
Karhunen-Loéve expansion can be used to compute the covariances
of two random elements (see Section 3.7.6 for a concrete example).

To use of the Karhunen-Loéve expansion in practice, one needs to esti-
mate the eigenfunctions ¢;,...,pg from a sample Xi,..., X, id ¥, How-
ever, the curves Xj, ..., X, are usually not entirely observed, but observed
on a discrete grid, possibly with some noise. We therefore describe briefly
the preprocessing steps usually taken to transform the discrete noisy
observations into a functional sample Xj,..., Xj,.
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1.2.1 Preprocessing Steps
1.2.1.1 Projection to Functional Data

The recorded data for the curve X;—assuming pointwise evaluation of
the curve makes sense—consist usually of pairs {(T,'j, Yij):j=1,..., Ni},
following the sampling model

Yij =Xl'(‘[ij)+€l'j, i=1,...,mj=1,...,N; (1.2.6)

where 7;; € [0,1] is the location at which the j-th observation of curve
i occurs, and N; is the number of observations for curve i (both can be
assumed to be either deterministic or random). The variables ¢;; denote

the noise in the observation, and are usually assumed to be independent.

Both X;(7;;) and ¢;; are not observed.

The first step in FDA is the transformation of such data into functional
data; this is usually done by some kind of smoothing, either based on least
square estimation of the functions X; through a finite basis expansion,
or by localized procedures, such as kernel smoothing or localized basis
and polynomial expansions (Wand & Jones 1995, Fan & Gijbels 1996,
Efromovich 1999, Ramsay & Silverman 2002, 2005). Basis expansion is
arguably the most used procedure, and the commonly used bases are
the Fourier basis, the B-spline basis, and the wavelet basis, to cite only
the most popular (Sy et al. 1997, Yao & Lee 2006, Morris & Carroll 2006,
Pigoli & Sangalli 2012). The number of basis functions K is often chosen
sufficiently high, to allow the expansion to capture local features of the
curves X;, and an additional penalty for the roughness of the fitted curve
is often added to the least squared penalty, typically through by penalizing
the norm of a differential operator applied to X; (e.g. (Ramsay & Silverman
2005, Sangalli et al. 2009)).

1.2.1.2 The Problem of Registration

The second step in FDA is the registration of the functional data. The basic
idea is that the observations Xj,..., X; do not correspond to a random
sample from X, but to a random sample from X*, where X* (1) = X (y(1)),
and y is a random function taking values in the (non-linear) space of
increasing bijective functions [0, 1] — [0, 1]. Denoting the observed sample
X{,..., X;, where X = X; oy, and o denotes the composition of functions,
the goal of registration is to separate the functions X, ..., X, and y1,...,Yn,
to allow further inference about X, and possibly about y (see e.g. Liu &
Miiller (2004), Srivastava et al. (2011)). Of course, the choice of the space
in which y takes values in intimately related to the qualitative interests in
the variability of X, but is usually also constrained to avoid identifiability
issues.

11
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1.3 Inference for Functional Data: the i.i.d. Setup

We now give some of the main results concerning inference for functional
data in the i.i.d. setup.

1.3.1 Estimation of the Mean Function and Covariance Surface
We now assume that we have observed a sample of curves Xj,..., X}, iid X,
and wish to estimate the mean function and the covariance surface (or
operator) of X. The estimators for the mean function, respectively the
covariance operator, are similar to those of the multivariate case, and are

given by the sample mean
X=n Zl Xj,
]:

and the sample covariance operator
. 1 X — —
R = EjZ:l(Xj—X)@(Xj—X),

respectively. Results analogous to the multivariate setup hold for asymp-
totics of the sample mean:

Theorem 1.3.1 (e.g. Bosq (2000)).
LetXy,..., X, iid X, where X is a random function in L2 ([0,1],R) (orin any
separable Hilbert space).

(i) Strong Law of Large Numbers IfE | X| < oo, then
X5 Y, n—oo,

with respect to ||-|l.

(ii) Central Limit Theorem IfE|X |2 < oo, then
L1/ (Y—,u) L 7 n—oo

where Z is a Gaussian random element of L2([0,1],R) with mean
zero and covariance operator % .

This is a strong result, since it is valid for X a random variable of any
separable Hilbert space. In particular, taking H to be the space of Hilbert—
Schmidt operators .% (L? ([0,1],R)), the previous theorem implies that
the strong law of large numbers holds for % with respect to the Hilbert—
Schmidt norm (in fact also with respect to the nuclear norm by the Strong
Law of Large Numbers on Banach spaces) provided E || X||?> < co. Further-
more, provided E || X 1% < oo, nt/ 2(&? — %) is asymptotically Gaussian, with
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limiting covariance operator given by

E[(X@:X-2)Q),X@:X-R)]| = Y E[Ei&;jEéi]@i®2¢)@),@r®2¢))
i,j,k,1=1

=) Airj@i®29)Q), @) ®20)),

i,j=1

where ¢, and ¢, are given by the Karhunen-Loéve expansion of X (see
Proposition 1.2.2). The last expression may be further simplified if X is
Gaussian (see Dauxois et al. (1982) for details).

1.3.2 Estimation of the Eigenstructure of the Covariance Operator

As a by-product, the asymptotic normality of the sample eigenvalues and
eigenprojections follows from results in perturbation theory, both with the
same n'/2 rate (see Dauxois et al. (1982), Mas & Menneteau (2003), Hall
& Hosseini-Nasab (2006)), which can be improved with assumptions on
higher moments, using Bernstein’s exponential inequality (Mas & Ruym-
gaart 2014, to appear). However, estimation of the eigenfunctions is more
difficult than the estimation of the eigenvalues; the eigenvalue spacings
{An—1—An, An — Ans1} have a first-order effect on the estimation of ¢, but
only a second-order effect on the estimation of 1,, (Hall & Hosseini-Nasab
2006).

We also mention that work has been done on combining the projection of
the discrete data and the estimation steps. For instance, Cai & Yuan (2011)
derive minimax rates for the estimation of the mean function under both
sparse and dense sampling. Yao, Miiller & Wang (2005) investigated the
estimation of the eigenvalues when the observations for each curves are
sparse. Benko et al. (2009) study the estimation of the eigenvalues and
eigenfunctions in the dense sampling setup.

There has been a considerable amount of work in extending models
for multivariate data into the functional framework. The major idea
for doing so is to project the functional data onto the linear subspace
spanned by the first K empirical principal components, thus obtaining a
K-dimensional approximation of the data, and then applying the ideas
of multivariate analysis. When doing so, the appropriate choice of K of
crucial importance, and is also a difficult problem. Roughly speaking, a
K too small leads to a crude approximation of the functional data, and a
too large value of K yields bad statistical properties due to ill-posedness
issues.

1.3.3 Inference for Functional Data: Departure from the i.i.d. As-
sumption

Modeling functional data that are not i.i.d. can be done by adding a co-
variate. In the linear case, this can be done by the functional linear model
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Pully is a municipality
in Switzerland on the
shores of Lac Léman,

nearby Lausanne

(FLM)
Y=oAX+¢

where Y /X are either functional/functional, multivariate/functional or
functional/multivariate, X & € are random and independent from each
other, and &/ is a Hilbert-Schmidt operator. The functional linear model
has been widely studied (He et al. 2000, Cai & Hall 2006, Cardot, Ferraty &
Sarda 2003, Cardot et al. 1999, Cardot, Ferraty, Mas & Sarda 2003, Hall &
Horowitz 2007, Hilgert et al. 2013, Crambes & Mas 2013, Cai & Yuan 2012).
Various extensions to the FLM have also been proposed. For instance,
James et al. (2009) present an “interpretable” extension for the case where
Y is univariate and X is functional, by using a Lasso-type penalization
(see Tibshirani (1996, 2011)). Aston, Chiou & Evans (2010), Hadjipantelis,
Aston & Evans (2012) study the linear mixed model extension. Miiller &
Stadtmiiller (2005) introduce the generalized functional linear models.
He, Miiller, Wang & Yang (2010) study the connection between the FLM
and Functional canonical analysis.

Non-parametric modelling has also been extended to the functional set-
ting. See Ferraty & Vieu (2006) and references therein for more details.

1.4 Functional Time Series

Though the i.i.d. setup is appropriate in many problems, many other
problems have a natural dependency structure, that can be modeled for
instance through a time series structure. Let us give an example. Let Y; j,
denote the temperature recorded at Pully on day ¢ and at time h € [0, 24]. If
we define X; = (Y, ;) hefo,24], then X; is a curve describing the temperature
in Pully during day ¢, and the series (X;);=1,.. is noti.i.d., but can be
modelled as a time series of functional data, or functional time series.

In this section, we review the basic theory of functional time series, and
motivate the subject of this thesis.

A functional time series (FTS) is a sequence (X; : t € Z) where each X is
arandom element in L? ([0,1],R). The study of functional time series is
mostly done—explicitly or implicitly—under the assumption of second-
order stationarity, or even strict stationarity:

Definition 1.4.1.

A functional time series (X; : t € Z) is said to be second-order stationary if
EX; and E[X;1s®2 Xs] are independent of s€ Z, for all t € Z, and strictly
stationary if for any k = 1,2,..., and any t,,..., tx € Z, the joint law of
{Xt 450, Xpp+s} is independent of s€ Z.

Second-order stationarity says that the first and second-order moments of
the FTS are invariant by time-shifts. Strict stationarity is stronger (and im-
plies second-order stationarity) because it imposes that all the moments
of the FTS are invariant by time-shifts (and even more if the distribution
is not determined by the moments). Second-order stationarity implies
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that the second-order structure of the FTS is encoded by the lag-t autoco-
variance operators

K= E[(Xess— ) (Xs—p)], tez, (1.4.1)

which are independent of s, and where p = E X; is the mean function
(both being independent of s due to the stationarity assumption).

1.4.1 Linear models for Functional Time Series

Perhaps the easiest and most tractable model for functional time series
is the functional autoregressive model of order 1, FAR(1) (see e.g. Bosq
(2000), Mas (2007)),

Xpi—p=oA(X;— ) +€;, teZ, (1.4.2)

where < is a bounded operator on L?([0,1],R), u € L?([0,1],R), and
(€;:t€Z) is a mean zero and uncorrelated (Ele; ®2&x] = §4¢) FIS in
L2([0,1],R). When |||a¢J|HOO < 1 for some positive integer j, then (1.4.2)
has a unique stationary solution given by

551 .
Xi=p+) e, tez, (1.4.3)
j=0

see Bosq (2000, Theorem 3.1). This casts the FAR(1) model into the more
general framework of functional linear processes (FLP)

o0
X;=p+ ) oAjej, teZ, (1.4.4)

j==o0

where (.ij 1je Z) is a sequence of bounded operators on L% ([0,1],R).
Based on a stretch of data X, ..., X7, the mean function y is estimated
by the sample mean X7, and the lag-t autocovariance operator %; is
estimated by the sample lag-t autocovariance operators

T—-t
K=Y Xj®Xj, t=1,...,T—1.
Jj=1

Under summability assumptions on the norms of the operators </}, there
is a central limit theorem (CLT) for the mean and autocovariances of FLPs:

Theorem 1.4.2 (Merlevede et al. (1997), Mas (2002), Mas & Pumo (2011),
Bosq (2000)).

Let X; be a FLP satisfying ¥ jez ||| «Z]|| ., < oo, and with i.i.d. noise sequence
(e;:teZ). LetC= Eley®z€9]. Then

15



16 1. FUNCTIONAL DATA ANALYSIS

1. IfEllgoll?* < oo,
ﬁ(YT —u) 4N, T-oo (1.4.5)

where N is a Gaussian random element with mean zero, and covari-
ance operator ACA", where A= YjezHj.

2. IfE|leoll* < oo, then for any fixed positive integer h,

ﬁ(@o—%%—%,...,%—%)i»G, T — oo,

S (H) denotes the where G = (Gy,...,Gy) is a Gaussian random element in
space of
Hilbert-Schmidt 2 h+1
Operators on H, see (,% (L~ ([0, 1]’R)))

Section A.2.2.2 on . . . ,
page 220 with mean zero, and blockwise covariance structure given by

E[Gp®2Gyl = Y. (Bip-gp+i Ry L+ Rar R, %1, + By (A=) By, (1.4.6)
jez

where By, A and ® are operators on %, (L?([0,1],R)), defined by

sz Z.ijq_p ®2 .52{]‘, p=0,...,h
jez

A= E[(e082€0) @), (€0 ®2£0)],

and

O(T)=C(T+THC+(T,C)5, C, T e FAUL(0,1],R)).

A few remarks:

Remark 1.4.3.

1. For the univariate linear process y; =} jcz aj€;—j, Where (€ : j € Z)
is i.i.d. with mean zero and finite variance, and (a; : j € 7) is a
sequence of real numbers, the condition}_jcz |a; | < co ensures that
VT Zthl v:! T is asymptotically Gaussian. However, in the functional
case, although the condition

Y [l lI2, < oo, (1.4.7)
jez

ensures that the series (1.4.4) is convergent in mean square and al-
most surely (see Merlevede (1996) and references therein), (1.4.7) is
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not a sufficient condition for the CLT (1.4.5) to hold, and the con-
dition ¥ jez |||\, < oo seems to be necessary (see Merlevede et al.
(1997, Theorem 3)).

2. NoticeAthat iffzio =1d, the identity operator, and <f; = 0 for all j # 0,
then %y, ..., %y, are asymprotically independent. In particular, this
allows developing portmanteau-type tests for checking if a functional
time series is actually uncorrelated (e.g. Horvdth & Kokoszka (2012),
Horvdth, HusSkovd & Rice (2013)).

3. Asin thei.i.d. setup, as byproduct of the CLT (1.4.6), the eigenvalues
and eigenprojections of the sample lag-h autocovariance operators
(h fixed) are asymptotically Gaussian, with VT convergence rate
(Mas & Menneteau 2003).

The FLP model has been thoroughly studied (e.g. Bosq (2000), Mas (2002),
Bosq & Blanke (2007), Mas & Pumo (2011)), and used for forecasting
purposes (Bosq 2000, Besse et al. 2000, Antoniadis & Sapatinas 2003, An-
toniadis et al. 2009), and also for change-point detection (Horvéth et al.
2010). Various extensions have also been proposed. For instance, Damon
& Guillas (2005) include exogenous variables for improving the prediction
accuracy, and Cugliari (2013) proposes an autoregressive model where the
operator «f in (1.4.2) is allowed to depend on an exogenous vector time
series.

1.4.2 Beyond Linearity Assumptions for Functional Time Series

Though linear models for FTS play an important role for modelling depen-
dent functional data, the linearity assumption might not be appropriate in
some situations (such as for modelling the errors in fMRI time series; see
Aston & Kirch (20125b)). In order to make inferences on a stationary FTS
(X;: t € Z) without any linear structural assumption, one needs to assume
some decay of the dependency between (X;: t < s1) and (X;: £ > sp), as
s2 — 81 — oo. We will call any such conditions weak dependence conditions.
There are several ways of rigorously imposing weak dependence. Perhaps
the most famous one, stemming from univariate time series analysis, is
a-mixing.

Definition 1.4.4 (Rosenblatt (1985), Doukhan (1994)).

Let{X;: t € Z} be a stationary functional time series. Let

a(n)= sup |P(AnB)-PAPB)I (1.4.8)
AeF; ,BEF,;

where F,_ = o (..., Xx-1, Xx), respectively ,?]j =0 Xk, Xi41,-..), is the o -
algebra generated by all the FTS up to time k, respectively from time k

onwards. {X;} is called a-mixing, or strong mixing, if

a(n)—0, n—oo.

17
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Ifa(n) = O(ry) with r, — 0, then {X;} is said to be a-mixing with rate r,.

Antoniadis et al. (2006) study the prediction of FTS under a-mixing condi-
tions, and propose a nonparametric resampling method for constructing
pointwise prediction intervals. Aston & Kirch (2012b,a) study the problem
of change-point detection under a-mixing conditions, and apply it to the
study of fMRI data.

In general, a-mixing yields very sharp results (Bradley 2007a,b,c), but
it not easily verifiable in practice. Moreover, a-mixing fails in simple
examples of linear processes, such as for the AR(1) process

1
Yii1 = EYt +&p
where ¢, are Bernoulli innovations (Andrews 1984). Another way of impos-
ing the decay of dependence is through L”-m-approximability, a notion
introduced by Hérmann & Kokoszka (2010):

Definition 1.4.5.
AFTS{X;:teZ} with E||X{||P < oo is called LP-m-approximable if each
Xy admits the representation

Xi=f(er,€1-1,..1), (1.4.9)

where the (e;: t € Z) i ¢ are elements taking values in a measurable space
S,
f:8%—L*([0,1],R)

is a measurable function, and

oo
Y ([EIIXo—Xé”IIp)Up@o, (1.4.10)
=1

~

where Xén = f(eo,e-1,..., 6—4-1,€_ € ,_1,...), and (¢}, : t < 0) are i.i.d.

copies of €, and independent of (¢;: t € Z).

The intuition behind LP-m-approximability is that the dependence of X;
(with respect to the stochastic L”-norm) on the i.i.d. sequence (¢;: s < u)
should be decreasing fast enough as ¢ — u — oo, such that (1.4.10) holds.
Though LP-m-approximability is not directly comparable with a-mixing,
it seems to be a weak dependence concept that is easier to verify in prac-
tice; Hormann & Kokoszka (2010) give conditions under which functional
linear processes, the product model, or the functional bilinear process
are LP-m-approximable. Concerning inference, Horvath, Kokoszka &
Reeder (2013) show the asymptotic normality of the sample mean un-
der L?-m-approximability, derive a consistent estimator of the long-run
autocovariance operator Y.z %; under slightly stronger assumptions,
and apply these results to the problem of comparing the mean function
of two FTS. Hérmann & Kokoszka (2010) study the effect of dependence
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on fPCA. They show that the lag-0 autocovariance operator of a L*-m-
approximable FTS can be consistently estimated, and as a by-product
they show consistency of the sample eigenvalues and eigenprojections.
Kokoszka & Reimherr (2013) extend this result by showing that the L*-
m-approximability actually implies the asymptotic normality of these
estimators. L”-m-approximability has also been used for change-point
analysis of FTS (Hérmann & Kokoszka 2010, Zhang et al. 2011, Aue, Hor-
mann, Horvath & Huskova 2014, to appear, Aston & Kirch 2012b,a), and
prediction (Aue, Norinho & Hérmann 2014, to appear). Kokoszka (2012)
gives an review of the literature on dependent functional data.

1.5 Is the Karhunen—Loeve Expansion Sensible for
Functional Time Series?

Most of the methodology for tackling functional time series relies on
truncations of the Karhunen-Loéve expansion

X = Z V Anffq(ﬂn»

n=1

where %o = Y. ;=1 An@n ®2 @, is the eigen-decomposition of the lag-0 auto-
covariance operator of X;, and ¢/, = (X t (pn>/ \//1_,1 . Though this approach
is sensible in the i.i.d. setting, we argue that it is not the best approach
in the presence of dependence, since it is only based on the lag-0 au-
tocovariance operator, and does not take into account any of the lag-¢
autocovariance operators of X; (for ¢ # 0). In particular, we will show that
there exists a natural extension of the Karhunen-Loéve expansion that
dominates the Karhunen-Loéve expansion when truncated at the same
level (see Theorem 2.8.2 and Remark 2.8.7).

1.5.1 Objective of the Thesis

The first objective of this thesis is to develop the natural extension of
the Karhunen-Loéve expansion to the functional time series setup. This
will be done by a frequency domain approach, by combining a func-
tional Cramér representation for FTS with a Karhunen-Loeéve expansion
(Chapter 2). The second objective (Chapter 3) is to develop the theory
for estimation of the main objects involved in our frequency domain
approach—the spectra, which play a role analogous to the covariance
operator in the i.i.d. setup. The third objective (Chapter 4) of the thesis
is study the dynamics of DNA strands, and propose a methodology for
comparing their dynamics by comparing their spectra, using some of the
theory developed in Chapters 2 and 3. An appendix containing techni-
cal and background results used in the thesis is given at the end of the
manuscript.






CHAPTER

Doubly Spectral
Decompositions of Functional
Time Series

The purpose of this chapter is to develop doubly spectral decompositions
for functional time series, that would generalize the properties of the
Karhunen-Loeve expansion to the functional time series setup. Although
an earlier version of results presented in this chapter has been published
(see Panaretos & Tavakoli 2013a), several results presented in this chapter
have weaker assumptions, as discussed in Section 2.9.

2.1 Introduction

Although the Karhunen-Loeéve expansion plays a central role in functional
data analysis, by providing a canonical decomposition of the random ob-
jects of interests as a series of orthogonal functions with random and
uncorrelated amplitudes, whose truncation enjoys optimality properties,
its use in the context of dependent functional data, such as functional
time series (FTS), is not sensible. Indeed, focusing on the FTS case, we
note that the Karhunen-Loéve expansion is only based on the lag-0 auto-
covariance operator of the FTS, and does not take into account the lag-¢
autocovariance operators. This means that it only takes into account
the marginal covariation structure of the series (contained in %), and
does not take into account any covariation across different time indices
t—contained in %, t # 0—which encode the dynamical properties of the
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See Section A.2.3 on
page 221 for the
definition of
complexified Hilbert
space

The autocovariance
operators % are
defined on page 15

series. Furthermore, though the scores of the Karhunen-Loéve expan-
sion are uncorrelated within each time point ¢, they are not uncorrelated
across time. The purpose of this chapter is to develop a decomposition
for functional time series that takes into account all the autocovariance
operators of the series, decomposes the series into a sum of components
that are uncorrelated across all time lags, and which enjoys optimality
properties when truncated at a finite level.

We begin this chapter with a heuristic overview of the results, which moti-
vates the forthcoming developments, and gives some intuition, without
going into the technicalities (Section 2.2). We then introduce in Section 2.3
the main objects upon which this chapter is based, the spectral density
operators. In Section 2.4, we give a functional Cramér representation,
which generalizes the Cramér representation to functional time series,
and develop the theory for Cramér representation of linear filterings of
an FTS in Section 2.5. The proofs of these two sections are given in Sec-
tion 2.6, and is followed by a technical section on some measurability
issues (Section 2.7). The culminating point of this chapter is Section 2.8,
where the properties of the doubly spectral decomposition for functional
time series (uncorrelatedness of the scores, optimality) are given. We also
describe in Section 2.8.2 how an FTS can be represented as a vector time
series with components that are uncorrelated across all time lags. A brief
outlook of the results presented in this chapter, as well as some potential
extensions, is given in Section 2.9.

2.2 Heuristics

The autocovariance operators {#;}:cz of a second-order stationary func-
tional time series X; (taking values in a real part of the complexified
Hilbert space H) encode the complete second-order structure of the time
series {X;};cz, assumed to have mean zero. Corresponding to this se-
quence of operators, there may exist a collection of operators {-%,}we(—n 1,
called the weak spectral density operators, which satisfies

7-[ .
%t:f Fpe'%dw, VteZ. (2.2.1)

=7

Provided the {%;}:cz are summable in an appropriate sense, the weak
spectral density operators exist and are defined as the discrete-time Fourier
transform of the autocovariance operators,

1 )
Fp=—Y e 'R, wel-nnl. (2.2.2)
2n teZ

(arigorous definition—and sufficient conditions for its validity—will be
given in Proposition 2.3.5). Now, assume that we can approximate the



integral in (2.2.1) by a Riemann sum, to get

T, J A
Hs=| e Fpdw=) Fy e (wj-w)),
- s
where -7 = w) < --- < wj;1 = 7 is a partition. Then, we are naturally
tempted to conjecture that X; ought to be decomposable into a sum of
distinct and uncorrelated frequency components,

J .
Xe= ) e X (w)), (2.2.3)
j=1

where each X;(w;) would be a mean-zero functional time series taking
values in L2 ([0,1],C) with covariance operator close to ﬁwj (Wj+1 —wj),
since, in this case, X; would indeed have covariance

J .
K=Y T, (wj1-w)).
j=i

We pursue such a decomposition in Section 2.4, where we formalize it as
the functional Cramér representation (Theorem 2.4.3),

/A
Xt:f etdz,, as.,
-7

for a functional orthogonal increment process Z (independent of t), thus
extending the classical Cramér representation of multivariate stationary
processes (e.g. Brillinger (2001)).

The Cramér representation provides a spectral decomposition with re-
spect to frequency. Nevertheless, we may pursue a second “layer" of
spectral decomposition in terms of dimension. Going back to the heuris-
tic form (2.2.3), we notice that, for each j =1,...,J, Xi(wj) is a random
element of L2 ([0, 1],C). We may thus represent it through its Karhunen—
Loeve (KL) expansion, leading to the heuristic representation

J . 00
Xp=) ety &), (2.2.4)
i izl

with {¢; j};>1 being the eigenfunctions of the covariance operator of
X:(w;j) and {{; j};>1 the corresponding Fourier coefficients. Truncating
the second series at some K < co will yield a decomposition into distinct
frequency elements that are uncorrelated, and finite dimensional,

J K
Xem )y €Y & jgi (D). (2.2.5)
= i3

The finite dimensional subspace in which each frequency component

2.2 HEURISTICS
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takes its values need not be the same for distinct j’s, even though each
of them is of dimension K. In fact, it will turn out that this truncated
representation only possesses K degrees of freedom. One would then
hope that this reduced version of X;(w ;) would retain the property of be-
ing the optimal (in the L2 sense) K-dimensional reduction of the process
X;. Non-rigorous versions of the decomposition (2.2.4), and its truncated
version (2.2.5), are formally carried out in Section 2.4. Specifically, we
derive the Cramér-Karhunen-Loeve decomposition

T

SRy . o
Xi=) «”%ﬁ%ﬁwa=féw2w%ﬂwﬁ,(mm
n=1J-71

- n=1

where the first equality is rigorous—and is a natural extension of the
Karhunen-Loéve expansion to the FTS setup—and the last equality is
understood formally (Remark 2.4.5, Theorem 2.8.6, and Remark 2.8.7).
This is a Cramér representation with respect to frequency, but also a
Karhunen-Loéve expansion in terms of dimension, since it can be seen
that {¢%},= is the basis of eigenfunctions of .%,, (the covariance opera-
tor of d Z,)). Furthermore, by considering the bounded operator-valued

function
K

P (1) @2 4% (0)
n=1
as a function over [—, 7], and defining the notion of its stochastic integral
(Section 2.5), we show that the truncated representation

T

K
* _ it w w
i £ o
n=1

-7

dz, 2.2.7)

is well defined, possesses K degrees of freedom, and converges to X; in
mean square as K — oo (Section 2.8). More importantly, by considering
the process X; for different values of K, we obtain a harmonic princi-
pal component analysis of X;. That is, we prove (Theorem 2.8.2 and
Remark 2.8.5) that, among all linear reductions X; to a process W; of only
K degrees of freedom, we have

ElX,— X} II* <EIX,— W]

Section 2.8 explains how the process {X;} can be constructed explicitly,
when the spectral density estimator .%,, is known, and how it can be repre-
sented as a stationary vector valued process with uncorrelated coordinates
in RX (see Remark 2.8.11 and Proposition 2.8.12).

Parallel to the rank K reduction, one may want to have a better finite
dimensional approximation of X;(w;) for some j’s, and a cruder one for
other j’s, depending on how much each w; contributes to the power of
the signal and/or the effective dimension of each X;(w;). This can be
done by letting the dimension K vary with j, leading to the heuristic
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approximation

. K .
N DI AICHEDIELD WIRT IR (2.2.8)
j=1 j=1 i=1

where Xf ’(w;) is Kj-dimensional. It will turn out that such a representa-
tion is also rigorously valid (Theorem 2.8.2), and of the form

T . (Kw)
X:*:[ et Z 0% 9% |dZ,

v/ n=1

provided that the function K : [-7, 7] — {0, 1,...} yielding the desired finite
rank for each frequency component is measurable. In fact, it will be
shown, that among all linear transformations of the process {X;} having
finite rank K (w) at each frequency component, this is the optimal one, in
the L? sense (Theorem 2.8.2).

2.3 The weak spectral density operators and the spec-
tral density operators

Since we want to take a frequency domain approach to study the second-
order structure of functional time series, encoded by the autocovariance
operators (%#;):cz, we need to define their Fourier transforms, which
we will call the spectral density operators. Similarly to classical Fourier
analysis, we can define the spectral density operators either implicitly,
by assuming the existence of a collection of objects (referred to as the
weak spectral density operators) whose Fourier coefficients are the autoco-
variance operators (in an sense that will be made precise Definition 2.3.1
below), or explicitly, by defining the spectral density operators as a Fourier
series, with the autocovariance operators as its coefficients, under summa-
bility conditions of the autocovariance operators (see Proposition 2.3.5).

Definition 2.3.1 (Weak spectral density operators).
Let X; be a second order stationary FIS in the real part of a complexified
separable Hilbert space H, with mean zero, and E || Xy |2 < co. We denote

by
Ry = E[X; 8, Xol, t€Z, 2.3.1)

the lag-t autocovariance operator of X;.
If there exists a function .%. € L' ([-, 7], % (H)) such that

ﬂ: .
Ry = f &' Z,dw, teZ, (2.3.2)
-7

then 7. is called the weak spectral density operators of X;.

Remark 2.3.2.

A (H) denotes the
space of trace-class
operators on H, see
Section A.2.2 on
page 218
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1. Notice that any functions f, g satisfying (2.3.2) will be equal almost
everywhere, by Proposition B.0.16, and therefore the weak spectral
density operators are well defined as an elementole ([=m, m], A (H)),
but cannot be evaluated at any fixed w € |-, 7].

2. Since

T T T
f e“”%dm(f e—‘wf%dw) =%, =%y,
-

-7

the weak spectral density operators are almost everywhere self-adjoint.

If there exists a function .%. € L' ([-x, 7], %, (H)) such that w — .%,, is
continuous with respect to the operator norm |||-|ll, and .%#,, satisfies
(2.3.2), then this function is called the spectral density operators of X;. .,
will be called the spectral density operator at w. The difference between
the weak spectral density operators and the spectral density operators is
that latter can be evaluated at any w € [—m, ], whereas the weak spectral
density operators are defined only in a weak sense, since they belong to
an L' space.

We now define some conditions under which the spectral density opera-
tors of an FTS exist, and is given by the Fourier series of its autocovariance
operators.

Condition 2.3.3.

H is a complexified separable Hilbert space, and X; is a second-order sta-
tionary FTIS in the vreal part of H, with mean zero,
Ell Xoll? < oo, and satisfies

Y 124l g < 00

teZ

Condition 2.3.4.
Y ITr (%4)] < co.
teZ
Proposition 2.3.5.
Assume Condition 2.3.3 holds. Then, the spectral density operators of X;
are given by
1 .
Fo=—) "%, wel-n7l, (2.3.3)
2n tez
where the convergence holds in |||-lloo, uniformly in w. %, is well defined,
continuous in w (with respect to |||ll), non-negative and compact for all
w € [—-m, 7). It satisfies the inversion formula

n .
Ry = f & Z, dw, teZ. (2.3.4)

v/

Furthermore, if Condition 2.3.4 also holds, then
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1. the nuclear norm of all the spectral density operators is uniformly
bounded:

sup 1%l = @m) 7" Y Tr (%s)] < 0.

we[-m,7] seZ

2. The nuclear norm of all the lag-t autocovariance operators are uni-
formly bounded:

sup 1 Z:lll; < ) ITr (%s)| < oo.

teZ seZ
3. w— Fy, is|l-ll; -measurable.

4. For almosteveryw € [-m, 7],

Tt (Fw) = Y, e I Te ().
teZ

In other words, w — Tr (%) is equal to a continuous function almost
everywhere.

Proof. Assume Condition 2.3.3 holds. Let us write

AD @)y =2m™ Y e %,
(<17

A (@) is uniformly continuous in w, and by the triangle inequality, it
is a Cauchy sequence in .%,,(H), and converges to .%, uniformly in w.
Since .%. is the uniform limit of uniformly continuous functions, it is also
uniformly continuous (with respect to [|||llo,). Now let

T-1 T-1 T-1
p‘(UT) — T—l Z e—w)(t—s)Xt ®> Xs — T—l ( Z e—ltht) ® ( Z e—lwsXS) )
s,t=0 t=0 s=0

We see that E pé,T) is a positive symmetric operator, and using the second-

order stationarity, we get

EpD =T (A9 @) + AV (@) + -+ ATV (w);

see Lemma 3.4.2. In particular ||| E pi,T) l; <oo, E pfl,T) is compact, and

lim Ep" - .%,,

T—o0
in |Illlo, since it is a Cesaro-sum of a convergent sequence. Therefore,
the spectral density operators are compact operators (since compact
operators form a closed subspace of the space of bounded operators).
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2. DOUBLY SPECTRAL DECOMPOSITIONS OF FUNCTIONAL TIME SERIES

Furthermore, for any ¢ € H,
(Zup )= lim ((Ep, )p,0) 20,

which shows that the spectral density operators are all non-negative.

Let us now turn to the inversion formula. First, notice that [”, .%,,e*dw
is well defined, since |- 7y llloo < X7 1 Z 1l < 00. Let ¢ : Foo(H) — C be
a continuous linear functional (an element of the dual of .%,,(H)). We
have

7-[ . T[ .
</)U ﬁwelwsdw)zf O(Fp) e dw

=7t

7[ .
:f Tlim gb(A(T)(w))e“"sdw.

-7

Since | (AT ()| = |||¢]]|o L rez 1%:lloo < 0o, the dominated conver-
gence theorem yields

(,b(f gweiwsdw) (27‘[)_1 llm Z ('[)(Q) lw(s—t)dw

v/ =7

= (,b(e@s)

Therefore, since the previous equality holds for all ¢ in the dual of 4, (H),
we get
0 .
Rs=| Fn,edw, selZ.
-7

Now assume that Condition 2.3.4 also holds. Let (e;),>1 be an orthonor-
mal basis of H. Since the spectral density operators are non-negative, the
continuity of the scalar product and Fatou’s lemma yield

WZully = Y (Fuenen) =) lim <([Ep Me,, en)

n=1 n>1

< hmlnfz ((Epren en)

n=1

—hmlnfTr([Ep )

=liminf [ETr( )

T—o0
T_ .
—hmlnf(ZnT) 1 Z e 10U E (X, Xo)

5, t=0

—

=liminf(2m)~! (1 ) AT (%)).
|t|<T

T—o0
Since Y ;7 |Tr (#1)| < oo, the dominated convergence theorem yields

I Fully <= @)Y ' e (%) < @m) ™' Y [Tt (%1)] < co.

teZ teZ
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Taking the nuclear norm of this equation yields

/A
%4, < f I ol do < ¥ [T (%5)] < oo.
-7

seZ

Notice that the right-hand side is independent of ¢. To show that w — .%,,
is [lIlll; -measurable, we use Lemma B.0.8: since .# (H) is separable, and
its topological dual consists of all the functionals ¢r: A(H) —C, T €
o (H), where

¢r(A)=Tr(TA), AeHA(H),

we only need to show that for all T € .4, (H), the complex-valued function
w — ¢7(F,) € C is measurable. Since

G7(Fp) = Z (TFyen,en),

n=1

where the series converges everywhere, and each function w — (T %, e, e,)
is continuous and positive, w — ¢7(%#,) is measurable.

For the final statement, we use Proposition B.0.16: since

/8 T

ATy (F) dw :f A Gw)dw, sez,

v/

Tr (%) = f

-7

where G(w) = @n) 7' ¥ ez I Tr (%,), we get that Tr (%,) = G(w) for al-
most every w € [—7,7]. Since G is an absolutely and uniformly convergent
series of continuous functions on a compact set, G is uniformly continu-
ous. This completes the proof. O

2.4 Functional Cramér representation

Now that we have defined the spectral density operators, we construct a
Cramér representation for functional time series, i.e., a functional Cramér
representation. Further to being a milestone in the development of the
doubly spectral decomposition that shall be given in Section 2.8, the
functional Cramér representation is important on its own because it tells
us that any second-order stationary functional time series admitting weak
spectral density operators can be decomposed into a superposition of
uncorrelated processes fluctuating at distinct frequencies.

The following condition, defined for p = 1, will be typically assumed for
the results of this section.

Condition 2.4.1 (p). (X;) ez is a second-order stationary time series in the
real part of a complexified separable Hilbert space H (i.e., an FTS) with
mean zero, E || Xyll? < oo, and X, admits weak spectral density operators

29
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2. DOUBLY SPECTRAL DECOMPOSITIONS OF FUNCTIONAL TIME SERIES

F. e LP([-m, 7], A (H)), ie.

7-[ .
E[X; ® Xol ;%)t:f ' Z. dw, VieZ. 2.4.1)

-7

Remark 2.4.2.

1. Notice that Conditions 2.3.3 and 2.3.4 imply Condition 2.4.1(c0), and
thatif1 < p < q, then

Conditions 2.4.1(q) = Conditions 2.4.1(p).

2. Notice that conditions 2.4.1(p) with p € [1,00) do not imply that the
trace norm of the weak spectral density operators are bounded.

3. If X; satisfies Conditions 2.4.1(p), with p = 1, then by Hélder’s in-
equality, the nuclear norm of the lag-t autocovariance operators is
uniformly bounded:

T
supllZ:ll; < f - Z Iy de < oo.

tezZ -7

We shall now give the functional version of the Cramér representation.
For this purpose, let us denote by H the space of all random elements of
H with finite second moment, i.e.

H=L%Q HP) = {Y random element of H : ENY)? < oo} .

Let us define (Y, Z)y = EXY,Z) for Y, Z € H, and || Y|y = v/(Y, Y)y the
corresponding norm. This defines actually a scalar product on H (after
identification of random elements that are almost surely equal), and
(H, ¢-,)n) is in fact a Hilbert space (in particular it is complete).

Theorem 2.4.3 (Functional Cramér Representation).
Assume Conditions 2.4.1(p) hold for some p € (1,00]. Then X; admits the
representation

” .
X, = f evtdaz,,  as., (2.4.2)

=7

where for fixed v, Z, is a random element of H, defined by

. Izl .
Zy=1lim Y |1+=|gu(DX_; inH, (2.4.3)
T_>°°|t|<T T
where 3
gw(t)=(2n)_1f e % da.

=7

The random process [-n, 7] 3 w — Z,, € H satisfies

1. Z_z=0
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2. Z.=Xo

3. Foreverya, e [-n,mn],

Za—2p=Z_-p~Z-q (2.4.4)
and has a covariance structure given by

min(a, )
E[Ze®2Zp] = f Fpdo. (2.4.5)
=TT

In particular, Z,, has orthogonal increments:
[E<Zw1 —sz,Zw3—Zw4> =0, ifw1 > W = W3 > Wy. (2.4.6)

The representation (2.4.2) is called the Cramér representation of X;.

Remark 2.4.4. If Condition 2.4.1(co) holds, then (2.4.3) simplifies to

w .
Zy=0Cm ' lim Y X, f e g, inH. (2.4.7)

T—=ooi -

Furthermore, the stochastic integral (2.4.2) can be understood as a
Riemann-Stieltjes limit, in the sense that

2
J .
Xi=) € Zy,,, ~Zu)|| =0, as]—oo, (2.4.8)

j=1

E )

J

where - =w) <-+-<wj41 =W andmaxj=1,  jlwjs1 —w;j| —0as ] — oo.

This last remark formalizes the idea of decomposing X; into distinct fre-
quencies: setting X, (w i) = evit(z, T Zy j), we have

J
Xi= ) X)),
j=1

where the approximation error can be made as small as one wishes, with
respect to the |||y norm.

Remark 2.4.5 (Towards the Cramér—Karhunen-Loéve Decomposition).
Let us denote by

o0
Fo= tn@}ep%
n=1

the singular value decomposition of the spectral density operators, for
almost every w € [—n,n). If the spectral density operator %, is strictly
positive-definite almost everywhere, we may abuse notation and write

m . o0
X, = f e“”f(z (p‘;;®2<p‘;;) dz,, (2.4.9)

-7 n=1
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where {Z,} is as in Theorem 2.4.3. Provided we can exchange the sum and
the integral, we have

[e ) T
=) | el e do. (2.4.10)
n=1v-7

Although the representation in Remark 2.4.5 is a mere reformulation of
Theorem 2.4.3, and is not rigorous, it sets the scene for the question of the
nature of the approximation of {X;} that might arise if we where able to
truncate the identity operator Y97, ¢f ®2 ¢ to have finite rank

T, K
X;"::f e‘“”(z P oY |dz,, (2.4.11)

/] n=1

i.e. to consider the limiting behaviour of E|| X, — X} > as K — oo (See
Theorem 2.8.6). It is such truncations (and their approximation error)
that are at the essence of representations of the Karhunen-Loéve type.
We develop in Section 2.5 the formalism to make sense of an integral of
the form (2.4.11) (it is not a priori clear that it is well-defined, since now
the operator in the integrand depends on w), and prove in Section 2.8
that it provides an optimal rank K approximation of the original process,
yielding a harmonic principal component analysis of the process X; (in
fact, we will not require that .%,, be strictly positive).

Remark 2.4.6.
Note that the action of the operator ¥ | ¢ ® ¢ on an element g €
L2 ([0,1],C) is described by

[Z %@z%] = i &P

Therefore, we may formally interpret the Cramér—Karhunen—Loeve repre-
sentation as

X = f ot Z <dZw’(pn>(pn’
-7

a form which emphasizes the doubly spectral decomposition of {X;} as
discussed in Section 2.2.

2.5 Linear Filtering,
Stochastic Integrals of Operator Valued Functions

Notice that if a € ¥, (H), we can show that aX; = ffn aei‘”tdZw, using
(2.4.8). If we define a new FTS (Y}) ez by linear filtering of X;, i.e.

;=) aXi—5, teZ,

seZ
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it would be useful to have a Cramér representation for Y;. Formally, we
would like to do

-7

0 . .
— [ ( ase—lws) elwtdZw.
T

This, together with Remark 2.4.5, motivates giving a meaning to stochastic
integrals of the form

T .
Z asX;_s = Zasf elw(t—s)dzw
s s

f Alw)dZ,, (2.5.1)

=7
where A: [-7, 7] — S (H). In fact, if %. € LP([—n, 7], # (H)), we will be
able to give a meaning to this stochastic integral for all A € §3, where § is
the completion of L?9([-7, 7], % (H)) under the norm |||l = /¢, ) 5,

<A,B>ﬁ=f Tr(A(w)ﬂwB*(w))dw, VA BES.
-7

and g = 1 such that p~! + g~! = 1. We note in particular that by Hélder’s
inequality,
L2 ([, 7], oo (H)) < 9.

For a sequence (A,) ;=1 € %), and A € $), we will say that
lim A, =4, in$,
n—oo

i 1im ;oo | Ay — Allgy = 0.

More details about the construction of the space $) can be found in Sec-
tion 2.6. The definition of the stochastic integral (2.5.1) is made precise
by the following Theorem.

Theorem 2.5.1. For any A€ $), there exists a (not necessarily unique) tri-
angular array (ar,0) <1 © oo (H), T =1,2,... such that

=0, (2.5.2)
8

lim
T—o0

A— Z aT,te_t
|t|<T

where e : R — C is defined by ¢s(w) = exp(isw). For any such triangular
array, we define |”_ A(w)dZ, € H to be the unique element satisfying

2

E -0, T-—oo. (2.5.3)

T
f AwdZy,- Y ariX-
- [t<T

In particular, the stochastic integral [”_ A(w)d Z, does not depend on the
choice of array that satisfies (2.5.2).
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Furthermore, we have

f Alw)dZ, = f A—w)dZ,, a.s. (2.5.4)

v/ v/

E ffﬂ Alw)dZ, =0, and the covariance structure of the stochastic integral
is given by

E

fA(w)dchbzf B(w)dZw]:f A).Z,B @)dw, ABES.
o o o 2.5.5)

Remark 2.5.2.
Notice that equation (2.5.5) implies that

b/ b/ b/
[E<f A(w)dZw,f B(w)dZw> - f Tr(A@).7,B'(@))dw, VYABeS,

" " " (2.5.6)
or put more simply, { |”, Aw)d Z,, |7, Bw)dZ, )y, = (A, B)s. This identity
is closely related to the proof of the Theorem, which is based on the construc-
tion of a unitary transformation between the spaces H and $). Therefore,
equation (2.5.6) will be called the isometry property. The unitary transfor-
mations betweenH and §) are denoted by

g
H—=#%,

SA) = [T AwdZy,, T ([T, Aw)dZ,)= A, T oF =1dg, and Fo T =
Idy. Details of the construction of these mappings can be found in Sec-
tion 2.6.

Understanding Theorem 2.5.1 is not straightforward, due to its generality.
Indeed, it is possible to choose a triangular array (ar,;)|:<T © o (H) such
that (2.5.2) holds, but with |||aT,0||| o — OO and with the limit function
A € $) not belonging to L?7([—m, ], % (H)). However, the restriction of
the stochastic integral to L2 ([-7, 7], % (H)) can be viewed as a Cesaro-
sum of a truncated Fourier series:

Theorem 2.5.3. Let X, satisfy Conditions 2.4.1(p) for some p € (1,00], and
let g € [1,00) satisfy p ' +q ' =1 (q=1if p=00). Then forany A€
L29 ([-7, 7], S (H)) , we define the stochastic integral ffn Alw)dZ, to be
the unique (a.s.) random element of H satisfying

T t
f Aw)dZ,=lim ) (1—U)atx_t, in H. (2.5.7)
- T_’°°|t|<T T
where .
a;=@2m7" f A Aw)dw € Foo(H), tEZ. (2.5.8)

=7
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IfY tez llasllloo < 00, then

T
f Aw)dZy,=lim Y a;X_; inH (2.5.9)

- T=oo<r

Remark 2.5.4.

If Condition 2.4.1(c0) holds, and if w — A(w) is cadlag with respect to ||| |ll oo,
with a finite number of jumps, then the stochastic integral (2.5.1) can be
understood as a Riemann-Stieltjes limit, in the sense that for every € > 0,
there exists a partition P = {w,...,wi} of [-=n,n] such that for any finer
partition P' = {0}, ...,w’} of [-m,7] (i.e. P ¢ P'), and every choice of points
A€ [a)’l.,w’iH], we have

2

E <&, (2.5.10)

b4 J
f_ﬂ Alw)dZ, - ]Zzl A(M)(Zw}+1 - Za);.)

We now have the tools for stating a result about linear filters of a second-
order stationary FTS.

Theorem 2.5.5. Let X; satisfy Conditions 2.4.1(p) for some p € (1,00], with
Cramér representation

T[ .
X; :f etazX, (2.5.11)

=TT
and spectral density operators F X .
Let (ar,0)1<T € Soo(H), T =1,2,... be a triangular array such that

Aw = lim Y e“ar;, in$H, (2.5.12)

1
T—oo 52T

for some A € §) (see Remark 2.5.6 below).
Then, Yy =lim7_. ¥ 5<T aT,s X{—5 cOnverges inH, is second-order station-
ary with mean zero, and

1. Y; admits the representation

7[ .
Y, = f el Aw)d Zk,

-
where A(w) =lim7_oo X |51<T e WSarsin$.
2. The weak spectral density operators of Y; are given by
FY = Aw)FEA (), wel-n,7), (2.5.13)

FY e LN[-n, 7, A (H)), and the inversion formula holds for Y;,

” .
%tyz E[Y; ®» Yo]Zf L%E,/e“”tdw, YteZ.

=7
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3. Ifforsomeq=p/(p—1), or q=o0,

lim Y e “ap, = Aw), inL*I([~m,7],%0(H), (2.5.14)

T—oo2r

then 3{3 € L" ([-n, 7], S (H)), wherer™! = p‘l + q‘l.

Remark 2.5.6.

1. A condition equivalent to (2.5.12) is that, for every € > 0, there exists

an N > 0 such that forall T' > T > N,

Y T ((am —ar )R (ar .- aT,u)T) <e, (2.5.15)

[sl,lul<T’

where we let ars = 0 if s = T. The sum on the left-hand side is
guaranteed to be real and non-negative.

. If the triangular array is actually just a sequence (ay)tcz, then condi-

tion (2.5.15) simplifies to

Y Tr(aial)<e. (2.5.16)

T<|s|,|lul<T’

A sufficient condition for this to hold is

Y llasllo, < 0o, (2.5.17)

seZ

which implies that (2.5.14) holds for q = oco.

. If X, is m-correlated, i.e. ZX =0 for|t| > m, then a sufficient condi-

tion for (2.5.16) is
Y llasliz, < oo. (2.5.18)

seZ

. If Conditions 2.3.3 and 2.3.4 hold, and the triangular array is just a

sequence (a;) ez satisfying (2.5.17), then’¥ ez ||| 2} ||| o < oo

This result tells us that any linear filtering of the X; with a filter satisfying
(2.5.14) with g > p/(p — 1) will fulfill Conditions 2.4.1(r) with r > 1, and
admits therefore its own Cramér representation

7-[ .
Y; :f etdzY.
-7

We can therefore say formally that

Az} = AwydZzZ.



2.6 PROOFS OF SECTIONS 2.4 AND 2.5

2.6 Proofs of Sections 2.4 and 2.5

In this section, we shall prove the results of Sections 2.4 and 2.5. We
assume throughout that X; satisfies Conditions 2.4.1(p), for some p €
(1,00], and that q is conjugate to p,i.e. p~'+g~! = 1. Notice that g € [1,00).
The letter c shall denote the constant

b4 1/p
c= (f |||,%|||’1”dw) < oo.
=TT

2.6.1 Definition of the Spaces Involved
We define the following subspace of H,

n
Mo :{ Z aX_j:a;€ F(H) forall |l < n;n= 1,2,...}, (2.6.1)
I=—n

which consists of all the finite linear filterings of the time series X; with
bounded operators. Let M c H be the completion of My under the norm
I, and £ be the Banach space L?7([—m, 7], % (H)), with norm

b4 2 1/2q
IIAIIs::(f ||IA(w)|IIogdw) , A€l (2.6.2)

v/
We also define the mapping ¢ : £ x £ — L ([-7,7],.% (H)) by
Co(A, B)(w) = A(w)ﬁwBT(w), ABef;, wel-mm]. (2.6.3)
The following Lemma gives some properties of €.

Lemma 2.6.1.
The mapping €, defined by (2.6.3) is well defined. It satisfies, for all
Ay, Ay, Be £, a€ S (H), the following properties:

1. €y(A;+ady, B)=Cy(Ay,B)+aly(Az, B),

2. €y(A1,B) = €y(B, A1),

3. Tr(Co(A;, AD) € LY ([-n, 7], R), and is almost everywhere non-negative.
Proof. The fact that ¢((A, B) € L' ([-n, 7], % (H)) if A, B € £ follows from

Proposition B.0.14, and since the other statements are shown easily, their
proof is omitted. U

This Lemma essentially implies that € (A, B), behaves like a cross-covariance
operator of A,B € £: for each w € [-m,7], €y(A, B)(w) is like a cross-
covariance operator of A(w) and B(w). By taking the integral of the trace
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of &y, we can define a semi-scalar product on £:

b/ T
(A,B)g:= f Tr (€o(A, B)) (w)dw = f Tr(A(w)ﬁwBT(w))dw, ABeg.

- o (2.6.4)
We denote its corresponding norm by || Al 526 =(AAg.

Lemma 2.6.2.

The norm |-l ¢ is stronger that ||-|s, i.e. any sequence (Ay)u=1 < £ con-
verging in |-l ¢ converges also in ||-|s; but the converse does not always
hold.

Proof. The first statement follows from Hoélder’s inequality:

/4
LAI < f Il A@)IZ, - Zolll do
v/

b4 2 1/q b4 1/p
s(f |||A<w>|||o;’dw) (f |||%|||fdw)

=7 =7

<cllAlg.
The second statement follows from the fact that .%,, is trace-class. O

Definition 2.6.3. We denote by $) the completion of £ with respect to ||-|| s —
constructed by taking the equivalence classes of Cauchy sequences whose
distance converge to zero.

Lemma 2.6.4. (9,(-,-)) is a Hilbert space, £ < §), and any dense subset of
(&, 1I-lle) is also dense in (5, |1l ).

Proof. The fact that §) is a Hilbert space and £ < ) follows from the con-
struction of ) and Lemma 2.6.2. let {B; : i € I} ¢ £ be a dense subset (with
respect to |:|l¢). If A€ $), then for any € > 0, there is an A, € £ such that

|A—Acllg < €/2. Since Ag € £, there is a j € I such that ||Ag—B]~ o=
€/(2y/c). The triangle inequality now yields
|A-Bj|l,<1A=Acllg+c'?||Ac - Bj|| ;<.
O

Notice that [ Tr (€y(A, B) (w))dw < || Allg | Blls by the Cauchy-Schwarz in-
equality. In fact, we also have that the mapping € is continuous with
respect to the norm |||l &:

Proposition 2.6.5.
Forall A,Be £,

f IEo(A, BY @)l dw < I Allg 1Bl 2.6.5)

=7
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Proof. Using Holder’s inequality, we get
/4

/A
f 1€o(A, BY @)l do < f

=7t
f”
-7

sf_z|||A(w)9al)/2|||2|||(B(w)‘g\al'/2)T|H2dw

A(w)ﬂwBT(w)mldw

A(w)ﬂal,/z(B(w)ﬂal)/z)T|||ldw

T 2 T 2 1/2
([ @z o [ 5wz} o)

-,

= AlslIBllg.

4

1/2
B(w)ﬂwB*(w)”de)

A(w)ﬁwA*(w)mldwf

-7

O

We can now extend the domain of the mapping €, to a mapping €: § x
9 — LY([-m, 7], A (H) by continuity: if A, - A€ $Hand B, - Be 9,
where (4;,), (B,;) c £, we define

€(A,B) = lim &o(Ap, By), in L' (-7, 7], A (H)). (2.6.6)

Proposition 2.6.6.

The mapping € : § x $ — L'([-n, ], A (H)) is well defined. Further-
more, it is continuous, i.e. if (Ay;), (B,) € §) such that || A, — Allg — 0 and
|Bn—Bllg — 0 as n— oo, forsome A,B € §), then

II€(An, Bn) = €(A, B)lll; =0, n— oo,

Furthermore, the properties of €y extend to &: for all A1,A»,B€$, ac
Foo(H),

1. Q:(Al +aAy,B) = Q:(Al,B) + LZQ:(Az,B),
2. €(A;,B)T=¢(B, Ay,
3. €(A1, Ay) is a non-negative operator.

Proof. The extension is well defined by the linearity and continuity &.
Indeed,

”lQ:O(Am,Bm) - Q:O(An» Bn)”ll = |||Q:0(Am - Anr Bm) + Q:O(An» Bm - Bn)l”l
< € (Am = An, Bm)llly + 1€o (An, B — Br)lll; -

Therefore, by Proposition 2.6.5,

T
f €0 (A, Bm) (W) = €o(Ap, Bp) ()1 dw < | Ay — AnllglBmllg + | Bm — Bullg 1 Anll .

-7

39
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Since (Ap), (By) are converging in §), they are also Cauchy sequences,
which implies that (€y (A, By))n=1 is also a Cauchy sequence in LY([-7, 7], A (H)).
The uniqueness of the limit, and the continuity of €, follow from the same
kind of argument. The proof of the other properties follow directly from
Lemma 2.6.1 and the definition of €. O

2.6.2 Isometry Between M and $)

Recall that ¢, € £ is the function defined by ¢, (w) = ", for n € Z. We
now define a mapping 9 : My — $) by linear extension of the mappings
Xy — ep, or explicitly

3*( > anX_,,): Y ane_p, (2.6.7)

|n|l<N |n|<N

where (a,e_,)(w) = ¢_,(w)ay. The properties of the mapping 9~ are given
in the following proposition.

Proposition 2.6.7.
The mapping T : My — $) be defined by (2.6.7) has the following properties:

1. T is S (H)-linear:

T (a1 +Y2)=aT (V1) +T (Ya), Yi,Y2eMy ae F(H). (2.6.8)

2. The mapping 9 preserves the second-order structure, i.e.

EVi®Yol=| &IT (1), (V) (wdw, VYY,Y,eMp (2.6.9)

-7
In particular, the mapping 9 : My — H is an isomorphism:
(TN, T Mgy =Y, Yoy, V1, Y2eMp. (2.6.10)

Proof. From its construction, J is %, (H)-linear. Now take Y7, Y> € M.
Without loss of generality,

Yj: Z aj,nX_n, j=12.
|n|l<N

Using the fact that bounded operators commute with the expectation and
with Bochner integrals, and using the inversion formula,

EV1®Y2]=E ( > dl,nX—n) ®2( > ﬂl,mX—m)]
In|<N Iml<N
= Z an%m—nbin
Inl,lm|<N

T .
= Y a f %ewm—mdm]b;
-

Inl,lm|<N
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+
ﬂ . .
:f ( Y al,ne““’”)ﬁw( > ag,me_“”m) dw

—7 \|n|<N |m|<N

T
= €T M),T (Y2))(w)dw.

=7

Taking the trace yields (Y1, Yo)yy = (T (Y1), T (Y2)) g O

Since the mapping J~ is an isometry between My and ), it can be extended
by continuity to a mapping 9 : M — §). More precisely, if ¥ € M, and
(Y,) €My is a sequence converging to Y, we define

g(Y) =1;22an, in §). (2.6.11)

Proposition 2.6.8.

The mapping I : M — $) defined by (2.6.11) is well-defined, linear, and
surjective. Therefore it is an isometric isomorphism between M and $), has
the following properties

T (aY1+Y)=a9 (V1) +T (Yo), Yi,YoeM,a e ¥ (H),
(2.6.12)

E[Y1®2 Vo] = n@(g-(Yl),Jo—(Yg))(w)dw, Y1, Yo e M.
N (2.6.13)

(Y1, o)y =(T (1), T Mg, Y1, Yo € M.
(2.6.14)

Moreover, I admits an inverse I ~' : ) — M that is also a isometry.

Proof. Let us verify that 9 is well defined. Let (Y7 ,), (Y2,,) < M be two
sequences converging to Y € M, and define y; =lim; . I (Y ), j =1,2.
Then y; = y, by the isometry property of 7 :

11 = vl =0 [ (¥4 = T () = 1 [ Y = Yo =0

The proof of the linearity and of property (2.6.12) is shown directly by
taking convergent sequences in M, and is omitted.

Since the subspace 9 (M) is dense in £ (by Lemma B.0.13, since 2q # co),
Lemma 2.6.4 implies that it is also dense in $). Therefore I~ (M) = $) and
g is an isometric isomorphism, and admits an inverse 9~ .o -M
that is also linear and isometric. Furthermore, Lemma C.1.2 and Proposi-
tion 2.6.6 imply properties (2.6.13) and (2.6.14). O
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42 2. DOUBLY SPECTRAL DECOMPOSITIONS OF FUNCTIONAL TIME SERIES

2.6.3 The Process Z,, and the Stochastic Integral

We now define Z,, = 3"_1(1[_7,,(1,) I, forall w € (—m, ], and Z_; = 0. Notice
that Z; = Xy, and that by the isometry property (2.6.13),

min(a,B)
E[(aZy) ®2(bZp)] = f aZ,b'do. (2.6.15)
-7

In particular, setting a = b = I and taking the trace of this expression, we
see that

min(a,B)
(Za,Zﬁ>H =f_n Tr (%,)dw,

i.e. w— Z, is an orthogonal increment process. We now define the
integral with respect to this orthogonal process. Let D c ) be the subspace
of cadlag step functions, i.e. functions of the form

N
A=) anliy,w,..) (2.6.16)

n=1

where ~- 1 =w) <wy < <wpyy1 =7 and a, € Fo(H) forn=1,...,N,
and define the mapping .# : D — M by

N N
j(z anl[wilrwn+1)) = Z an(Zer-l - an)' (2.6.17)

n=1 n=1

Notice that .# is a linear mapping, and that

T (I (aliap) = T (a(Zp— Za)) = aT (Zp— Za) = Alja,p), G € Foo(H).
(2.6.18)
Therefore £ =9 ! on D, and is an isometry on D. Since D is dense in £
(by Lemma B.0.13 and Lemma 2.6.4), we can extend .# to $) by continuity.
We denote the extension by .# : §§ — H, and in fact .# = L. This gives a
meaning to the stochastic integral

f Alw)dZ, = #(A), (2.6.19)

forall A€ $).

2.6.4 Proof of the Stated Results

Proof of Theorem 2.4.3 on page 30. We have

7-[ .
X, =T (Xp) =F(er) = f edz,, (2.6.20)
-7
which proves (2.4.2). The proof of (2.4.3) is a consequence of Theo-
rem 2.5.3, which is proved below, independently from Theorem (2.4.3). To
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prove (2.4.4), recall that

. 7-[ .
e‘“”da:(Zn)_lf lpwme?da,

=7t

w
go(n) =2m™! f

=T

and by (2.4.3),

Zg—Zo=lim ) (1-[tl/T)(gp(n)— ga(n)) X_p.

T—o0) 42T

Now

B . -a
gﬁ(n)—ga(n)zf e“”"dw=fﬁ end)=g o(n)-g_pn),

a

where the change of variable A = —w was used. Therefore, since X; is a
real-valued series,

Zg—Zg=lim Y (1-[tl/T)(gp(n) - ga(m))X_p
TOl<T

=lm Y (1-1t/T)(gp(n) - ga(m) X_p

T—oo2T

=7 075

Equation (2.4.5) follows directly from the definition of Z, and the isometry
property (2.6.13), and (2.4.6) follows from (2.4.5). O

Proof of Remark 2.4.4. We only prove (2.4.7), because (2.4.8) is proved is
a similar fashion to Remark 2.5.4, which is proved independently of this
result. Recall that

. ” .
e‘“”d(x=(2n)_1f l_rwme®da,

-7

go(m)=2m! f

-7

and let us introduce some notation: we define

Zo,N = Z 8w (M) X_p,
|n|l<N

and

Jo,N = (1[—n,w) - Z gw(n)e—n) ,

|n|l<N
where ¢, (@) = elan | We get, using the isometry property (2.5.6), and
Lemma 2.6.2,
120 = Zowllyy = 17 (Z) - T Zo |
= | fu.v1ll5

<cfl fontle
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= [ lfot@1]l,da
:cf |fw,N(a)|2d0¢—>0, N — oo,

where the convergence to zero comes from the fact that f,, y is the differ-
ence between 1|_5 ) and its truncated Fourier series. O

Proof of Theorem 2.5.1. Since the trigonometric polynomials

Y ape_p, an€ Fno(H),NeN, (2.6.21)
|n|<N

are dense in £, and therefore also in §) (see Lemmas B.0.13 and 2.6.4), any
A € $ can be written as a limit A =limy_ o Ay, where Ay can be taken
to be (without loss of generality) to be of the form given in (2.6.21). This
proves (2.5.2). Now (2.5.3), as well as the uniqueness of the limit, follow
directly from the isometry property, and (2.5.5) corresponds to (2.6.13),
which has already been proved.

We now turn to the proof of (2.5.4). Let Y] = ffn Alw)dZ,, and Y, =
ST A=@)d Z,. We will show that | Vi - 2| = 0. Fixe > 0. Using (25.2),
we take a sequence (a;) € S (H) such that

[Yi-Y'||;;<er2,
where Y' = Y|, <1 a; X_;. By the triangle inequality,

%], =<[7-¥

Vi
H * HY YZHH'

We know that the first term is bounded by £/2, so let us turn to the second
term. By the isometry property,

Y _ —Ng (v —-ag
[v-v|, =7 (v)-7 0],
Now notice that

T (V)@= Y @Ge =Y ae (-0)=T¥)0).
[t|<T |t|<T

Thus (2.5.4) is proved provided we show that || A® ||yj =) Al forall A€ $,
where A‘(w) = A(—w). We have

| 4s = f Tr(A° (@) Z (A (@) do

_ f " Tr(A(—w)%A(—w)T)dw

ER)

= f Tr(A(—w)ﬁ_wA(—w)Tde (by Proposition 2.8.8)
=TT
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= f_ 7; Tr (m) dw (by a change of variables)
= f_ 7:[ Tr (A(w)ﬁwA(w)T) dw (by direct calculation)
= ||A||%.

This completes the proof. y

Proof of Theorem 2.5.3. The isometry property and Lemma 2.6.2 yield

E

2
|t
=||A- Z (1—?)611‘2_1‘

|[tl<T k)

f AwdZy— ) (1—m)atX_
. T

|tl<T

2
t
<c||A- Z (l—u)ate_t
£

[t|l<T

Noticing that }_ ;<7 (1 —|#|/T) are_; = K7 * A, where Kr is the Fejér kernel
(B.0.14), and recalling that £ = L2 ([-7, 7], S5 (H)), where 2q € [1,00),
Proposition B.0.16 yields (2.5.7). To show (2.5.9), we need to show that

lim ||[Ar— A%|,, =0,
Jim [|A7 — A% [,
where A = Z|t|<T(1 )a[X_tandA =Y 1j<T @: X_¢, and then the re-

sult will follow from (2.5.7) and the triangle inequality. Direct calculations
yield

2 RIli
Efar-ap)®= Y = Tr(adsal)
|sl,It1<T T
Isllzl

ssupllZully Y., —5 llacllooll aslle

u i<t T

I :

= sup|||%u|||1( Y —lladie )

u i<t T

Since the nuclear norm of the autocovariance operators are uniformly
bounded (Remark 2.4.2), and } ;¢ 7 ll a;lllo < oo by assumption, the domi-
nated convergence theorem tells us that the right-hand side converges to
zero as T — oo. O

Proof of Remark 2.5.4. Let A: w — Y5 (H) be cadlag with a finite number
of jumps, say at = = {£y, ..., &, This implies that A is uniformly continu-
ous within each interval not containing a jump, or possibly having a ¢ ;
at one of its extremities. More precisely, for all € > 0, there is a § > 0 such
that

0<w-0'<é & @,wNE=p = [|AW)-AW)||,<e
(2.6.22)
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Now for a € > 0 fixed, we choose § > 0 such that (2.6.22) holds for

€)= |2n sup W%l

we([—m,7)

’

(recall that this supremum is finite since Condition 2.4.1(co) holds). We
choose P = {w,...,wk} to be any partition finer than Z, satisfying

Now for any partition P’ = {w’l,...,w’Hl} finer than P, and any A; €

[, o'

]+1], ifwelet Spr = ijl A(A])l[w’j,w}ﬂ)r we will have

l

2

)

J

7 J
f AwdZy =Y AA) (Zy,,, = Zo

— j=1

H
=[.#(A) - F(Sp)lln

= A-Splg
T
-,

3
<c f 1A@) = Sp (@I, do

=7

(Aw) — Sp (@) Fo (Alw) — Sp (‘”))T“Ld‘”

where ¢ = sup,¢;_; 5 1 Z0ll1,
J w/j+1 2
=c) | A - x|l de
j=1e;
using (2.6.22) and the fact that P’ > P> E,

/.)

J
<c) ()W), -,

=1
=2mc-(e"?

:‘5‘2’

which completes the proof. O

Proof of Theorem 2.5.5. Let us define A1 =} g<re_sar;s € $), and notice
that by assumption,

”A_AT”_FJ_)Or T — oo,

for some A € . In particular, this implies that (A7) 7> is a Cauchy se-
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quence in §). Let Y7,; = }|5<1 a7,sX;—5, and notice that

T Y1) =), arse—s=¢,Ap, teZ.
|s|<T

By the isometry property,
| Y1 = Yre |3y = | T (V0 - T (V) ||
= lle:(Ar = ADI,

E f Tr ([ (A7 (@) — Ar(@)]-Fo [ (Ar (@) - Ar(@)])do

T

- [ (tar @~ Ar@nFoar @ - ar))do

= lAr - Azl

Therefore (Y7,;)7>1 is a Cauchy sequence in M, and converges to some
Y; € M. Furthermore,

Y: =T (V) =j(f/‘(li§n Yr1,0)
ZJ(IiITnﬂ—(YT,;))
=f(h%netAT)
:j(etA)

” .
= f et Aw)dZ,,,

-7

for all ¢ € Z. Hence by Theorem 2.5.1, Y; has mean zero,

E[Y;® V] =E

fei‘”tA(a))dwobgf eiwsA(w)dw]

=T =T

T[ .
= f &9 p(0).Z, AT (w)dw,
-7

hence Y; is second-order stationary, and its autocovariance operators
satisfy

ﬂ .
R = E1Y;®; Yy = f O A(w) Zp Al (w)dw, tez. (2.6.23)
-7

Therefore the weak spectral density operators of Y; are given by
FL = Aw)FL Aw),

and .#Y = €(A, A) € L' (-7, 7], % (H)) by Proposition 2.6.6.

Now suppose that Ay — Ain L29([—m, 7], S (H)) for some q=pllp-
1). Recall that .Z. € LP([-7, 7], % (H)), and let r = (p~! + g~1)~!. Notice
that r = 1, and therefore, by Hélder’s inequality (similarly to the proof of
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Lemma 2.6.2),

m T
f 7} deo = f AL, I deo
— -7

b4 2q rlq b4 p rip
< ( f A1 dw) ( f EAK dw)
-7 -7

<00,

hence %) € L' ([-n, 7], % (H)). O

Proof of Remark 2.5.6. 1. Letting A7 = }|5<T ¢-saT,s, condition (2.5.12)
is equivalent to (Ar)7>1 being a Cauchy sequence in §j, which
is equivalent to (Yr0)r>1 being a Cauchy sequence in H, where
Y70 = X |si<T at,s X—s. Letting T’ > T, we see that

| Y0 - Y70 ||?H] =Tr (( Y (ap,s- dT,s)X—s) ®2 ( Y (aru-ar)X-u

|s|<T’ lul<T’

= ) Tr ((dT',s —ar )Ry (ar, — aT,u)T)-
[sllul<T’

Therefore (2.5.15) is real non-negative, and is equivalent to (A7) r>1
being a Cauchy sequence.

2. (2.5.16) is obvious since a7 s — ar s is equal to zero if |s| < T and
equal to a; if T < |s| < T'. Furthermore, since

’Tr(aS%u_saL)

<llaslsollaulloo|[| 22|l

by Hélder’s inequality, and |||%f(|||1 <M<ooforall tez, (2.5.16) is
implied by
Z llaslloo < &,

T<|s|<T’

which is equivalent to (2.5.17).
3. By Holder’s inequality, and the fact that ZX = 0if |¢] > m,

|Tr(as%_sag) s Y laslollaulloo] |2l

T<|sl,lul<T’ |sl=2T,uez

= Y lasllsladico][25- Il

|s|=T;lu—sl<sm

the change of variables u — s = k yields

<M Y Y lasloollasikllo

|klsm|s|=T

)
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and the Cauchy-Schwarz inequality yields

<MYy /Y |||as|||§o\/ > laserliZ.

\klsm V IsI>T |s|>T

If (2.5.18) holds, taking T large enough in the last expression implies
that (2.5.16) holds. O

4. By Proposition 3.12.11,%’}/:ZH€Z AS%’I_SHA;,and thus

EZZ 12 ||l oo < ;|||As|||oo; Ao (; |||%5<_S+,|||oo) <.

2.7 A Short Note About Measurability

The doubly spectral decomposition we will present in Section 2.8 will be
based on integrals of the form [”_ ((p‘]" ®2 (p‘]") dw, where (p‘]‘.’ is the j-th
eigenfunction of the spectral density operator .%,. In this (technical)
section, we investigate conditions under which such integrals are well
defined.

Let .%#. be the weak spectral density operators of an FTS X;. This implies
that there is a set E c [-m, ] of measure 27 such that

l-Full; <oo, wE€E.

For each w € E, we can write the singular value decomposition of .7, :
o0
Fo=Y i@} &9}
i=1

For any fixed w € E, {;(w)};>1 is a non-increasing positive sequences
tending to zero. We denote by {A;(w)};>; the decreasing sequence of
distinct elements of {y; (w)};>1, define the set

Ir(w) ={i=1: y;(w) = Lg(w)},
and we denote its cardinality by my (w) = | I (w)|. We will also write

Iw={izl:pgiw>0t= J L 2.7.1)
k=1&A ¢ (w)>0

for the set of indices of the repeated non-zero eigenvalues of .%,,, and
Jw)={j=1:1jw)>0}, (2.7.2)

the set of indices of the non-repeated non-zero eigenvalues of .%,,. Notice
that
I(w)=](w)=1{1,2,3,...}
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unless %, is of finite rank, in which case
Ai(@)}is1 =M (w),...,AN(w)},

where N — 1 =rank(%,) and Ay (w) = 0. We can now define, for k € J(w),

M= Y, ¢fe9?,

ieli(w)

which is the projection onto the kth eigenspace of .%,,, also called the k-th
eigenprojector of .%,. This way, we can rewrite the eigen-decomposition
of the spectral density operators as

Fo= Y AjI;w).
jel(w)

This notation is useful since it exhibits the identifiable parts of the sin-
gular value decomposition of .%,. However, though the functions w —
Aj(w) and w — I1j(w) are defined almost everywhere, their measurabil-
ity is not necessarily guaranteed. For instance, consider the case where
rank (%#,) =2 for w € [0,7/2] and rank (%)) = 1 if w € (w/2, 7], and all the
non-zero eigenvalues of the spectral density operators are distinct. Then
the eigenprojector I1, (w) is well defined and trace-class (and in fact con-
tinuous) on [0, /2], but it is not trace-class on (7/2,7]. In order to avoid
such complications, we define the set

J= ) Jw={jz1:1jw)>0forallwe[-m,7xl},

we[—m,m)]

which corresponds to the set of indices of the non-repeated eigenvalues
that never vanish. The following Theorem ensures the measurability of the
eigenstructure of the spectral density operators under (weak) summability
conditions.

Theorem 2.7.1. Ifw — .%,, is continuous on [—, 7], with respect to |- |llo,
and #, is compact for all w € [-n, 7], then

1. Foreachi =1, the functions
yi:l[-m,na] —R
are uniformly continuous, and therefore measurable.
2. Forall j € ], the following functions are measurable:

m;j: [-m,n] — R
Aj:l-m,a] —R

Y wie):l-mal —R
i€l;()
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3. IfE c [—m, 7] is an open subset and for some k € NyepJ(w), the func-
tion
k
E>w— Z m;(w) is constant, (2.7.3)

j=1
then

k
> 1;(): E— Foo(H)
j=1
k
w— )Y Tjw)
j=1

is continuous, and therefore measurable on E.

Remark 2.7.2.

1. Sufficient conditions for the assumptions of the Theorem is Condi-
tion 2.3.3.

2. Notice that the non-repeated eigenvalues A ;(-) are always measur-
able, and that repeated eigenvalues u;(-) are continuous.

3. Continuity of the eigenprojections a delicate matter. Indeed, each
time two distinct eigenvalues ;(+), i +1(-) become equal, meaning
that pi(wo) = piv1(wo) but w;(-) # pi+1(-) on E\ wy, for some set E
containing wy, then there is a jump at m;(-), for some j = 1, and
therefore

w— ). 98¢}

i€l ()

is not continuous at wy. However, if the set I j(w) is constant on some
open interval E c [-m, 7], then

w— ) ¢f 07

iel; ()
is continuous on E.

4. Condition 2.7.3 could be replaced by
Uy_,1;, () is constant on the open set E,

forsome ji,..., js € NyepJ(w), which would give continuity of
S
w— Y Ij, ).
=1

5. If all non-zero eigenvalues of %, are distinct, then for all j € J, the
eigenprojectionsI1;(-) are measurable.
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6. Iconjecture that Condition 2.3.3 is sufficient for the mappings

w— Y @7 e0

iel;(w)
to be measurable.
Proof of Theorem 2.7.1. We divide the proof into small steps:
(i). The functions y;(w) are continuous since

|p(w +0) — p)| < 1-Fp+6 — Fwllw — 0, 6] =0,

by Lemma A.2.4. Uniform continuity follows since [—7, 7] is com-

pact.

(ii). Letus prove that the functions w — m(w) are measurable, for k € J.
We proceed by induction. If 1 € J, the function m, (w) is measurable

since

my(w) = |{i2 1:pyi(w) :,U1(w)}|

=2 Y- 10y @),

i=1

and the latter sum is finite. Now if my,..., m; are measurable, and
k+1 € J, we define the function s (w) =1+ Z?:l my(w). By induc-

tion, it is measurable, and we have

mk+1((1)) = |{l >1: ﬂl(w) = Hsp(w) ((U)H
= ‘Z‘il{gtjl(o)} ((1)),

where g;(w) = p; (W) — Us, () (). Notice that the last sum is finite for

each w because pg, () (w) > 0. Since

8i(@) = pi(w) = 3 (@)1 @),

=1

each g; is measurable, my,; is measurable. This completes the

induction.

(iii). For each k € J, the function A4 (-) is measurable since

Ak(w) = Usi(w) (W) = Z /Jl(w)l{slzl(l)} ().
=1

(iv). The function w — ¥ ey, () Mi(w) is measurable since

Z Hi(w) = Z L)y Lii<si () +my () Mi ().

ieli(w) i=1
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w). fw~— Xj?:l m(w) is constant, say equal to k' =1 on the open set
E c [-n,n], then for allw € E and (w,),>; < E converging to w, we

have
k k
> j(wn) = 3 11(w)
j=1 j=1 o
k k
_ Wp Wp w w
=X X P ®29; -2 2 ¢i®p;
j=liel;(wn) j=liel;(w) o
Z_]]?=1 m] (wn) Z?:l mj ((U)
w5, Wy
= Y wee = Y i e
i=1 i=1 0o

k/
= Zl [0 @297 — 9} @2 ¢ ]
i=

(o0}
k
wWp Wy w w
=12 2 97" @207 - @] ®20;
j=liel; () -~
k
Wp Wp w w
=2l X (07" @207 —¢f ©20;
j=1lliel; () -~
k
[ e
=2l X ¢ ®207" —1;(w)
j=1liel; () -~
—»0,

by Theorem A.2.5. Since the limit is zero for arbitrary sequences
w, — 0, the continuity is shown. O

The previous result motivates introducing the following condition:

Condition 2.7.3. (X;) ez is a second-order stationary FTS with mean zero,
E |l Xoll? < oo, admitting a weak spectral density operators w — %, that is
Illloo -continuous. Furthermore, we assume that all the non-zero eigenval-
ues of #,, are all distinct, for each w € [-7, 7].

Notice that Condition 2.7.3 is actually stronger than Condition 2.4.1(co)
or Condition 2.3.3. Under Condition 2.7.3, the eigenprojectors w — IT; (w)
are measurable (in fact continuous) if uj(w) > 0 for all w € [-7, 7].

2.8 Doubly Spectral Decomposition,
Optimal Finite Dimensional Reduction

2.8.1 Harmonic Principal Component Analysis

It follows from the discussion in the previous section that the stochastic
integral (2.4.11) defined by a truncation of the Cramér-Karhunen-Loeve
representation is well-defined. The purpose of this section is to prove that
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the truncation at a level K of the Cramér-Karhunen-Loéve representation
provides in fact the best linear approximation of X with K degrees of
freedom, in a sense that generalizes functional PCA.

Given the stationary functional time series {X;} ;7 in the real part of H,
and a sequence {a;};cz of bounded operators on H, we can construct a
new functional time series

Yi= Z ar—sXs,

seZ

where Y; is a random element of L2 ([0, 1], R), which is said to be obtained
by (linear) filtering of X;, or refered to as filtered versions of X;. Notice
that the rank K approximation of X; based on the PCA of %, can also be
expressed as a filtered version of X;, by choosing a; = 0 for all s # 0.

We already know from Theorem 2.5.5 that if Condition 2.7.3 holds and
2sllaslllo < 0o, then

T . .
Y, = f A dZY, Aw) =) e ay, (2.8.1)
-7

seZ

and
FY = Aw).FX AT (w), (2.8.2)

where we have denoted by .7, respectively Z%, the spectral density
operator at w, respectively the orthogonal increment process, associated
with X. This implies in particular that .%,! is continuous with respect to
I lloo-

Consider now the problem of reducing the functional time series X; to a
finite dimensional vector series (say of dimensions g), by filtering X;:

Y; =) a;Xi—s€C9, ase Fo(H,CY, (2.8.3)
N

where »,(H,C9) denotes the space of bounded operators from H to CY.
Though the series Y; is no longer interpretable in a functional sense, it
may be filtered anew to yield a functional process

X: :ZbSYt—S’ bseyoo(cq;H)y (2.8.4)
s

which is interpretable in a functional sense, and is in fact a rank g approx-
imation of X;. Fixing g orthonormal vectors fi,..., f; € H, we can identify
either RY or C7 with the linear span (with real scalars, respectively with
complex scalars) of fi,..., f;. This allows us to recast (2.8.3) and (2.8.4)
into the framework developed in Section 2.5, and yields the following
Lemma:

Lemma 2.8.1.
Assume Condition 2.7.3 holds. Let {as}se7 © Foo(H,C?) and {bs}sez <
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Fo(C9, H) such that

Y (llaslloo + 1bsllles) < oo

seZ
Then, the Cramér representation of X}, defined in (2.8.4), is
7-[ .
XF=| e“'BwAwdZy, inH,
—7T

where A(w) = Y ez € “Sag and B(w) = Y. 7 e “Sbs. Furthermore,

FX = Blw)Aw).Z, AT (w)B' (). (2.8.5)

Proof. The proof follows easily from the identification of C7 as a closed
linear subspace of H, and is omitted. O

Therefore, the Cramér representation of X;' is given by
n .
X;=| éCwdzk,

-7

where C(w) = B(w) A(w), and is hence of rank at most q. We are now in a
position to show that the truncated Cramér-Karhunen-Loéve expansion
(2.4.11) provides a Harmonic Principal Component Analysis of X;: under
the mean square error approximation criterion

Eflx - X7 %

which is independent of ¢ by stationarity, the optimal choice of C , is given

by ZZ(:(”I) @Y% ®, %, where we recall that (¢%) > are the eigenfunctions of

F.

Theorem 2.8.2 (Harmonic Principal Component Analysis). Assume Con-
ditions 2.7.3 hold. Let

7[ .
X[ = f elwtdZw
=7

be a stationary time series in thereal part of H, and let X} = [" e“'C(w)d Z,,,
with Ce 9. Let q: [—m, 7] — N be a measurable function such that

Hgw) (@) >0, wel[-m, 7] (2.8.6)
Then, the solution to
min E || X, - X; ||°
Ce®H

subjectto  rank(C(w)) < qg(w),
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is given by
qw)
Clw) =} ¢ @207,
j=1
where F, = Z‘]’il M (w)(p]“.’ ®2 (p;'.’ is the spectral decomposition of #,,. The
approximation error is given by

2 b/
elx-x; )= [

/]

{ )3 u;(w)}dw-

Jj>qw)

Proof. The proofis an adaptation of Brillinger (2001, Theorem 9.3.1) to
our case. Since

X, - X} :f AN (- C(w))dZ,,
Theorem 2.5.1 yields
E|xe-x; = [ Te(ir-C@ili - ') do
_7,: +
:f T (U - Cn FL2 [ - Cn.FY?)')do

=7

= (I - C)ZY2|dw, 2.8.7)

wl}e}re 593;01,/2 = ‘;‘;1 VM (w)(p‘]‘.’ ®> (p‘]*.’. The term (2.8.7) is minimized by
minimizing
(1= CnZ22|l,

for each w. This is achieved, under our constraints, by

q(w)
Cl)= ) ¢ @205
=

Notice that C(w) is a ||-||lo-measurable function, since

q(w)

Cl)= ) ¢7 9]
j=1

=3 Lii<q} ¥ ®2¢7

izl
and the latter sum is finite since g(w) € N. For the error term, notice that
1/2
(I-C)Z, (Z 2 ) 1)l ®29%
jzl j=q)

= Y.\ Hj@¢f @209
o
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and hence

x| £ w)ao

“T\j>q(w)

The function in parentheses is measurable since it is an infinite sum of
measurable functions, which is absolutely convergent. Indeed,

T /1
> Iuj(w)ldwsf -7l dw < co.

T j>q) -

Remark 2.8.3.

1. Condition 2.8.6 is here to ensure that the eigenprojections @; (w) ®2 @; (w)

are identifiable for i < q(w).

2. Contrary to the classical finite-dimensional results (e.g. Brillinger
(2001)), we do not restrict q(w) to be constant over w. In this sense,
when restricted to finite-dimensional Hilbert spaces, our results are
more general than analogous results for vector-valued time series.

Remark 2.8.4 (Representation as vector time series).

Restricting q(w) to be a constant functions—say q(w) = q € N for all v—
yields a rank q version X; of X;. This can be represented in a 1-1 fashion
by the filtered vector series Yy € RY of (2.8.3), whose important charac-
teristic is the lack of correlation between its coordinates, and also across
time—just as one expects with the scores obtained in a traditional principal
component analysis. The Y; can therefore serve as the harmonic princi-
pal component scores. (see Section 2.8.2, in particular Remark 2.8.11 and
Proposition 2.8.12)

Remark 2.8.5 (Harmonic PCA dominates fPCA).

Since the q-dimensional linear approximation of X given by fPCA can be
written as PX;, where P € S, (H) is an orthogonal projection operator of
rank q, Theorem 2.8.2 tells us that

E| X, - X < EIX, - PX,I. (2.8.8)

In other words, the harmonic PCA dominates fPCA. Let us give another

derivation of (2.8.8). Since E | X112 < oo, we just need to show that E | P X; 1% <

E|| X[ Let %o = L =1 YnWn ®2 Wy be the eigen-decomposition of the lag-
0 autocovariance operator. We have that P = ZZZI W5, ®2 Yy, and therefore,
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if ug(w) >0 forallw € [-m, 1], we have

EIPX.)1> = ETr (PX; ®, PX;)

=Tr (P%,P)

q
=Tr

Yn¥n®2 1,Un)

n=1

= i (BoWnWn)

T 49

< ( Z Un (w)) dw (by Theorem A.2.3)
—7 \n=1

= E|| x|, (by Theorem 2.5.1)

and the claim is proven.

Let us now discuss the case where E|PX;||*> = E ||X;‘ || From the above

calculations, this happens for q = 1 fixed if, and only if, for almost every
w € [-1, ], we have the equality

q q
Y Un®un=) 9L erpl. (2.8.9)
n=1 n=1

(recall that we are assuming that Condition 2.7.3 holds). Equation (2.8.9)
means that the eigenspace spanned by the first q eigenfunctions of the
spectral density operators are constant in w. Now if we assume that all
the spectral density operators .%,, are strictly positive definite, and that for
each w € [-m, 7], all their eigenvalues are distinct, then E|PX,||1* = E|| X} |
holds for all q = 1 if and only if

PL R PY =Yy @2y, n=1,w-ae.

This implies that the eigen-decomposition of the spectral density operator
at w is given by
Fo=Y n@Yn®2y, wo-ae.

n=1

and therefore, using the inversion formula, we get, forallt € Z,

H .
%tzf e Z,dw

v/

:f ei‘”(z Hn (@)W @2y |dw

- n=1
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= Z eiwt,un(w)dw‘ (1//n ®2 Wn)

n=1v-71

(by the dominated convergence Theorem)

T
=) 2[ cos(@t) (@ dw - (Wn®2v,),
n=1 J0
thus

K= Yhwn®2y,, teZ, (2.8.10)

n=1
where YZ = Zf(f cos(wt)up(w)dw. In particular, (2.8.10) implies that an
eigenfunction of %y will also be an eigenfunction of all lag-t autocovari-
ance operators, and that the scores &', = ( Xy, ,,) of the Karhunen-Loéve
expansion of X,
XZ = Z €ZWn;

n=1

are uncorrelated in space, E ¢4, | =0 for n # m, and also across time,
E [fzéjn] = <f@t—s'lI/m, V/n> =0, t#s;n,m=1.

Essentially, this means that X, = (£1,€2,.. .)T, where each (£) ez is a uni-
variate time series that is uncorrelated with every (¢ ;”) ez, form # n. Equa-
tion (2.8.10) also implies that

Ry=R =%, VteZ,

which can be described as second-order time reversibility of X;.
Therefore, harmonic PCA strictly dominates fPCA unless the FTS X, is
second-order time reversible, or if all its autocovariance operators do not
share the same eigenfunctions.

We now make precise the way in which a Cramér-Karhunen-Loéve repre-
sentation of the form (2.4.9) of (2.4.10) holds.

Theorem 2.8.6 (Cramér-Karhunen-Loéeve decomposition). Under the
conditions of Theorem 2.8.2, we have:

E

2
=f {Z un(w)}dw. 2.8.11)

- | n>q

T, q
Xt_[ e ( 2 #n®2 w%’) dZ,
n=1

v/

Furthermore, if %, is strictly positive-definite for all w € [—m, ], we have
that

T .
Xe=) | &gl erp8)dZ, inH, (2.8.12)

n=1J-7

where each of the summands

T[ .
fe‘“’t((p‘,;’obz(p‘,‘;)dzw, n=1,tez,

=7
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is almost surely in the real part of H, and these are orthogonal in space (n),
across all time lags, i.e.,

T

JT . .
E [ [ tosonpiazoe: [ dpiongiaz,
=TT

=7

Tr .
:6,”,1-[ e 1 ()% @2 % dw.
-7

Remark 2.8.7 (The Cramér-Karhunen-Loeéve is a natural extension of the
Karhunen-Loéve expansion to FTS).

This Theorem shows that (2.8.12) decomposes the FTS X; into a sum of
components that are not only uncorrelated across n, within each timepoint
t—a property already present in the Karhunen—Loeve expansion—but also
across time lags. In this sense, the Cramér-Karhunen—Loeve decomposition
is the natural extension of the Karhunen—Loeve expansion for functional
time series.

Proof of Theorem 2.8.6. The first statement is a corollary of Theorem 2.8.2.
Let Oy (w) = eryzl @Y% ® % for any N = 1, including for N = co. Notice
that

T
||<I)oo—(l>1\;||f5 :f Tr( Z [T )17 ®2(p‘,§)da)—>0, N—-oo, (2.8.13)

- n>N

by the dominated convergence Theorem. Therefore, by the isometry
property (2.5.6),

T[ .
X, = f 2o (w)dZ,

v/
= li 0]
7 |, eox)
= Al]gréo S (e, D)
b/

N
. iwt
= lim | €Y (Z % 2%
n=1

N—ooJ_g

az,

N—oo - —

N pn o
=1lim ) [ €Y' (p%®9%)dZ,
n=1J-7

o0 T,

=) f el (o4 @2 0%) d Z,.
n=1J-71

Let us now show that Y = 7 el®! ((p‘;’ ®) (p‘]") d 7, is almost surely in the

real part of H, or equivalently, that Y = Y almost surely. Using Theo-
rem 2.5.1, we get

— 7[ . _ _
Y:f_ el(‘w)t((pj‘“®2(pj‘“)d2w a.s.

T

Tt (—oe o
:f_ne ((pj“’@g(pj‘“)dZw
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7[ .
et (90']” ®2 (ﬁj") dz, (by Proposition 2.8.8)
-7
Y.

Turning to the last statement of the Theorem, Proposition 2.5.1 yields

4

7[ . .
E [ f e (¢ ®29%) d Z,y @ f e (@ ®29%) d Zy
—7T

-7
7-[ .
= f 19 (02 @, 0%) oy (0, ®20%) dw
-7
7[ .
:6,1,,,1[ Ay () (¢4 ®29%) dw.
3

This finishes the proof. O

2.8.2 Representation as a Vector Time Series

In this section, we will provide the expressions of the filters A, B involved
in (2.8.3) and (2.8.4). We first give some additional properties of the weak
spectral density operators.

Proposition 2.8.8.
Assume .F. € L' (-7, 7,4 (H)) are the weak spectral density operators of
the functional time series (X;), taking values in the real part of H. Then

Fy=F_u, foralmosteverywe [—m,u].

Furthermore, pj = 0 is an eigenvalue of 7, if and only if it is an eigenvalue
of ¥_u, ie.,

/,thj(a))Zﬁij(w) and /,thj(—w)Zy_ij(—w),

wherell j(+w) are the corresponding eigenprojections corresponding to the
eigenvalue i j, and these satisfy

() = (~w).

Proof. Assume without loss of generality that .#,, is defined for all w €
[-m, ). For any t € Z, we have

b1 - T
fe“‘”:%udwzf ew=0Z, dw

-7 =TT

-7,

=Z%_; (since X; is real)
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where we did the change of variables a = —w for the last equality. Proposi-
tion B.0.16 therefore yields the first statement of the proof. For the other
statements, letting %, =3 jz1 Mj () (w) be the eigendecomposition of
the spectral density operator at w, we have

Fw=Fy= ). (@I W).
j=1

Since I1; (w) ITj (w) = IT;(w)ITj(w) = 6; j, and the last statements follow
from the uniqueness of the eigendecompositions of a compact operator.
O

We now turn to the representation of X; as a vector time series. We
will do this assuming that Conditions 2.7.3 hold, and for a truncation
function g : [-m, 7] — N that is cadlag with a finite number of jumps, i.e.
qw) = Zlel 1w, 0..0) 91, Where

—T=w1<--<W[+]1 =T,

and the g;s are non-negative integers satisfying g(w) € I(w) for all w €
[—m, 7]. Note that allowing q; = 0 for some [ corresponds to filtering out
the frequencies in the range [w;,w;1). First we need to find, for each
w € [—7, 7], operators A(w) € S (H,C%) and B(w) € F(C9, H) such that

qw)
B@AW) = Y 9@,
=1

J

where g = max, g(w), Letting vy,...,v4 be the canonical orthonormal
basis of C¥ (or any orthonormal basis), we see that choosing

¢y
Py
: q(w)
AW) =g | = 2 vi®207,
0 7=l
0

and B(w) = A(w)" will work. The next step is to take the Fourier transform
of A(-) and B(:) to define filters (a,)scz and (b;) sez that define the vector
series (Y;), and the reconstructed series (X;). In order to do so, we will
assume that w — % is measurable, as a [-7,7] — H mapping, for all
j=1,...,q. The need for such an assumption is explained in the following
remark.



2.8 OPTIMAL FINITE DIMENSIONAL REDUCTION

Remark 2.8.9.

Assuming measurability of the mapping v — (p“’ is needed, even under
Condition 2.7.3, because the eigenfunctions ((p‘”) j=1 are not identifiable.
Indeed, if ¢ is an eigenfunction of %, ag wzll also be an eigenfunction
with the same eigenvalue, for any a € C of modulus one. Therefore the
function w — (p‘]‘.’ could be modified to w — a(w)q)‘]f’ for any (possibly non-
measurable) function w — a(w) € C satisfying |a(w)| =1 for all w € [, 7].

We now turn to the filters (ay). These need to satisfy A(w) = ¥ 7 e “aq.
Applying Proposition B.0.17, we can take

n .
as = (27!)_1[ e Alw)dw.
=TT
More precisely, we have for all s € Z,
7-[ .
as = @m)~! f e A(w)dw
=T
T, qw)
— (27.[)—1[ ela)S
=T

2 U8
Wi+l i
= (2m)~ IZ f

j=1
:(Zn)_lz Z vj®;
I=1j=1

dw

Z Vj ®2(p] dw

f i1 le(pa)dw]
W

The filters (b;) are then given by the relation b, = al s- Explicitly,

Wiyl
f e“”sq)‘]‘-’dw

L
bs—(Zﬂ) IZZ

I=1j=1

®- vj.

Let us now give some remarks about the filtered series Y;:

Remark 2.8.10 (Conditions for Y; to be real valued).

The series Y, constructed by filtering X; with the filter (as) is not necessarily
real valued. Sufficient conditions for it to be real valued is that a; X, s takes
values in the real part of H, or equivalently that as = as. Since

7[ .
as = @2m) ! f & A(w)dw
-7

and . i
a;=2n)7" f e S A(wydw = 2m) 7! f A A(—w)dw,
-7

-7
we would need A(w) = A(-w) for almost every w, or equivalently that

(i) q(w) = q(—w) almost everywhere, and

(i) 97 = ¢, foreach j=1,2,...,q(®).
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Condition (i) is easy to satisfy. Let us discuss Condition (ii). Since the
eigenspaces of the spectral density operators corresponding to non-zero
eigenvalues are assumed to be of multiplicity one, and Il ;(w) = I1;(-w) (see
Proposition 2.8.8), we know that there exists a complex number a(w) of
modulus one such that(p_‘]‘.’ =a(w) -(p]_.“’. It is possible to choose the ¢ s such
that a(w) = 1, yielding therefore a real valued vector time series Y;. Indeed,
just construct w — (p‘]‘.’ forw € [0, 1], and then extend it to w € [-,0) using

the relation (p]_.‘“ = (p_j’

Remark 2.8.11.
In the particular case where q(w) = q is constant, we have

w

q T, T @y
:(2”)_lzl’j®2f e_'wstptj‘-’dw]z(zm_lf e | ldo

j=1 -7 - .

#q

and

bs=(m~" ZU ws ¢Ydw

®2vj=/n ""S(q)l, ,(p‘;;)dw.

=7

In this case, the series Y; is given by

n <Xt—s;(l)(1”>

Z Vj® Z “”S<Xt ¥ >dw =) e\’ : dow.
seZ seZJ—T »
<Xl’—81(pq>

(2.8.14)

In particular, we only need condition (ii) to hold for Y; to be real-valued.

Proposition 2.8.12.
Assume Conditions 2.7.3 holds for X;, and let Y; be defined by (2.8.14).
Then, the spectral density of Y is given by

M1 ((,U) 0 0
FY=| o 0o |=diag(ui(w),...,1qw)),
0 0 Hq(w)

where u;(w) is the j-th eigenvalue of FX. Furthermore, if we write Y; =
(Yi1,..., Y1,q), we have
b/
cov (Y, Yo,j) =65 f exp [iwtl yj(w)dw, Vi,j=1,...,q; teZ.

=7

In other words, all the distinct coordinates of Y; are uncorrelated across all
time lags

Proof. Let as be defined as in Remark 2.8.11. We can assume without
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loss of generality, that (v j);?:1 c H, and therefore that a; € % (H), and
A€ L?([-m,7],.%(H)). By Proposition B.0.17, we know that

) ase—s—erA as N— oo, (2.8.15)
In|l<N

in L?([-n, 7], % (H)), where A(w) = 27:1 Vj®: (p‘]‘.’. Notice that the func-
tions Y|, < @s¢;—s belong to the linear space

q
V={Z Vj®8j:8j ELZ([—H,JT],H)}-
j=1

Furthermore, for any g € V, we have
2 T
Ialls = [ [l Zos' ] a0

-7
T

Sf lllg@)]||511- %0l de
2

<c[ flgwllzdw

where ¢ = sup,, % lll; < co. Therefore (2.8.15) also holds in §), and Theo-
rem 2.5.5 can be applied. We get

FY = Aw).FX AT (w)

q q
Vj® <P‘]”) (Z i (@)p7 ®2 (P‘,”) (Z 90(}) ®2 Vj)
-1 =1

i=1

~

q
=2 1j(@) (v ®20)).
=1

Using the inversion formula, we get

n .
cov(Yyi, Yo j) Z(%YVJ',W):(SL]'/ e ui(w)dw,

=7

which finishes the proof. O

2.9 Outlook

As far as I know, the present Chapter is the first attempt to generalize
the Karhunen-Loéve expansion to the setting of functional time series
(apart from the article (Panaretos & Tavakoli 2013a), see discussion be-
low). The Cramér-Karhunen-Loeve decomposition has several potential
applications. Since an FTS X; can be approximately represented by a
vector time series Y; whose coordinates are uncorrelated across all time
lags (see Section 2.8.2), the Cramér—Karhunen-Loéve decomposition can
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be used for modeling purposes. It would be preferable to current method-
ology (based on truncation of the Karhunen-Loéve expansion;see, e.g.,
Aue, Norinho & Hormann (2014, to appear)) because truncation of the
Cramér—Karhunen-Loéve decomposition explains more of the series total
variance, and the models under consideration would have fewer parame-
ters (because of the uncorrelatedness of the coordinates of Y; across all
time lags). The Cramér-Karhunen-Loéeve decomposition could also be
used to simulate an FTS with specific properties, or for comparing the
second-order dynamics of functional time series (see Chapter 4).

Extensions of the results of this chapter to general second-order station-
ary functional time series, not necessarily admitting a spectral density,
would be of interest. For univariate time series, this is done through
Herglotz’s Theorem (which is a particular case of Bochner’s theorem, see
Rudin (1991)), which states that for any second-order stationary time
series, there exists a spectral measure F on [—, 7] such that cov (X, Xy) =
ffﬂ ¢! dF(w). The extension to the multivariate (finite dimensional)
setting causes no problem, because the results can be derived for each co-
ordinate and then put together, without any convergence problem since
the number of coordinates is finite. The functional case is however more
complicated, because of the infinite number of coordinates. However, it
seems that Milnos’ Theorem (Kuo 1996) could allow the extension of our
results to general second-order stationary functional time series.

Differences with Panaretos & Tavakoli (2013a)

Although an earlier version of results presented in this chapter has been
published (Panaretos & Tavakoli 2013a), several results presented in this
chapter have weaker assumptions than those of Panaretos & Tavakoli
(2013a). Indeed, Panaretos & Tavakoli (2013a) give a functional Cramér
representation for FTS in L2 ([0,1],R), under summability conditions on
the nuclear norm of the autocovariance operators, continuity of the auto-
covariance kernels, and their summability in the supremum norm. The
functional Cramér representation given in Section 2.4 only assumes the
existence of weak spectral density operators, which always exists under
weaker summability conditions (see Proposition 2.3.5). Furthermore, we
derive in Section 2.5 the Cramér representation of linear filterings of a
functional time series, under summability assumptions of the operator
norm of the filtering operators, whereas Panaretos & Tavakoli (2013a)
derive the same result under summability of the Hilbert-Schmidt norm of
the filters, a much more stringent assumption.



CHAPTER

Inference for the Spectral
Density Operators

By combining a functional Cramér representation with the Karhunen-
Loéve expansion, we developed in Chapter 2 a doubly spectral decom-
position (the Cramér—Karhunen-Loéve decomposition) for second-order
stationary functional time series. This decomposition generalizes the
Karhunen-Loeéve expansion, and provides a way of approximating the
functional series by a vector series which dominates traditional fPCA.
The main objects involved in this construction were the spectral density
operators—whose Fourier coefficients are given by the autocovariance op-
erators of the functional time series—and their eigenstructure. In practice,
the spectral density operators and their eigenstructure must be estimated
from data. The purpose of this chapter is to address this problem. We
begin by introducing some notation (Section 3.1), and defining the main
objects that will be used throughout this chapter (Section 3.2). We then
present, in Section 3.3, the functional Discrete Fourier Transform, and
study its asymptotic properties. This will play a major role in the esti-
mation of the spectral density operators. We will see in particular that
its asymptotic covariance is given by the spectral density operators, a
property that motivates the study of their empirical covariance, the peri-
odogram operators (Section 3.4). We shall see that these are asymptotically
unbiased—but inconsistent—estimators of the spectral density opera-
tors. Nevertheless, by smoothing the periodogram (Section 3.5), we can
circumvent this problem. We will show in Section 3.6 that the result-
ing estimators, the sample spectral density operators, are consistent and
asymptotically Gaussian estimators of the spectral density operators, un-
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der suitable weak dependence assumptions. We then show, in Section 3.7,
consistency and asymptotic normality for estimators of the eigenstruc-
ture of the spectral density operators. Since Functional Data are usually
recorded from discrete and noisy observations, we provide in Section 3.8
some conditions under which estimators constructed under noisy and
discrete observations are still consistent. We present in Section 3.9 some
numerical simulations to assess the finite sample performance of our esti-
mators, and give in Section 3.10 a discussion of the technical conditions
involved in our asymptotic results, and how they might be weakened. A
brief outlook (Section 3.11) concludes this chapter. Some technical results
used in this chapter are gathered in Section 3.12.

Although an earlier version of this chapter has been published (Panare-
tos & Tavakoli 2013a,b), some results present in this chapter are new
or stronger than those already published (e.g. Theorem 3.6.1, Proposi-
tion 3.10.1 and Theorem 3.8.3).

3.1 Notation

In this chapter, we will study the problem of estimation of the spectral
density operators and their eigenstructure, for a functional time series
(X¢) rez taking values in I2%(]0,1],R). Although we focus here on the case
H = L?([0,1],R), the proofs can be straightforwardly extended to more
general complexified separable Hilbert spaces. Since

L ([0,1],R) < L? ([0,1],C),

we can view our functional time series X; € L% ([0,1],R) as an FTS in
L2 ([0,1],C) that takes only real values.

We shall denote the inner product of L%([0,1],0) by (:,-), and denote its
corresponding norm by ||-||. We will denote the imaginary number by
i€ C, i.e. i> = -1, and denote the complex conjugate of @ € C by @. We
also define A" (w) = X T exp (-iw1).

We will use the letters 7,0 to denote the parametrization index of the
curves X, i.e.

T— X/(1), T€I[0,1].

Of course, since X; € L2 ([0, 1],C), the pointwise evaluation X,(r) does not
make sense, unless the curves are smooth, but writing the results in such
a way makes it easier to understand the statements , by allowing analogies
with the multivariate case. Therefore, statements such as

EX:(7) =u(), 1€l0,1]
should be understood as

[EX; -] =0.
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In order to emphasize this, we will often write
EX (1) =u(r), inlI2

At times, we will need to express equalities between elements of the
Hilbert space L? ([0,1]%,R), or more generally L?([0,1]”,C). We will abuse
notation and write

<f»g>z=f[wf(y)@dy, f.g€L*(10,1)",0), (3.1.1)

and |-l = (-, )2, without changing the notation for distinct dimensions p.

When stating an asymptotic result, we shall use the small-o, big-O nota-
tion: for a sequence (a,) < H, where (H, |-||) is a Hilbert space, a, = o(1)
means a, — 0, a, = O(1) means that there exists some M > 0 such that

lanll <M, nlargeenough,

and a; = o(ry), respectively a; = O(r;), means ay, r;l = o(1), respectively
an r;l = O(1). For instance,

aD(r,0)=b(z,0)+0(T™Y), asT — oo,in L?,

will mean
T||a™ -b|,—0, T—oco.

For a function g: D c R" — C, we denote Hg”oo = SUPyep 1&§X)].
A function a € L% ([0,1],C) induces an operator A on L? ([0, 1],C), through
right-integration,

1
Af(r):f a(r,0)do, feL?([0,1],C).
0

The function a is called the kernel of A, and A is called an integral operator.
We have |lal> = Il Alll,, and there is in fact a bijective correspondence
between such kernels and Hilbert-Schmidt operators.

3.2 Basic Definitions and Main Assumptions

We will assume in this chapter that X, is a second-order FTS in L2 ([0, 1], R),
with E| Xp|I? < co. The mean function of X; is defined by

p@) = EX,(7), inI?
and the lag- f autocovariance kernel of X; by

n(r,0) = E[(X,(1) - p(@) (Xs(0) - p0))], tez, inI?  (3.2.1)

recall that |||-|||2
denotes the
Hilbert-Schmidt norm,
see Section A.2.2.2 on
page 220
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If continuity in mean square of X; is assumed, then the autocovariance
kernels are also well defined pointwise. Each kernel r; induces a corre-
sponding operator % : I2([0,1],C) — L2 ([0,1],0) by right integration, the
autocovariance operator at lag t,

1
@th(r)=f r:(t,0)h(o)do = cov ({Xp, h), X (1)), he L*([0,1],0).
0

One of the notions we will employ to quantify the weak dependence
among the observations {X;} is that of a cumulant kernel of the series.

Definition 3.2.1.
The k-th order cumulant kernel of X;,,..., Xy, is the unique element A €
L2([0,11%,C) that satisfies

(A 18928 @) =cum ({Xs, 91, Xe,, Pk )) s 3.2.2)
forallg,,...,pn€ I2([0,1],C). We write
A=cum(Xy,...,Xs,).

We recall that for random variables Y1, ..., Yy € C, the cumulant is defined
by

p
cum(Yy,..., Y= Y (DPlp-D!]E

V=(V1,eyVp) =1

[1Y;

Jjevi

’

where the sum extends over all unordered partitions of {1,..., k}.

An intuitive way of understanding the previous definition is that

cum (Xy,..., Xg) (T1,..., 7p) = cum (Xy, (71),..., X, (T1))

p
= Y n'p-nJJE

v=(V1,..,Vp) =1

’

[T Xy

Jevi

in L?, where the sum extends over all unordered partitions of {1,..., k}.
Assuming E IIXOIIk < oo, k = 1, guarantees that the cumulant kernels of
order k are well defined (see Proposition 3.12.6).

A cumulant kernel of order 2k gives rise to a corresponding 2k-th order
cumulant operator #r,,...1,, : L*(10,11¥,C) — L?([0,1]¥,C), also denoted
cumop (Xy,,..., Xz, ), and defined by

Rt @i ®.8920) = cum X .o, Xy (@11, K, oo {9210 X )

= cum (X[p LR »th) <‘Pk+1rth+1 >r ey <(P2k»Xt2k>)
(3.2.3)

for all ii1,..., P2k € I2%(]0,1],C). The equivalent pointwise definition of
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this operator is given by

%tl,...,tzkh(l-l) seey Tk) = ‘[[0 Hk cum (th (Tl)) LERS) thk—l (Tzk—l)Ithk (Tzk))

X h(Tk+1, ceny T2k)d1'k+1 ves dek.

The following weak dependence conditions will be used in this chapter:

Condition C(L,k): X; is k-th order stationary, and foreach j=1,...,k—1,

o0
Y a+lglh|eum(Xy,..., Xg,, Xo) [, < 0o

t1yeesy ty—1=—00

For completeness, we recall here the definition of k-th order stationarity:

Definition 3.2.2.
A sequence of random elements (¢;) ez in H with E le % < oo forallteZ
is called k-th order stationary (k a positive integer) if forallty,...,t; € Z,
andl=1,...,k,

E [5t1+s®5t2+s®“'®5tz+s]

is independent of s€ Z.

Notice that condition C(0,2) is equivalent to

X; is second-order stationary and Z 7l = Z %l < oo.
teZ teZ

Recall that if X; is a second-order stationary FTS with }_;c7 [ %Zlllo and
Y ez |Tr (%£1)| < oo, Proposition 2.3.5 tells us that the spectral density op-
erators of X; are given by

Fo=0Cm Y e 'R, wel-m7l,
teZ

that they are continuous in w (with respect to |[|-lllo,), and that they are
uniformly bounded: [||.%lll; < M < oo for all w € [-m, 7]. Under the addi-
tional condition that w — Tr(.%,,) is continuous, we have an even stronger
result:

Proposition 3.2.3.
Suppose Conditions 2.3.3 and 2.3.4 hold, and that

w—Tr(%#,), wel-n,m7l,

is continuous. Then, for any orthonormal basis (e) n=1 of 12 ([0,1],C), the
convergence of the following series is uniformin w € [-m,]:

Tr(Fw) = Y (Fwen, en).
n=1

71
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Proof. Let gn(w) = (Fyen, ey). Notice that g, is continuous on [—, 7],
and g, (w) =0 for all w € [-m, 7]. Defining

N
Gy() =) gnlw),
n=1

we have that Gy (w) < Gy+1(w) for all N =1, and all w € [-7, 7]. Further-
more, every Gy is continuous on [—7, 7], and

Tr (%) = 1\111—120 Gyw), we[-m,7x].

Since w — Tr (%) is continuous on the compact set [—, 7], Dini’s Theo-
rem (Rudin 1976, Theorem 7.13) tells us that the convergence is uniform
on [—m,]. O

The following proposition gives some properties of the spectral density
operators, under some summability conditions that are stronger than
those seen in Chapter 2.

Proposition 3.2.4.
Suppose p =2 or p = oo, and consider the following conditions:

I(p). the autocovariance kernels satisfy 3 ez ll7¢ll p < 0o,
IL. the autocovariance operators satisfy Y. ez | %:ll; < oo,

where || %, is the nuclear norm. Then, under I(p), for any w € R, the
following series converges in |-l :

1
Soly) = > Y exp(—iwt)r(-,-). (3.2.4)

teZ

We call the limiting kernel f,, the spectral density kernel at frequency w. It
is uniformly bounded and also uniformly continuous in w with respect to
I-Ip, i.e. given any € > 0, there exists aé > 0 such that

Vor,0z, |w1-wl <8 = |fu, — fo, ”p <é&

The spectral density operator %, the operator induced by the spectral
density kernel through right-integration, is self-adjoint and non-negative
definite for all v € R. Furthermore, w — f,, is 2n-periodic, and the following
inversion formula holds in |- lp:

2n .
far,0)e"*da = r,(1,0), teZ;t,0€[0,1]. (3.2.5)

Under only II, we have
Fo=) e "%, (3.2.6)
teZ
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where the convergence is uniform in nuclear norm. In particular, the
spectral density operators are nuclear, w — %, is uniformly continuous
(with respect to |II-l1), and | 7y lly < X 1%y < co.

Proof. The convergence of (3.2.6) in |||, and the uniform boundedness
of the spectral density kernel follows from the triangle inequality. Using
the property :(t,0) = [_,(0,7)] T, we obtain £,(t,0) = [fo (O',T)]Jr, so that
the spectral density operator .%#,, is self-adjoint. For uniform continuity,
notice that

||fw1 _fwz ”p < Z |e—itw1 _ e—ith| ”Tt”p
teZ

<C Y e —e 2 +2 Y lnl, (3.2.7)
ltI=sN [t|>N

where C = maxyez llnll,. Fixing & > 0, since I(p) holds, we can choose
N = N(g) > 0 such that the right hand summand of (3.2.7) is smaller than
€/2. Now since for each t, the function w — e 1 is uniformly continu-
ous, we can choose a § = §(NN, €) > 0 such that the left hand summand
of (3.2.7) is smaller than £/2. Since § = 6 (N (¢),¢€) = 6 (¢), uniform conti-
nuity follows. The non-negativity and the inversion formula follow from
Proposition 2.3.5.

If II holds, then I(2) holds and the spectral density kernel is defined in
an L? sense. Equation (3.2.6) then follows from triangle inequality. The
uniform convergence and uniform continuity follow from the triangle
inequality and an argument similar to (3.2.7). O

3.3 The Functional Discrete Fourier Transform

Recall the Cramér representation, which tells us that X; = [ _”n eldz,. We
wish to estimate .%,,, which is the covariance operator of the infinitesimal
increment d Z,,. This motivates the following definition.

Definition 3.3.1.
Based on a finite stretch Xy, ..., XT—1 of the FTS X;, we define the functional

Discrete Fourier Transform (fDFT) of {X t}tT:_ol’

T-1
XP@=@rn™? Y X,(1)exp(-iwt).
t=0

which is the functional version of the discrete Fourier transform (DFT).

Intuitively, the fDFT estimates the increment d Z, and we might hope that
its covariance will be close to the spectral density operators. It turns out
that this is true asymptotically, under some weak dependence conditions,
as we shall see later on.

Notice that the construction of the fDFT does not require the representa-
tion of the data in a particular basis. The fDFT transforms the T functional

73
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Jor,wi (T T)

fwl;uwwk—l =

observations to a mapping from R into L[%([0,1],C). It straightforwardly
inherits some basic analytical properties that its finite dimensional coun-
terpart satisfies; for example, it is 27-periodic and Hermitian with respect
to w, and linear with respect to the series {X;}.

Since the fDFT will be the building block of our estimation procedure, we
will give a few results concerning its various moments. For this purpose,
we need to introduce the notion of a higher order spectral density, the
cumulant spectral density of order k, defined in L*:

1 ) k-1
Y exp(-i Y o)t )oum (X, (71),., Xop, (k) XoTh).

(zn)k—l 11yeeey tp—1=—00 j:l

In shorthand, we will write

1 (o] k-1

Forrtpn = o > exp(—i Y w;j tj)cum (Xt)e 0 Xt 1r Xo).-
Y 1.y lp—1=—00 j=1

This density is well defined and is bounded under C(0, k). In fact, the con-
vergence of the series defining the higher order density can be described
explicitly as follows:

Lemma 3.3.2.
We have

1 T-1 k-1
> exp(—izwjtj)cum(th,...,th_l,Xo)+£T,

@mk=t, T j=1

where the equality is in L?. The error term is uniform in w, and satisfies
er ~0(1) as T — oo under C(0,k). Under the stronger condition C(1,k) we
haveer ~o(T™Y), as T — oo.

Proof. Direct consideration of the expression for £, ., vields that

1 k-1

L YT feum (X X X0 [

em*1 = B
tuez

and the estimates of the error follow directly. In particular, the error is
independent of the w’s. O

With regards to higher order moments, we may establish an asymptotic
representation of the cumulant kernel of the functional discrete Fourier
transform in terms of the cumulant spectral density of the same order:

Theorem 3.3.3.
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Let AD (w) = Zth_ol exp(—iwt). We have

T*'2 cum (XEUTI) (Tl),...,Xé)Tk)(Tk))

.....

where the error term is uniform in w. In particular, e ~ o(T) under C(0,k)
and et ~ O(1) under C(1,k). Notice that in the case k =1, f(1) = (7).

Proof. We have

o~ ~ - —. k_l . —_— : _- e
cum (XD (1y),.., XD ) = @an) K2 Y e Hmltim e prinlont oy

e tr=0

x cum (Xﬁ—Ik (Tl)) ceey Xl’k_1—tk7XO(Tk))

With the change of variables ¢ = fy,u; = t; — t; for j =1,...,k—1, and
defining WD () =1if0< ¢ < T, and 0 otherwise, we can re-express the last
expression as

@r D) cum (XD (ry),.... X (1p)
=l —izk’l Uiw;
= ), e =% cum(Xy, (71),- 0 Xy, Xo(Th))

Uy Ug—1=—(T-1)

x 3 D+ 1)+ W gy + R (e ren
teZ
s S5 o (1 [
= Y e =R I AN @ | cum (X, (T1), -+, Xy Xo(TR)) + €17,
ul,...,uk_lz—(T—l) j:1

where AT (w) = Zth_Ol e 19t Now, €1, is an error term that we can bound
using Lemma 3.12.16:

len,r] =2 > (ual+ -+ lugor D ||eum (Xy, -, Xu 1, X0) || -

Uy g1 ==(T-1)

Using the dominated convergence theorem, we find that £y 1 ~ o(T) under
the first mixing condition, and €;,7 ~ O(1) under the second one, in both
cases independently of w. For the rest of the proof, we shall omit the 7;’s.
Using Lemma 3.3.2, we have

k
T2 cum (X;Tl),...,Xi)Tk)) = 2m)k/2-1AMD (Z wj)][wl,...,wk_l
j=1

k
+(@m)k2-1AM (Z wj)fz,T + @) "2 g,
j=1
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where €; 7 is the error term of Lemma 3.3.2. Since AT is O(T), we obtain
that the global error term is o(T) (resp. O(1)) under the first (resp. second)
cumulant mixing condition. O

By assuming summability of higher-order moments, we can show that the
fDFT is asymptotically Gaussian, with independent coordinates.

Theorem 3.3.4 (Asymptotic Distribution of the fDFT).
Let{X;} I} beastrictly stationary sequence of random elements of L* ([0, 1], R),
of length T. Assume the following conditions hold:

(i) ElXols <oo,

(ii) C(0,k) holds forall k = 2,
({i) Xiez ITr(%Z1)] < oo,
(iv) w— Tr (%) is continuous.

Then, for wy,1:= w1 =0, w2, T := Wy = 7, and distinct integers
83,T»--»SJ,T € {,..., |_(T— 1)/2]}

such that )
TSj,T T— .
T] T—°>ow]~, j=3,...7],

~ [T a4 &
X((};)_ gu_,le’ asT—»oo, (331)

and)?,(u?r 4, Xo;, asT—oo, j=2,...,] where{X,,} are independent
mean zero Gaussian elements of L? ([0,1],R) for j = 1,2, and of L? ([0,1],C)
for j =3,...,]. Their covariance operators are given by

a)ijZZ

we have

E|(Xu, 1oy 2 (Ko, ~ 1y )| = 2o,
and for j =3,..., ], their relation operator vanishes:
E[Xo,© %0, |=0, j=3,...].

Remark 3.3.5. Though the {w j,T}§:3 are distinct for every T, the limiting
frequencies{w;j : j =3,..., ]} need not be distinct.

Condition (ii) for k = 3 is the generalisation of the standard multivariate
cumulant condition to the functional case (Brillinger 2001, Condition
2.6.1), and reduces to that condition if the data are finite-dimensional.
Conditions (ii) for k =2 and (iii) imply that the spectral density operator
is a nuclear operator at each w, see Proposition 2.3.5. With Condition (iv),
these will imply the tightness of X D) A sufficient condition for (iii) and
(iv)is Xtez 1%+l < oo.
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Proof of Theorem 3.3.4. Define p(T) (r,0) = X ((UT) X (_7(3 (0), and assume
initially that u = 0. We will treat the case p # 0 at the end of the proof. First
we show that for any sequence wr, the sequence of random elements
X ((UTT), T =1,2,... is tight. To do this, we shall use Lemma C.2.3. Fix an
orthonormal ba31s {@n} =1 of L2 ([0,1],R). We notice that p(T)

element of the Hilbert space L?([0,1]%,C), with E H Po ” < oo, and that

the projection 2, : L*([0,1]%,R) — C defined by 2,(h) = {h,,¢,) is
continuous and linear. Therefore,

EY (XD on) = X E2pl)
n=N n=N

Z @, [Ep(T)
n=N

=Y Pul(Fr* F)(wr)]

n=N

=Y (Fr*[2,Z]wr)

n=N

=(Fr*[)_ P.Z1lwr))
n=N

= sup Z<9a(l’n,(ﬂn>

a€[-m,7m]l n=N

is arandom

where Fr is the Fejér kernel,

Fr(w) =

1 (sin(Tw/Z))z
2nT \ sin(w/2)

The third equality comes from Proposition 3.4.3 (which is independent
of previous results), the fourth equality follows from the continuity of the
convolution (see Section B.0.4.3), the fifth equality comes from the mono-
tone convergence Theorem, and the last inequality follows from Young’s
inequality (Hunter & Nachtergaele 2001, Theorem 12.58). Therefore,

sTu;;[E||5(g,T>||2s sup Y (Fapn®n)

a€l-m,7m] n=1

sup Tr(Fg)

a€[—m,m)

Y ITr (%)

teZ

IA

< 00.

Furthermore, since the convergence of ¥ ,,=1 {Za@n, ¢ ) is uniform in
a, by Proposition 3.2.3, for all € > 0, there is an N’ > 0 such that for all
N> N/,

S A Fanpn) <&, acl-mal.
n=N
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Ny () is defined in
Section 3.12.1 on
page 134

Therefore,

lim supE ) |<)~((E,T),<pn>|251\lfim sup Y {(FaPn ¢n)=0,

N—ooT>1 3N —00 qe (7,7 n=N

and X ! is tight by Lemma C.2.3. Consequently, the random element

~ J
(X0, X0 e (12 a0,11,0)
is also tight. Its asymptotic distribution is therefore determined by the
convergence of its finite dimensional distributions (see e.g. Ledoux &
Talagrand (2011, Par. 2.1)). Thus, to complete the proof, it suffices to show
that for any 1, ...,y € L?([0,1],C),

(X y1 ) (XD w)) = (R 1) (R wy), 83.2)

where X w; ~ N (0, L%,].) are independent random elements of H, where
H=12([0,1],R) if j = 1,2 and H = L?([0,1],C) if j = 3,...,J. . Thisisa
consequence of the following claim, which is justified by Brillinger (2001,
Theorem 4.4.1):

(D Forj=1,...,J,lety; = @21 +igzj, where g1,..., @2y € L*(10,1], R),
and let
Yt = (Yt(l)’n-’ Yl’(zn) € RZJ

be the vector time series with coordinates Y;(I) = (X;,¢;). Then

- d < < .
Yt(u?T — Yu;, where {ij} are independent mean zero complex

Gaussian random vectors with covariance matrix F,, I (Fy j) sl =
ij (s,))= <ywj¢l»¢s>-

For the case u # 0, we only need to consider j = 1,2, since (X — p) ((”T])T =
X&?T for j =3,...,J. We need to show that
X (T r 12 o d <
X =\ 5om=@aDT Y (X - = Xo, (3.3.3)
2n =
and also that o
~ _ - d —~
Xy, =@y ()X = X (3.3.4)

t=0

The weak convergence in (3.3.3) follows immediately from the case p = 0.
For (3.3.4), notice that

T-1 =l
XD =0 Y ~)'X,-p+perD) VY (-1
t=0 t=0

The first summand is the discrete Fourier transform of a zero mean ran-
dom process, and converges to X ,. The second summand is determin-
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istic and bounded by ||u|| 2aT)"Y2, which tends to zero. Finally, the
continuous mapping Theorem for metric spaces (Pollard 1984) yields
(3.3.4). O

We also remark that the weak convergence relation in equation (3.3.1) can
be re-expressed to trivially yield the corollary:

Corollary 3.3.6 (Central Limit Theorem for Cumulant Mixing Functional
Series). Let{X;} tho be a strictly stationary sequence of random elements of
L2([0,1],R) of length T satisfying conditions (i) and (ii) of Theorem 3.3.4.
Then,
1 T-1 J
ﬁ(? tz;,) X (1) - ﬂ(T)) — Mzo,um (0’ )y %t)

teZ

This provides one of the first instances of central limit theorems for func-
tional series under no structural modeling assumptions beyond weak
dependence. To our knowledge, the only other similar result is given in
recent work by Horvéth, Kokoszka & Reeder (2013), who obtain the same
limit under different mixing conditions, namely L”-m-approximability.

3.4 The Periodogram Kernel and its Properties

Since the asymptotic covariance operator of the fDFT are equal to the
spectral density operators, it is natural to study properties of the empirical
covariance of the fDFT, which we call the periodogram:

Definition 3.4.1.
The periodogram kernel at w is the random element osz([O, 112,0) defined
by
> = o > .
pDa,0) = [XPD)[X D)) =XP @)X Do), inL?

The operator on L? ([0,1],C) induced by this kernel through right integra-

tion will be called the periodogram operator, and denoted PlE,T).

~ (12 I
We have H p((uT) ”2 = HX,(UT) ”2, and hence E ” pé,T) Hz <oo, [=1.Theexpec-
tation of the periodogram kernel is thus well defined, and we have

Lemma 3.4.2.

[Ep,(UT) =T Yag+---+ar_,), where ar(t,0) = ZtT:_T e it

Ty (T) U) .

Proof. Make the change of variables u = t — s, and observe that, by sta-
tionarity of X;,
T-1 .
EpP@,o)=T"" Y (T-lube s, (1,0),
u=—(T-1)

which then yields the result. O
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That is, the expectation of the periodogram kernel is a Cesaro-sum of the
partial sums of the series defining the spectral density kernel. Therefore,
in order to probe the properties of the periodogram kernel, we can make
use of the Fejér kernel

Fr(w) =

1 (sin(Tw/Z) 2

1
. ) =—AD ().
2nT \ sin(w/2) 2nT

It will thus be useful to recall some properties of Fr: ffn Fr=2n,Fr(0) =
T, Fr(w) ~ O(T) uniformly in w, and Fy(2rns/T) = 0 for s an integer with
s#0 mod T. This last property will be used often.

The next proposition gives the mean of the periodogram kernel:

Proposition 3.4.3.
Assuming that C(0,2) holds true, we have, for each w € R,

1 /A
E[pP(r,0)] = 5 f Fr(w-a)fy(t,0)da + u@)uo)Fr(w), inlL?
TJ-m
In particular, ifw = 2ns/ T, with s an integer such that s Z0 mod T,
1 /4
E(pP(r,0)] = —f Frw-a)fy(r,0)da, inl?
217 J-n
Proof. Using the definition of the periodogram operator,

1 S = I = ¥
Ep.(,0)= z—cov(X((yT)»Xz(uT)) o E[X, @] E[X5)0)]

T-1

Z e—lw(t S)COV(XI(T) XS(O'))+L,U(T)H(O'HA(T)((U)'
$,t=0
T-1

Y e Uy (1,0) + p(@) o) Fr(w).
s,t=0

1
nT

1
nT

Using the inversion formula of Proposition 3.2.4, we obtain

EpP(z,0) = —T Z —iw(t=9) f_ﬂ 9 £ (1, 0)da+ pu(r) o) Fr(w)

| T-1 .
_ LTf [ y e_l(t—s)(w—a)]fa(r,a)da+u(r)u(0)FT(w)
7 {s1=0

N

=AM (-a)?
T

1
=5 Frw-a)fa(r,0)da+ u(m)u(o) Fr(w).

For the case w = 2ws/ T, with s an integer with s # 0 mod T, the result
follows from the fact that Fy(w) = 0. O

In particular, the periodogram kernel is asymptotically unbiased:



3.4 THE PERIODOGRAM KERNEL AND ITS PROPERTIES

Proposition 3.4.4.
Let s be an integer with s #0 mod T. Then, we have

(1)

E p2ﬂs/T(T’U)] =f27TS/T(T»O')+5Ty inI?.

The error term e is o(1) under C(0,2) and O(T™Y) under C(1,2). In either
case, the error term is uniform in integers s#0 mod T.

Proof. Since s#0 mod T,

E Pg)s,T(T, 0')] =cum (XZHS/T(T)»X—ZHS/T(O-)) :][27ts/T(T,0') + &,
and the result follows from Theorem 3.3.3. O

Notice that this result can also be proven using the fact that the Fejér ker-
nel is an approximate identity, see Proposition B.0.15. Having established
the mean structure of the periodogram, we turn to the determination of
its covariance structure.

Theorem 3.4.5.
Assume wy and w» are of the form 2ns(T)/ T, where s(T) is an integer,
s(T)#0 mod T. We have

cov(pll (1,01), pl) (¥2,02)) = w1 — W2) for, (T1,T2) fowy (01,02)+

+n(w1 +w2) fw, (T1,02) f~w, (01, T2) + €T,

where the function n(x) equals one if x € 2nZ, and zero otherwise. The
error term e is 0o(1) under C(0,2) and C(0,4); e ~ O(T~Y) under C(1,2)
and C(1,4). In each case, the error term is uniform in wy,w» of the form
2ns(T)IT withs(T)Z0 mod T.

Proof. In this proof, in order to compactify notation, we will say that the
o(T)
error term is o under assumption A/B, meaning that the error term is

of order o(T) under condition A, and of order O(1) under condition B.

in L2,
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Since

cov(p)(11,01), ) (12,02)) = cov (X V@)X D) (01), XD (72X ) (02))

=E(XP @ XD 00X 12X () (02)

\W_.J\W_J\;wzf_.d\_v_.d
A B C D
~E[XD@nXD 0D E[XD 12X Do)

E[ABCD] - E[AB] E[CD],

using the notation (A) = cum(A) = EA, (A,B) = cum(A4,B), (A4,B,C) =
cum (4, B, C), and so on, and invoking Lemma 3.12.5, we deduce

Cov(pb(uTl) (11,01), pg) (12,02)) = (A,B,C,D)+
+(A)(B,C,D)+ (B)(A,C,D)+ (C)(A,B,D) + (D)(A,B,C)
+(A,C)(B,D) + (A, D)(B,C)
+ (A)(C)(B, D) + (A)(D)(B, C) + (B)(C)(A, D) + (B)(D)(A, C)
=(A,B,C,D)+ (A C)(B,D)+ (A,D)(B,QC). (3.4.1)

The last equality comes from the fact that (A) = (B) = (C) = (D) =0, given
that wi, w, are of the form 27s(T)/ T, with s(T) #0 mod T. We now ap-
proximate each term of (3.4.1) using Theorem 3.3.3:

21 _
(A,B,C,D) = = for,-r,~0, (T1,01,72,02) + T %er,

where €7 is the error term of Theorem 3.3.3. Thus (4,B,C,D) = O(T™1),
uniformly in w under either C(0,4) or C(1,4).

For the next term, we have under the assumption C(1,2)/C(0,2):

A,C)B,D) =T 2{AD (@, - "OLIAD (@, - o
(A,C)(B,D) (w1 —w2)fo, (T1,T2) + o (w2 —w1)f~w, (01,02) + o

= T2|AD () — w2) P £y, (T1,72) foi0, (01,02)

—2 (D) o(T)
+ T2AD @1 - 0) o, (11,72)|
o)
+ T—ZA(T)( )][ ( ) O(T)+ o)
Wwr— w1y (01,0 .
2 1 w 1 2 oW O(T’Z)

Using the fact that AT = O(T), £, = O(1) uniformly in v, we obtain

o(1)
(A, C)(B, D) =n(w1 — w2) fu, (T1,T2) f~w, (01,02) + o1y’



3.5 SMOOTHING THE PERIODOGRAM: THE SAMPLE SPECTRAL DENSITY OPERATORS

where the function 7n(x) equals one if x € 277, and zero otherwise. A
similar calculation yields

o(1)

(A; D) (BJ C) = n(wl + w2)fw1 (TI)O-Z)f—wl (O-IJTZ) + O(Tﬁl)

and in each of these cases, the error term is uniform in w;, w, of the form

2ns(T)/ T, with s(T) Z0 mod T.
Piecing the results back together, we conclude that

cov(pll (1,01), plY) (¥2,02)) = (w1 — w2) for, (11, T2) fow, (01,02)

+N(w1 + w2) fw, (T1,02) 0, (01,T2) +

with the error term being uniform in w,,w; of the form 27s(T)/ T, with
s(T)#20 mod T. O

3.5 Smoothing the Periodogram: The Sample Spectral
Density Operators

The results in the previous section show that the asymptotic covariance of
the periodogram is not zero, and hence, as for vector time series, the peri-
odogram kernel itself is not a consistent estimator of the spectral density.
In this section, we will see that we can nevertheless construct a consis-
tent class of estimators by smoothing the periodogram at neighboring
frequencies. The key idea is that although the periodogram is inconsis-
tent (because its asymptotic variance does not vanish), the asymptotic
variance of the periodogram operator is continuous in w (under weak
dependence assumptions). Therefore, by taking local averages of the
periodogram, we can reduce the variance of the estimator while control-
ling the increased bias, so that the resulting estimators of the spectral
density operators are consistent. To give some intuition, let us explain
a bit in more detail this idea for estimating the spectral density opera-
tors in the context of univariate time series (Einstein 1914, Blackman &
Tukey 1959, Brillinger 2001, Bloomfield 2000, Priestley 2001, Percival &
Walden 1993, Fan & Yao 2003). The following paragraph is inspired by
Fan & Yao (2003). For univariate time series, the periodogram is given
by p, = 2nT)™! |ZtT:_01 e_i“’txt|2, and is typically computed at the Fourier
frequencies wj = 2nj/ T, where j =1,...,T — 1, both for computational
reasons (the Fast-Fourier Transform can be used to compute them with
O(Tlog(T)) complexity ; see, e.g., Cooley & Tukey (1965), Duhamel & Vet-
terli (1990)), and for statistical reasons (the variance is reduced at Fourier
frequencies; see the proof of Theorem 3.4.5). Therefore, estimation of the
spectral density operators can be viewed as a non-parametric functional
regression problem (Ferraty & Vieu 2006), where one wishes to estimate
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the spectral density operators using the scatter-plot
(0j,Po;), j=1,...,T-1.

Several approaches are possible. One can either smooth the periodogram,
or the log-periodogram, and for each of these approaches, a smoothing
technique, such as kernel/linear/polynomial smoothing, can be chosen.
Each of these techniques is based on a bandwidth parameter (or a param-
eter playing an equivalent role), which can be chosen globally (constant
in w) or locally. A global bandwidth is easy to implement, but is inefficient
if the spectral density operators are very variable. On the other hand, a
local bandwidth will adapt to varying spectral density operators, but the
choice of the bandwidth parameter and implementation will be more
complicated.

In this section, we choose to construct estimators of the spectral by
smoothing the periodogram operators using a kernel with a fixed band-
width.

Let W(x) be a real function defined on R such that

1. W is positive, even, and bounded in variation,
2. Wx)=0if|x|=1,

3. [ Wdx=1,

4. [ W(x)*dx < oo.

The assumption of compact support is not necessary, but will simplify
proofs. For a bandwidth Bt > 0, write

1
whDx=Y —w

(3.5.1)
jez Br

x+27rj)
Br )’

Some properties of W can be found in Lemma 3.12.18. We define the
spectral density estimator £, (1) of 1w atfrequency w as the weighted average
of the periodogram evaluated at frequencies of the form {275/ T} = 1 , with
weight function WD:

2

on T=
aET)(T,O') 7 Z wD (a) )pm) (r,0).

We also denote the operator induced by the kernel £, " by FED . For
convenience, we might also refer to these objects as the sample spectral
density kernels and sample spectral density operators, respectively.

A consequence of the assumption of compact support worth mentioning
is that, in fact, at most O(T Br) summands of this expression are non-
zero. We will show in this section that, under appropriate conditions
on the asymptotic behavior of Br, this estimator retains the property of
asymptotic unbiasedness that the periodogram enjoys. We will determine
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the behaviour of its asymptotic covariance structure and establish strong
consistency in mean square (with respect to the Hilbert-Schmidt norm).
Finally, we will determine the asymptotic law of the estimator.
Concerning the mean of the spectral density estimator, we have:

Proposition 3.5.1.
Under C(1,2), if Br — 0 and By T — oo as T — oo, then

E£D(1,0) =f W(X)foy—xp, (T,0)dx+ OB T™H,
R

where the equality holds in L?, and the error term is uniform in w.

Proof. We use Proposition 3.4.4 to write

Ef"(1,0)= 7” i ( —@){fm(r 0)+0(I"H}
s=1
I S 27 N 2 27s
_?s:1W (CU_T)](ZHS(T)U)"'O(T ) 75;“/ ((U— T ) ’

where the error term is uniform in s. Using Lemmas 3.12.15, 3.12.17 and
3.12.19, we obtain

o T=
T Z (T)( - —)][27-[3('[ 0) = f W (w-a)fy(r,0)da+er,
where e1 ~ O(B}1 T~1), uniformly in w. Using Lemma 3.12.19 again,
_7'[ i w® ( 2’”3) =0(l)
T 5 T
if Bf T — co. Combining these facts, we may write
27
E£ D (r,0) = f WD (-a) fo(r,0)da+ OB T H+0(T™.
0

With a change of variables, we obtain

2
f wh (w—a)fada:f W(x)fy-xB, dx.
0 R

This completes the proof. a
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Concerning the covariance of the spectral density estimator, we have:
Theorem 3.5.2. Under C(1,2) and C(1,4),

cov (" (11,00, fi (12,02)) = 27”] {W(T)(wl_a)W(T)((UZ_a)][a(leTz)f—a(Ul;UZ)

+ W0 - )W (wy + @) o (11,02) o071, Tz)}da
+OBAT ) +0(T™,

where the equality holds in L, and the error terms are uniform in w.

Proof. Using Theorem 3.4.5, conditions C(1,2) and C(1,4), yield

cov(£" (r1,00), £ (T2,02))

= @2n/T)? Z W 225/ YWD (w, — 271/ T) %
s,l=1

x {n(Zn(s— DIT) fons (71, T2) f2ms (01, 02) +

+N@2a(s+DIT)fons (T1,02) fz2ns (01, T2) + O(T_l)}
2
o(r™)

(T)
—2nslT
- Z (w; —27s/T)

A
“ﬂ| B
v
fn

W - 2751 YW (w1 — 275/ T)fors (71, 72) f=22: (01, 02)

}\]
,_.r—‘

(7”

) Z W w2751 YW (01 + 278/ T) fazs (T1,02) f=2a: (071, T2),

where the error term is uniform in s, /. An application of Lemmas 3.12.15,
3.12.17, 3.12.18 and 3.12.19 now completes the proof. O

Noting that | W | = O(B}!) and || £ [lc = O(1), a direct consequence of
the last result is the following approximation of the asymptotic covariance
of the spectral density estimator:

Corollary 3.5.3. Under C(1,2) and C(1,4),
cov(fi D (1,00, fi (12,02)) = OBF* T,
where the equality holds in L?, uniformly in thew’s.

This bound is not sharp. A better bound is given in the next statement,
which, however, is not uniform in w.

Proposition 3.5.4.
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Assume conditions C(1,2), C(1,4) hold, and that By — 0 and By T — oo as
T — oo. Then,

7lim BTTCOVUQEIT)(Tl,al),fQEZT)(12,02)) :an W(@)*da x
X {n(an —W2)fuw, (T1,T2) 0, (01,02) + (w1 + 2) fo, (T1,02) f~w, (01,12)}.

where the function n(x) equals one if x € 2nZ, and zero otherwise. The
convergence is in L? for any fixed w1, w;. If w1, w, depend on T, then the
convergence is in I? provided (w; + w>) are at a distance of at least 2Bt
[from any multiples of 27, if not exactly equal to a multiple of 2.

Proof. Let d(x,y) denote the distance in R/27Z. We shall abuse notation
and omit the (7,0)’s, for the sake of clarity. Theorem 3.5.2 yields

y/

BrTcov (<", £1) = 2n By f WD () —wr — ) WD (@) foy 10 f- (i dt
=7

(3.5.2)

T
+ 2B W(T)(wl +w2—a)W(T)(a)f_(wz_a)wa_ada

=7

(3.5.3)
+0(B;' T+ O(Br).

We have employed a change of variables, the fact that W?) is even, and
the fact that both W) and £ are 27-periodic. Notice that the error terms
tend to zero as By — 0, T B — oo.
First we show that (3.5.2) tends to

N(w1 — w2)fuw, (T1,T2) f~0, (01,(72)27tf[R W()?da, (3.5.4)

in L2, uniformlyin all w; = wy, 7,02 = w, 1 such that w, 1 = wy, 1 or d(w1,7—
w2,T,0) = 2Bt forlarge T. If d(w; —w»,0) = 2B7, (3.5.2) is exactly equal to
zero. If w; = w,, we claim that (3.5.2) tends to

fw(rl,rz)f_w(al,az)znfR W(a)?da. (3.5.5)

Notice that in this case, (3.5.2) can be written as
d 2
f Kr (@) fo+af-w+ayda x {fRW(a) da},
-7

where Kr(a) = £ [W(a/Br)1* { fg W(a)?da}”" is an approximate iden-
tity on [—m, 7] (see Edwards (1967, §3.2)). Since the spectral density ker-
nel is uniformly continuous with respect to |||, (see Proposition 3.2.4),
Lemma 3.12.21 implies that (3.5.2) tends indeed to (3.5.5) uniformly in w
with respect to ||-[|2. Hence (3.5.2) tends to (3.5.4) in |||, uniformly in w’s
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satisfying
w1,T = w21 or d(w, T —w2,1,0) = 2B7 for large T.

Similarly, we may show that (3.5.3) tends to

N(w1 +w2)fw, (T1,02) f~w, (al,rz)anRW(a)zda,

uniformlyin w’s if wy, 7 = —wy, 1 or d(wy, 7+w>2, 1) = 2B forlarge T. Piecing
these results together, we obtain the desired convergence, provided for
each T large enough, either w;, 7 — w2, 7 =0, w1, 7+ w2, 7 =0, Or

d(wLT—wg,T,O) >2Br and d(a)LT+w2,T,O) >2Br.

O

Remark 3.5.5. In practice, functional data are assumed to be smooth in ad-
dition to square-integrable. In such cases, one may hope to obtain stronger
results, for example with respect to uniform rather than L? norms. Indeed,
if the conditions C(L,k) are replaced by the stronger conditions

Cl: Y +lgH]eum (X, .o, Xy, Xo) | <000 j=1,.0, k=1,

ey lp—1€Z

then the results of Lemma 3.3.2, Theorem 3.3.3, Propositions 3.4.3, 3.4.4,
Theorem 3.4.5, Proposition 3.5.1, Theorem 3.5.2, Corollary 3.5.3, and Propo-
sition 3.5.4 hold in the supremum norm with respect tot,0.

3.6 Consistency and Asymptotic Normality of the Sam-
ple Spectral Density Operators

Combining the results on the asymptotic bias and variance of the spectral
density operator, we may now derive the consistency in the supremum
norm of the Hilbert-Schmidt distance for the sample spectral density
operators. Recall that .%,, is the integral operator with kernel £, and,
similarly let ﬂé,ﬂ be the operator with kernel quT). We have:

Theorem 3.6.1.

Provided assumptions C(1,2) and C(1,4) hold, Br — 0, BZTT — 00, the
spectral density operator estimator ﬁ]f,T) is consistent in supremum norm,
with respect to the expected squared Hilbert-Schmidt norm, that is,

sup E||Z -2 |[2 = O(BZ) + OBFT™,

wEe[—m,m]

where |||-|ll2 is the Hilbert-Schmidt norm.
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Proof. Notice that
| 25" - Zoll; = |25 - EZEP 5 + 1|70 - EZS5,

which is essentially the usual bias/variance decomposition of the mean
square error. Initially, we focus on the variance term. Lemma C.1.3 yields

E|||.#5P - [E,%E)T)Hﬁdw:ff[oyl]zvar ‘1) (7,0)) drdo.
Corollary 3.5.3 yields
o A !
where the error term is uniform in w € [-n, ]. Therefore,
sup ||l 75" ~ EZP [, = 0BT 7).

Turning to the squared bias, Proposition 3.5.1 yields

2
|70 - EZD||5 <3 2+0(T‘2)+0(B;2T‘2),

H [ W~ fw}

where the error terms are uniform in w € [—7, 7]. We have used Jensen’s
inequality here, and { fR W (x)fy-xB dx— fw} denotes the operator with
kernel

fR W (X) fo—xB; (T,0)dx — f,(T,0).

Lemma 3.12.13 implies that this difference is of order O(Br), uniformly in
w. Hence, ,
sup || 7o — EZ4"|||, = OB}) + OBF*T ™).
w

In summary, we have

sup E|Z" - Z,|" = 0B2) + 0BT,

we[-m,m)]
O

2
This implies of course that ™ |I.Z." — Z,l,dw — 0 at the rate O(B3) +
O(B}2 T~1). In fact, the rate under this integrated error criterion can be
slightly improved:

Theorem 3.6.2.

Provided assumptions C(1,2) and C(1,4) hold, Br — 0, BrT — oo, the
spectral density operator estimator ﬂé,ﬂ is consistent in integrated mean
square, that is

b

IMSE(F ™)) = f E[| 75" - Zo|lodw = 0B + 087 7Y,
T
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where |||-|ll5 is the Hilbert-Schmidt norm.

We also have pointwise mean square convergence for every fixed w € |-, 7]:
E[|ZP -7, |5 = 0B2) + 0B T,

as T — oo.

Proof. For a kernel operator K with a complex-valued kernel k(t, o), we
will denote by K the operator with kernel k(z, ). Let [||-|ll, be the Hilbert—

Schmidt norm. Proposition A.2.11 yields [|K]ll, = W?‘Hz Further, notice

that £, (1,0) = £,(7,0), hence .#_, = % Similarly, %Z} = ﬂ(f,T). Thus,
via a change of variables, the IMSE of the spectral density estimator can
be written as

Tz N (T) 2
" el 7 - Zulliw =2 [ |20 - 2o

T b/
—2 [ el ZD - e Doz [ 170 - 7D 5o,
0 0

which is essentially the usual bias/variance decomposition of the mean
square error. Initially, we focus on the variance term. Lemma C.1.3 yields

b/ b/
f |78 - e#D H|§dw =f ff var (£"(1,0)) drdodo.
0 0 JJo,112

Decomposing the outer integral into three terms,

b4 Br n—Br T
[ A M
0 0 Br n-Br
we can use Corollary 3.5.3 for the first and last summands, and Proposi-
tion 3.5.4 for the second summand to obtain

/1
[l - e 7Pl = oB7 77,
0
Turning to the squared bias, Proposition 3.5.1 yields
4 2
| 0= e 20 a0
0

b4
<s|
0

where we have used Jensen’s inequality and where

2
dw +O(T™2) + O(BF2T™?),
2

{ [ W oy~ fw}

{ [ weforsndx- fw}
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denotes the operator with kernel fR W(x)fy-xB, (T,0)dx — £,(7,0).
Lemma 3.12.13 implies that this difference is of order O(B7), uniformly in

w. Hence,
/4
3[
0

In summary, we have

2
do < O(B3).
2

{ (G fw}

f E|Z - Z,| do < OB2) + OB TY).

The spectral density estimator .7 is therefore consistent in integrated
mean square if By — 0and By T — oo as T — oo.

A careful examination of the proof reveals that the pointwise statement
of the Theorem follows from a directly analogous argument. Indeed, the
error term for the squared bias is uniform in w. For the variance term,
Proposition 3.5.4 tells us that for any fixed w € [-m, 7], the Hilbert-Schmidt
norm of the variance term is of order O(B;! T™!), which completes the
proof. O

Let us now study the asymptotic distribution of the sample spectral den-
sity operators. In order to do this, we first need a result that is analogue to
Proposition 3.5.4, but for the projections of the sample spectral density
operators. We introduce some notation that will be used hereafter. Let
(¢) be an orthonormal basis of L? ([0,1],R). Then {¢,, ®2 @} n m=1 is an
orthonormal basis of the complex Hilbert space L2([0,1]%,0) (e.g. Kadison
& Ringrose (1997)). The representation of the spectral density operator
Z, in this basis will be called the spectral density matrix (it is an infinite
matrix in fact), and denoted by ®,,. We denote by ®,,(m, n) its (m, n)*"
coordinate, i.e.
®,(m,n) = <3?w(Pn» (Pm>'

We also define the periodogram matrix P,E,T) (m, n) and the estimator of
the spectral density matrix <I>,(DT) (m, n) as the scalar product of p,(uT), respec-
tively £\7, with ¢, ® ¢, in the space HSL? ([0,1],C).

Proposition 3.6.3.
For T large enough, we have the following bound:

Y TByvar(® (m,n) <24|W|Z, -

m,n=1

2
(Z(l+|t|)|||%t||h) +

teZ

+ Y I %ansll,|, 361

h,b,i3eZ

Provided the terms on the right-hand side converge. Here, %y, 1, 1, is the
operator on L* ([0,11?,C) defined in (3.2.3)
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Proof. Notice that

27 T-1
®;, (m, ) = = Zl W —-2ms/TYPy 1 (m, n),
s=

where W) is defined in (3.5.1). Furthermore, let ¢, (m) = (X, @), and

.....

q)wl,...,a)k,l (ml’ ey mk) = f

o l]kfwl,...,wk,l The s THOm, T om (Tr)dT.

In other words, the k"-order cumulant spectra array is the scalar product
in L2([0,11%,C) between fy,, . v, and @, ® - @ Py, .

The proofis divided into two parts:

() For T large enough, the following holds uniformly in n, m = 1:

T B var ((DEUT) (m,n)) <8IW|% [sco(m, n,m, n) +scy(m, m)sci(n, n)

+ sco(m, m)sco(n, n) + scy(m, n)? , (3.6.2)

where
sco(my,...,m) = Y. |eum(&p (m),..., & (Mg_1),E0(myp))],
e lp—1€Z

k-1
sciimy,...,m) =Y, > ltjlleum (& (ma),..., & (me—1),&o(my))|.
j=11t,.,tk1€Z

(II) We have the following bound, for T large enough:

Y TBrvar(® (m,n) <24|W|%

m,n=1

2
(Z(Hltl)lll%llll) + Y %ol |- 36.3)

teZ t, b, 1362
Recall that %, 1, 1, is the operator on L? ([0, 1]%,C) with kernel

T, 6,15 (T1,T2), (T3, T4)) = cum (X4, Xy,, Xy, Xo) (T1, T2, T3, T4).

That is,
Rt 1 f (T1,T2) = ff[o ” T to,0s (T1,T2), (T3, T4)) f(T3,74)dT3dTy

for f € L?([0,1]%,C).
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First we concentrate on establishing (3.6.2). Recall that

T-1
var (@ (m,n) = 2n/T)* Y. W -27s/ YWD (0 -271/T)
s,1=1

X COV ng(m n, Pg,)(m, n))
T

We need to find an explicit bound on the error terms of Lemma 3.3.2, Theo-
rem 3.3.3, and Theorem 3.4.5. An examination of the proof of Lemma 3.3.2

yields
-1 T-1 k-1
(le,...,wk_l(mly---ymk):(27’:)_( = Z exp(_lzw]t])
tyeenyle—1=—(T-1) J=

x cum (étl(ml),...,ézk,l(mk_l),fo(mk)) +

3.3.2
83 (my,..., mp),

and ’e(Te"S'Z)(ml, mk)| <@a) * V-1 sco(my,..., my). We have used

the notation 6 (3.3.2) (ml, ., my) to denote the error term of Lemma 3.3.2,

and we shall do likewise for the error term in Theorem 3.3.3:

k
T*2cum (E() (my), ..., €00 (mp)) = (Zn)k’z‘lA(T)(ij D,y (M1, M)

j=1

k
333
E(T )(ij;ml,...,mk),

j=1

where

e wimy,...omp| =22 Y (al+e+ D) |oum (&, m), .. €y (Mp—1), E0(mp)]
tyees bp1=—(T—1)

+ @mHIAD (@) |32 0my, .. my)|

<202n)"~ k2 scy(mi,...,my) + (Zn)’klz(k— DAD (w) sco(my,..., mg).

A less sharp bound (but independent of the frequency) will also be useful:
‘6(}3'3'3) (;my,..., mk)| <302n) (k-1 T sco(myq,...,mg).

We will also need a bound on the spectral density matrix:

.....
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We now turn to Theorem 3.4.5: fors,[=1,..., T -1,

cov P(T (3.3.3)

27!3

(m, n), Pzﬂ, (m, n)) (zﬂ/T)q)Zns 2ns znz(m n,m,n)+ T2 e )(;m,n,m,n)
T

+ 81 [@ass (7, M@ _zss (1, 1) + Bss (m, ) T 63395, )
+ Oz (T eF3 V(5 m, m)J
+ 8,1 [d@(m, M)®_zxs (1, M) + B azs (m, ) T~ €7 (50, m)

+ 0oz (0, )T 33V (5, m) |

2m(s—1 2n(s—1
+ 72| ¢ 333)( ( ),m, m)g(ﬁ-3-3) (—(—);n,n)
T T
2n(s+1 2n(s+1
+ 8(7:?.3.3)( ( );m, n)g(;}.s.f}) (_#;n, m) ,
T T

where 6; = 1if s =/, and zero otherwise. Using the previous bounds, and
the fact that scy(m, n) = scy(n, m), we obtain

1
cov( 2,,S(m n), Pg,)(m,n)) < o) [4T_zsc1(m, m)scy(n,n) + 10T sco(m, n, m, n)
T T
+88,,15¢o(m, m)sco(n, n) + 8841 rsco(m, m)?],
and hence
TBr|var (@ (m,n))]| (3.6.4)
T-1 2
<Br|T! > WD (w—-27s/T) [4T_lscl(m, m)scy (n, n) +10sco(m, n, m, n)]
s=1
T-1
+8sco(m, m)sco(n,n) BrT™1 Y. (W (w 275/ T))* (3.6.5)
s=1
T-1
+8sco(m, m*BrT' Y, W (w-2xs/ YWD (w+27s/ T). (3.6.6)
s=1

Since at most % + 1 of the summands are non-zero, and
WP < Br I Wil

(see Lemma 3.12.18), we obtain

2
T-1
Y whw-2rs/T)| <a ?|WIZ

s=1
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and

T-1
BrT' Y W (w-2rs/T)* <n W,
s=1

for large T. Similarly

T-1
BrT™ 'Y wWPw-2nsi YWD (@ +2rs/T)| = n W2,

s=1

for large T. Since Br — 0, for T large enough, we have the following,
uniformly in n,m = 1:
TBr |var (®. (m, m)| = IWIZ, - [sco(m, n,m, n) +sc1 (m, m)sci (n, n)
+ 8sco(m, m)scy(n, n) +8sco(m, n)?],

and (3.6.2) follows immediately.
To prove (3.6.3), notice that, for large T, inequality (3.6.2) gives us

S TByvar (@ (m,m) <8IWI2,

2
Y sci(m, m)) +
m,n=1 m=1

Y sco(m,n,m,n)+
m,n=1

2
+ Z sco(m,m)) + Z sco(m,n)2

m=1 m,n=1

Notice that

cum (&4, (m), &4, (n), &, (M), E0(M) =Rty 1, 6,0 m ®2 Py P ®2 P ),

SO

Y scomnmmn)s Y, || 2,00l

m,n=1 h,b,13€Z

We also have cum (¢,(m), &g (1)) = (Zrpn, m), hence

Y. sco(m,m) < Y 1%l

m=1 teZ

Using the Cauchy-Schwarz inequality and Parseval’s identity, we also
obtain

2
Y. scolm,n)* < (Z |||%|||1) .

m,n=1 teZ
Similarly,
2
Y. sci(m,m)sci(n,n) < (Z ItIII|%t||I1) :
m,n=1 teZ
Inequality (3.6.3) follows, and the proof is finished. O

We automatically get the following corollary, that gives sufficient condi-
tions for the convergence in distribution of the sample spectral density

95
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operators.
Corollary 3.6.4. If

Y A+l <oo and ) || Zs,p.1]l, <00, (367

teZ t,b,13€Z

the sequence of random elements

(VTBr(Z" - E‘%T)))T:l , D

ylyenn

is tight in % (H). In particular, if under some assumptions A, and for some
random element§ of %, (H), we have

(VTBr(ZL ~EF,0), (D), e,
then A and (3.6.7) imply that
VTBH(ZD - 20y L g ins(H).
Proof. Since
E[(VTBr (47 - ££7) omein)|

An application of Lemma C.2.3 and the previous Proposition yields the
result. H

= TBrvar ((DEUT) (m, n)) ,

Finally, we may obtain the asymptotic distribution of our estimator as
being Gaussian, if we include some higher-order cumulant mixing condi-
tions.

Theorem 3.6.5.
Assume that E || Xoll* < oo forall k = 2 and

0 XX = oo [cum (X4, ..., X4 1, Xo) ||, <00, forallk=2,

@) X i =cod+15D [eum (Xy,,..., Xy, 1, Xo) |, < 0o, for k € {2,4} and
j<k,

() Yrez(Q+1EDNZZ:; < o0,
(iii) Ztl,tz,t3EZH|<%l‘1,t2,t3|||1 <00,

Then, for any frequencies wy, ...,wj, with ] < oo, if By — 0 and TBt — oo,

d .
VBIT (P = EfP) = Jopy G=1,000),
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where }w i j=1,...,] are jointly mean zero complex Gaussian elements in
L?([0,11%,C), with covariance kernel

COV(}wi(Tl,Ul),}wj (Tz,Uz)) ZZH[RW((X)Zdax

x {AN(@i = ) fo, (T1,T2) fow; (01,02) + N(W; + W) for, (T1,02) f-v; (01, T2) } -

In particular, we see that J?wi and fw ; are independent ifw;+w; #0 mod 27,
and ](w is real Gaussian ifo =0 mod 7.

Notice that the limiting random elements £, are entirely determined

by their covariance operators E [ﬁw ®2 ﬁw] and their relation operator

E [ﬁw ® jﬂ,], see Section 3.12.1

Proof of Theorem 3.6.5. By Corollary 3.6.4, we know that the rescaled sam-
ple spectral density operator

VB (18D~ £87)

is tight. Therefore the vector
T T T T
\/TBT( (D LD, D~ EAL] ))

is also tightin (Z? ([0, 112, C))] . Applying Brillinger (2001, Theorem 7.4.4) to
the finite dimensional distributions of this vector completes the proof. O

Condition (ii) guarantees that w — .%,, is continuous with respect to the
nuclear norm. If in addition we want it to be continuous in continuous in
7,0, we need to assume the stronger conditions Y ;c7 [ 7¢llo < 00 and that
each r; is continuous.

Remark 3.6.6. It can be useful to write the second-order structure of the
random element Z,, using Kronecker product notation; indeed, this re-
veals the structure of the random element if H is taken to be an abstract
complexified separable Hilbert space. Ifw € (0,7), then %, is a complex
Gaussian random element. Using results from Section A.3.4, we get that its
covariance operator can be written

[E[ﬁ'w ®2ﬁw] =12 T R, Ty wE0,7), (3.6.8)
and its relation operator can be written
E| oo Fo| =" F0Qr Ty weO,m), (3.6.9)

Ifw e {0,7}, %, is a real Gaussian random element with covariance opera-

97
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tor
E|F0®2 F0] =% (CQ), C+CRCl, we 0, (3.6.10)

wherex? =21 [ W(x)?dx.

We have seen that for the sample spectral density operators to be asymp-
totically Gaussian around their mean, we need to smooth at arate By — 0
slow enough such that T Bt — oo. If we furthermore assume that TB% -0
(which can be understood as Br — 0 fast enough), the sample spectral
density operators are asymptotically Gaussian around the true spectral
density operators:

Theorem 3.6.7.

Under the conditions of Theorem 3.6.5, for any frequencies w,...,wj, with
J < oo, if By — 0, TBy — 0o and TB} — 0,

\/W(faEJT) _fwj) _d']?wj' j=L...7

where fw i j=1,...,] arejointly mean zero complex Gaussian elements in
L?*([0,1]%,C), with covariance kernel

Cov(fﬂ)i(Tl)o-l)r}u)j(TZ,O-Z)) ZZﬂAW(Q)ZdaX

x {N(Wi =0 ) fo, T1,T2) f-w; (01,02) + N + 0 ) fu,(T1,02) f-w, (01,T2)} .

In particular, we see that fw,— and j‘wj areindependentifw;*w; #0 mod 27,
and £,, is real Gaussian ifo =0 mod 7.

Again, notice that the limiting random elements £, are entirely determined

by their covariance operators E [35“, ®) j’w] and their relation operator

E [ﬁw ®: jw], see Section 3.12.1.

Proof. Write

VTBr (FP - 7,) = TBr (FP - e F0)+VTBr (EZP - #,).

-~

(i) (i)

The term (i) converges in distribution to Fn jointly for ws satisfying
the condition of the Theorem, and the limiting random elements are
independent (see Theorem 3.6.5). For (ii), earlier results yield

EFy = f W(X)fy—ap,da+O(TBr]™) = .Z, + O(Br) + O(UTBr]™ Y,
R
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uniformly in 7,0, and hence

VTBr||EZD - Z |||, = O(\/TB?}) +O0(TBr] "3,

which converges to zero under the conditions of the Theorem. The proof
is finished by applying Slutsky’s lemma. O

When w = 0, the operator 271.%,, reduces to the long-run covariance op-
erator Y ;.7 %s, the limiting covariance operator of the empirical mean.
Correspondingly, Znﬁ’én is an estimator of the long-run covariance op-
erator that is consistent in mean square for the long-run covariance, un-
der no structural modeling assumptions. A similar estimator was also
considered in Horvath, Kokoszka & Reeder (2013), who derived weak
consistency under L*- m-approximability weak dependence conditions.
Hoérmann & Kokoszka (2010) studied this problem by projecting onto
a finite-dimensional subspace. However, neither of these papers con-
sider functional central limit theorems for the estimator of the long-run
covariance operator; taking w = 0, in Theorem 3.6.5, we obtain such a
result:

Corollary 3.6.8. Under the conditions of Theorem 3.6.5, we have
VBT (227" - 21.7) <= ¥ (0, )2 IWI30),
where € is the integral operator on L2([0,1]3,R) with kernel

c(11,01,72,02) = {fo(11,72)f0(01,02) + fo(11,02) fo(01,T2)} .

We remark that the limiting Gaussian random operator is purely real.

3.7 Estimation of the Eigenstructure of
the Spectral Density Operators
Now that we have seen that the sample spectral density operators are

consistent and asymptotically Gaussian estimators of the spectral density
operators, we shall study the asymptotic behavior of their eigenstructure.

3.7.1 Basic definitions

Before stating our results concerning the asymptotic distribution of the
estimators of the eigenvalues/eigenfunctions, we need to introduce some
necessary notation. For any w € [0, ], let

[o,0)
T
T =3 i@ @207
i

99
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be the singular value decomposition of ﬁ(f,T), and recall that

8

Fw=)_ Hilwe? 97
=1

is the singular decomposition of .%,,. For any fixed o, {u; r(w)};>1 and
{u;()};>1 are non-increasing positive sequences tending to zero. We
denote by {1;(w)};>1 the decreasing sequence of distinct elements of
{u; (W)}i>1, define the sets

L(w)={iz1l:yjlw)=Ar (@)}, k=1,
and we denote its cardinality by my(w) = [ I (w)]. We will also write

Iw={iz1:piw>0t=  |J L) 3.7.1)
k=1&A(w)>0

which is the set of indices of the repeated non-zero eigenvalues of .%,,.
Notice that the sets I (w) satisfy

k<l = I (w) < [}(w),

and that
I(w) =Jw)=11,2,3,...}

unless %, is of finite rank, in which case
{/’Li ((U)}izl = {Al ((1)), [EE) A,N((l))} )

where N — 1 =rank(%,) and Ay (w) = 0. Furthermore, my(w) = |Iy(@)| =
oo. We can now define, for k € J(w),

M= Y ¢fe9?,

i€ ()
which is the projection onto the kth eigenspace of .%,,. This way,

Fo= Y AjI;w).
jel(w)

The estimator of I1; (w) is defined by

Hir@ = Y, ¢fre¢7.

ielk(w)

We also define

Sk = Y @ -4) '), kelw). (3.7.2)
j€J(w):j#k
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Notice that the sum is over all j # k such that A (w) # 0. We define the
operator

N = ) @), M) + i) @, Si@), ke W), (3.7.3)

which belongs to %, (% (H)), and the bounded operator p‘]‘c' 1 FH(H)—C
by
pi(A) = (AT @)y, we€](w). (3.7.4)

Notice that if A € % (H) is a self-adjoint operator, then pi’(A) € R. The
following Lemma establishes that 7% is indeed a bounded operator.

Lemma 3.7.1.
Letting 6 (w) = min (A (w) — Ag11 (), A1 (@) — A (w)), we have

¢l =65 @) <00, ke J(w).

Proof. We omit writing w to simplify the notation.
Letting A=Y, 1 @jk; ®2 ¢k € S (L?([0,1],0)),

nA= Y, ajpAe=A)Tpjepr+ Y, ariA—A) ' pr 20,

JjeJ(w);j#k JjeJ(w);j#k
thus 5 )
lmeall= xRy g,
jeswnjzk  (Ak—2j)
with equality if we choose the a; and «a j properly. O

3.7.2 Consistency

The following proposition establishes the consistency of the sample eigen-
values and sample eigenprojectors.

Proposition 3.7.2.
Under C(1,2) and C(1,4),

sup | (@) - pi(@)?| = 0O(B%) + O(B;*T™H,

iel(w)

sup [E

wE[—m,7]
n

[ E
-7

Furthermore, for each j € J(w), and each w € [—m, 7],

sup |ui, 7 () — ()1 | dow = O(B}) + OB T™H.

iel(w)

1,7 (@) - @)]||, % o. 3.7.5)

l:fTBT—>OO,BT—>0.

101
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Proof. Using Proposition A.2.4, we get

sup |, r(@) - i @) < || 70 - Zo 5
iel(w)

and therefore the first two statements follow from Theorems 3.6.1 and
3.6.2.

The proof of (3.7.5) is based on the “linear approximation” of the differ-
ence between the eigenprojector, found in Mas & Menneteau (2003). We
fix w and write II; instead of I (w), and similarly for n;,1;, to ease the
notation. Mas & Menneteau (2003) yields

Hj,T—l_[j =n; (ﬂ‘E)T) —ﬂw) +7jT,

where n; = n‘]‘.' has been defined in (3.7.3), and the remainder term r; 1
satisfies

8
lIrsrto,lll, = Sz 176" = Zolllz, (3.7.6)

J
with Oj,T = {|||945T) —ﬁwmz < 5]'/4} and 5]' = min(/lj _/1j+1rlj—1 —/1]') .
The operatorn j is continuous, with operator norm 1/6; (See Lemma3.7.1),

hence )
El[ln; (5" = Zu)ll, = o

We now turn to the remainder term:
riT= I‘]',TlojvT + r]-,TIO?T.

From (3.7.6), the first term converges in probability to zero. For the second
term,

|]]>(|”rj'T105,T ||2 > 8) = P(O;,T) —0, foranye>0,

therefore I 1 L [Ijas T — oo. O

The results of this proposition are stronger for the eigenvalues of the
sample spectral density operators than for its eigenprojectors. This is
compatible with our intuition, since eigenprojections are less stable to
perturbations compared to eigenvalues.

3.7.3 Asymptotic Normality

Assuming some decay of the higher order moments, we can show that
the asymptotic distribution of the eigenvalues and eigenprojectors of the
sample spectral density operators are Gaussian:

Theorem 3.7.3.
Let wy,...,wk € [0,7] be distinct, K < co. Let L; < J(w;), be a set of cardi-
nality|L;| < oo, fori=1,...,K.
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Provided the conditions of Theorem 3.6.5 hold, and By — 0 such that
TBy — oo and TB} — 0, then

. d S .
\/TBT{Hj,T(wi)—Hj(wi):](—:L,-}—»ni’lf(ﬂwi), i=1,...,K.

and

. d LS .
TBT{ > [us,T(w,-)—Aj(wi)J:JeLi}apf;(ﬁwi), i=1,..,K.

selj(w,»)

..........

all independent Gaussian random elements with mean zero. In particular,
the random elements 17(2); (32}1, i) are complex, but the variables p’i’; (ﬁw l.)
are real. Their covariances are given by the following formulas, in which
we have written Ay instead of Ay (w) for clarity, and similarly for I, @y,

_ S S T )
E[n(F) @,n (F0)| = K (= A2 [T @, T+ T @, Mk AP+ (47)'), k2L
2 K2 Y s pig Aeds (e — Ag) 2 [l'[k &, T+ 11, @, i+ A2+ (A;gs)*] , k=1,

3.7.7)

wherek* =271 [, W (x)2dx, AL = 1101 (@) - T () & s(w). Therelation
operator of %, for w € (0,7), is given by

kLA A= A2 [Hk®TH_1+ H1®Tﬂ_k] ifk#1;

~ — ~ (3.7.8)
K> Zse]\{k} AAs(Ag — /1s)_2 [Hk QT +1; Q7 Hk] ifk =1.

E[n9(F0) ®,n7(F0) | = {

The covariance of the sample eigenvalues is given by
COV(p;U(jw), P‘f:(jw)) = (1 + 1o, (w)) Kz(slk/lfml,

wherex?® =271 Jr W2(x)dx.

Notice that the estimators of the eigenspaces are not asymptotically in-
dependent, which is expected since they are constrained to be mutually
orthogonal.
Before turning to the proof of the Theorem, let us illustrate the above
expression of the covariance by an example. Let w € (0,7), L = {1}, m; (w) =
1, and let

¢ = E[09(F0) @, (7))

denote the covariance operator of n{ (Zw).
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Ify;, v, vy € L*((0,1],C), we have

2 /11/18
seJ(w)\{1} (/15 - )Ll)z

s )W )oY )W)

(€(Wi®w)), yi®2y1)y, =« (0w ) (Wi 1) (05w Y wi ps)+

where we wrote I1s(w) = @5 ®2 @5, Aj = Aw). In particular, the variance of
<n“1) (ﬁw)u/i,u/]-> is given by

(K1, wi) (05w )2+ 105w )opr, wj) 2.

(3.7.9)

A
<<€(1,Ui®21//j),1//i®21//j>yz=7<2 Z = 2
sej@niy s = A1)

Proof of Theorem 3.7.3. The proof rests on the adaptation of Theorem
1.3 of Mas & Menneteau (2003) to our case (we want the convergence
in distribution of the sample eigenvalues and eigenprojectors, jointly
in a finite number of frequencies), and therefore we give only a sketch.
For I = 1, we denote by <! the [-fold product space % (H) x --- x S (H),
equipped with the norm

,,,,,

and equip C! with the norm

l(a1,..., @)l = n}axllajl.

.....

.....

To simplify the notation, we assume that L; = L, |[L| = [, foralli =1,...,K.
Defining the bounded linear operator ® : #K — #Kl x cKl by

O(A1,..., Ax) = (NL(AD,...,nL(AK), pL(AL), ..., pL(AK)),

we show that

VvV TBr {Hj,T(wi)_Hj(wi)}jeL;izl _____ K,{ > [Hs,T(wi)—ﬂj(wi)]}
jeLi=1,.,K

selj(wi)

.....

..........

are given by Mas & Menneteau (2003, Proposition 2.3). The proof is



3.7 ESTIMATION OF THE EIGENSTRUCTURE

completed by showing that TBr% 2 0—which is equivalent to show-
ing that Ry, 7(w;) LN 0 and rr,7(w;) LN Oforalli=1,...,K—and apply-
ing the continuous mapping Theorem. The determination of the co-
variance structure of the limiting random elements is given separately
in Section 3.7.6. O

3.7.4 Some Comments on the Estimation of Eigenspace Projectors

Let us give a short comment on the estimation of the projectors I1; ().
Fix j and w, and for simplicity let IT denote II;(w), whose associated
eigenvalue A is assumed to have multiplicity one. We thus have IT = ¢ ®, ¢,
where ¢ is an eigenfunction associated to the eigenvalue A of the operator
Z. Recall that for any a € C of modulus one, a¢ is also an eigenfunction
with eigenvalue A, so the eigenfunctions are not uniquely defined. We talk
about ¢ whereas the true object we are dealing with is a representative of
the set {a¢ : |a| = 1}. The eigenprojectors do not have this problem; they
are uniquely defined since

(ap)®2(ap)=aap @, ¢ =@o¢ =11

Let us now address a question that will occur in practice. Given two
estimators ¢! and ¢? of ¢, how can we construct a good estimator of
[1? Two obvious approaches are possible: we could either take IT =
3@ @, @' + ¢ @, p?), or we could first estimate ¢ by ¢ = 5 (@' + @?) and
then estimate IT by IT = %((,b ®; P). Our point is that the first estimator
is better, because it is invariant to the choice of representatives @', p.
However, the second estimator doesn't satisfy this property. To see this, let
a, f be complex numbers of modulus one. If we choose ¢ = %(ati)l +B¢?),
the conjugate-bilinearity of the tensor product yields

IR N S R
z((p@z(P):Z((p1®2(P1+(p2®2(P2+a,B(p1®2(p2+(xﬁ(p2®2(pl).

which depends on a and . Thus when trying to estimate II from a sample
of empirical eigenfunctions ¢*,i = 1,..., n, we shall use

n . .
ﬂ — (Z (pl ®> (i)l) .
Applying this invariance principle to the plug-in estimator of the variance

expression obtained in (3.7.9), we see that the expressions of the form
|{@, )| should be estimated by

(@ 9"+
2

)l
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3.7.5 Karhunen-Loéve-type Expansions for the Asymptotic Sample
Spectral Density Operators

In this section, we derive Karhunen-Loeéve-type expansions for the ran-
dom element .%,, to which the rescaled sample spectral density operator
converges in distribution. By a Karhunen-Loéve-type expansion, we
mean a decomposition of the random element into a sum of orthogonal
deterministic functions, multiplied by uncorrelated random variables.
Expansions of the sort will be useful in Section 3.7.

Recall that Remark 3.6.6 tells us that .%, is either a complex Gaussian
random element, with covariance operator

4=x*-CR®,C, weln), (3.7.10)
and relation operator
¢ =12-CR,C, weO,m), (3.7.11)
or a real Gaussian random element with covariance operator
¢ =x*1CRQ,C+CR:Cl, weion (3.7.12)

where x? = 27 [, W(w)?*dw, C is a nuclear operator on the complexified
Hilbert space H in the first case, and on the real Hilbert space Hy in the
second case.

In this Section, we let C = }_; ui; ®2 @; be the singular value decomposi-
tion of C.

Lemma 3.7.4.

Let H be a complexified Hilbert space, and C be a nuclear and self-adjoint
operator on H, with spectral decomposition C = }.; ;;;, where ¢;j =
@i ®2 ;. If Y is a complex Gaussian random element on &> (H) with mean
0, covariance operator

Y=E[Y®,Y]=CQR,C
and relation operator
“=E|ve,Y|=Cc®,C,
Then the following expansion is a Karhunen—Loéve-type expansion for Y :

Y:Zfﬂpiﬁz [Eijeij+Cijigij], (3.7.13)

i<j
where the convergence holds in [2(Q, %(H),P),

2_”2(4);’]‘ +@ji),
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gij=2""%(@ij—pji),
and
{Citi U{Sijticj UlCijticj
are independent real Gaussian random variables, defined by
$i=(Y, i)y, §ij= <Y»eij>5p27 Cij= _i<Yréij>5p2- (3.7.14)
They have mean zero and variance
var(&;) = ps,  var(&;j) =var({ij) = pipj, i#Jj.

Notice that we have not assumed that Y takes self-adjoint values in the
statement, but that the Lemma tells us that Y takes necessarily self-adjoint
values:

Corollary 3.7.5. IfY satisfies the conditions of Lemma 3.7.4, then Y = Y
almost surely.

Proof. Taking the adjoint of (3.7.13) yields the result. O

We also point out that the random element Y can also be written in the
following form, which will be useful later on.

Remark 3.7.6. Under the conditions of Lemma 3.7.4, we can write
o0
Y=3 nijeij
i,j=1

where the (n;),j=1 are all random variables with mean zero. The random
variables n;; are real Gaussian random variables, with variance ,u%, and
the variables {n; 1 # jtare complex circular Gaussian random variables,

i.e, R(n;;) and 3(n;;) are independent real Gaussian random variables,
with variance

var (R(n;)) = var (S(:j)) = pipjl2, i#j.
Furthermore, they satisfy
Nij=MNji» 1#]
and the following random variables are all independent:
{nij:1=is<j}.

Proof of Lemma 3.7.4. We assume, without loss of generality, that {¢; : j = 1}
is an orthonormal basis of H. We want to look for a Karhunen-Loeve-type
expansion for Y. The idea behind a Karhunen-Loeve-type expansion is to

Circular Gaussian
random variable are
defined in

Definition 3.12.1 on
page 134; R(-) and 3(-)
denote the real and
imaginary parts of a
complex number
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the definition of strong
uncorrelatedness is
given in

Definition 3.12.3 on
page 135

find a sequence of unit length elements (vectors) (¢y) =1 <% (H) such
that the scores (E,)n=1,En = (Y, (/)n)yz , are all strongly uncorrelated, with
var ({,,) = var (¢ ,,) if n > m. In our case, strong uncorrelatedness translates
into the following conditions, for n # m:

E[(Y,Pn) (Vs Bl | = (Gbm, d0) =0, (3.7.15)
[E[(Y,(/),Z)%(Y,(pm)%] = <%¢_m,¢n>=o, (3.7.16)
for all n # m =1, and the variance condition translated to
EY,¢pn)* = EKY,pm)*, n>m, (3.7.17)
or equivalently,
(GDn Pn) 2 (G bm Pm), n>m. (3.7.18)

To simplify notation, we shall write ® = ¢»,,, ¥ = ¢p,5;. Assuming without
loss of generality that (¢;); j>1 is an orthonormal basis of # (H), we write
@,V in this basis:

D= ) cijgij
i,j=1

Y=Y dupk,
i,j=1

Here and in the following, sums will all be over {1,2,...},e.g. 3_; j will mean
2.i,j=1- The following fact, justified by Proposition A.2.10, will be useful:

PijPr1= (@i ®20) (@ ®291) =0 jkPiy.
Since

(€ ®, 00, ¥) =(coc,w)

<(; ,Uj<Prr) (; Cijwij) (;“S¢ss) ‘P>
< > urusCij5ri5fs<prs,‘1'>

i, j,s

= <Zﬂil~‘jcij(l)ij»zdkl(ﬂkl>
i k.l
= Y pipjcijdibicd i
ikl

= Zﬂiﬂjcija'j’
ij
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equation (3.7.15) becomes

Y wipjcijdij=0. (3.7.19)
i,j

Similarly, since

(C®,08,7)=(cd'C",¥)
co'c,v)

=
<(ZN1‘PN (chl(plj)(zus(pss), >

Z lruJC]l ij
i\j

using the fact that the eigenvalues y; are all real, equation (3.7.16) be-
comes
Y mipjcjidij = (3.7.20)
ij

The variance condition (3.7.18) translates into
> wipjleij? =Y pipildijl?, (3.7.21)
i,j i,j

and the unit length condition is

Yleijl?=1=3 |d;jI*. (3.7.22)
i,j i,j

We now have all the equations necessary to find the vectors ¢,,. We start
with @ = ¢;: it must maximize the variance of (Y, ¢, ), i.e., maximize the
left-hand side of (3.7.21) subject to condition (3.7.22). Since the eigenval-
ues of C are decreasing, y =y = -+, the solution is ¢;; = §; j, or in other
words ¢ = @11 (f y1 = o, the solution is not unique, but the final form
of the expansion will be similar). Now to ¥ = ¢,: by (3.7.19), we must
have d;; = 0. To maximize the variance, we then see that we should take
6ij =0unless (i, j) is either equal to (1,2) or equal to (2,1). We see that the
equations are not enough to determine ¥ = ¢,; we therefore also consider
® = ¢p3 simultaneously. Similar considerations lead to ¢;; = 0 unless (i, j)
is either (1,2) or (2,1). Writing a = c12, B = ¢21, ¥ = d12, 6 = do1, equations
(3.7.19), (3.7.20), and (3.7.22) yield the system of equations

adb+yB =0,
ay+Bs =0,
lal?+1B1> =1,

ly|>+16> =1.
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Solving this system yields & = B, y = §, ¥ = +ia, with |a| = 1/v/2. Notice
that the matrices (c;;) and (d; ;) of any of these solutions are self-adjoint.
We choose without loss of generality a = f = 1/v/2, y = 6 = i/+/2. Using the
notation of the statement of the Lemma, we have ¢, = e;» and ¢3 =ié».
Now we write {12 = (Y, e12)s, and {12 = (Y,ié12)5,. We can now continue
with the same arguments to get the following ¢,’s. If u; us = pa o,

¢p3=e13, ¢Pg=2e13, ¢5=Pa.

Otherwise,
b3 = 22,4 = €13,¢5 = €13,

and so on. We define ¢; = (Y,(pi,->5,;2 foralli=1,and also &;; = (Y, e,-j>5,2
and {;; = (V,i¢;; >:72 forall j > i = 1. By construction, these are all strongly
orthogonal, and since Y is complex Gaussian, they are also independent.
Furthermore, the covariance of ¢;; is

E [fz’j?’j] =(Yeij,eij)y, =(Cei;C eij)y = Hillj
and the relation of ¢;; is

E[¢ij¢i] =(Ceij,eij)y, = <Ce Ce,]> =(CeijC,eij)g, = pis).

Therefore, by Lemma 3.12.2, {;; is real Gaussian with mean zero and
variance ;. The exact same reasoning applies to ¢;. For {;}, things are
similar: the covariance is

E[¢iiTij| =(G1j,81))y, = (CEi1C.81) )y, = it
and the relation of {;; is

E[¢ij¢ij] = <%le,],1e”>y ——1<C(1e”) Ce,]> = —(C(=&i))C, &ij)y, = Hiltj.

Therefore, (;; is also real Gaussian. To complete the proof, notice that
eij+&j=v2¢p;jand e;; — &;=V2¢;; and therefore

{piziz1fu{{eei}:1=i<j}
forms a complete orthonormal basis of H, and

Y= Zfz(l)u"‘Z[fueu"‘(Uleu] O

i<j

We now turn to the real case.

Lemma 3.7.7.
Let Hg be a real Hilbert space, and C be a nuclear and self-adjoint operator
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on Hg, with spectral decomposition
C=) Wigii
i

where ;i =@;®2¢;.
IfY is a Gaussian random element on % (Hg), with mean 0 and covariance
operator

¢=CR,C+CR-C, (3.7.23)
then
Y=Y &gii+ ) Eijeij, (3.7.24)
i i<j

where the convergence holds in L* (Q, % (Hg),P), e;j = 2 V% (¢ij + ¢ji),
and
€)iu(&iji<j

are independent real Gaussian random variables, defined by
§i=(Y. i)y, §ij=(Y.€ij)g- (3.7.25)
They have mean zero and variance
— 922 —
var (§;) =23, var(&;;) =2uip;.

Proof. Assume without loss of generality that {¢; : j = 1} is an orthonor-
mal basis of Hg. Using results from Section A.3.4, we get

€ =Y 20591 @, pii+ ) 21ikjeij @, eij-
1

i<j

Since ¢;; and e;; are orthonormal for all i < j, the random elements
defined in (3.7.25) have the stated properties. Furthermore, since &;; is
orthogonal to ¢;; and e;;, forall i < j, €¢é;; = 0. Furthermore,

{piiriz1}u{{e, e} :1=i<j}
is an orthonormal basis of Hg, and therefore,

Y=) [(Yopi)pii+(Y, eij)eij +(Y,&j)éi;] =Y Sipii+ ) Sijpijs
i<j i i<j

and the proof is complete. O

Similarly to the complex case, although we have not assumed in the

statement of the Lemma that Y takes self-adjoint values, it turns out that
it must take self-adjoint values:

Corollary 3.7.8. IfY satisfies the conditions of Lemma 3.7.7, then Y = Y
almost surely.
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EY (i, ) = Likejy -

Recall the definition of
e,-]- and é,‘j on
page 106

Proof. Taking the adjoint of (3.7.24) yields the result. O

We can also re-write the Karhunen-Loéve expansion of Y in the following
form, which will be useful later on:

Remark 3.7.9. Under the conditions of Lemma 3.7.7, we can write
(o0}
Y= 3 nijpij
i,j=1

where the (n;}); j=1 are all real Gaussian random variables, with mean
zero, and variance

var (n;;) =245, var(nij) = pipj, i # J,
andn;j=nj; foralli # j. Furthermore,
{nij l<si< ]}

are all independent.

3.7.6 Computation of Asymptotic Covariances

In this Section, we determine the asymptotic covariance of estimators of
the eigenprojections and eigenvalues of .#,, as stipulated in Theorem
3.7.3. We will use the same notation as in Section 3.7. Simple calculations
yield

@

Ny (97 ®207) = EL (4, o} 297,
where E}! is defined by

2 [1{(ielk(w))m(jels(w))}+1{(i€1s(w))m(jelk(w))} Ar(@) - As@) ™. (3.7.26)
}

seJ(w)\{k

From now on, we suppress dependence on the frequency w, for tidiness.
Equation 3.7.26 says that Ei.(i, j) = (A — A5)~! if for some s # k; s,k € J,
either

el &jel;

or
jel &icel,

and Ex(i, j) = 0 otherwise. Notice that E(i,i) =0, and Ex (i, j) = Ex(j, i).
Thus nk(eij) = Ek(i,j)e,-]- and nk(éij) = Ek(i,j)é,'j. The fOllOWil’lg Lemma
gives some other useful properties of Ex(i, j).

Lemma 3.7.10.
Let
{cti,j):i,je]w}cH
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be a bounded sequence of elements of a separable Hilbert space H satisfying

ci,j)=c(j, D, i,je](w).

Then,
Y Bl el pripi= Y, A=A 2Ads Y. Y. e, HAiA;
lsi<j<oo seJ(w)\{k} i€ly jel,
Liiejy o Exl, DEG, e, Dpipj=—Ae =AD" LA Y. Y (i, j)
1<i<j<oo i€l jel

Proof. Notice that

. a2 -1 -1
Ex(i, )° = Likesn® 2 A=A A=A x
seJ(w)\{k} te J(w)\{k}
x| Lierongery + l{uel,-)n(jelk)}] [1{(ielkm(je1t)} + Lieryn(en}

-2
=lgegwy Y, A=Ay [1{(ie1k)n(jels)}+1{(ie15m(je1k)} :
seJ(@\iky

Therefore,

o0

o0
N EeG, el ppitti = Likejwy - Y, Ae—-Ad72Y. Y [1{(i€Ik)r1(j€IS)}+1{(iels)m(jelk)} c(i, jluip;

1<i<j seJ(w)\{k} i=1j=i+1
=lgegwy Y. Ae=A972 Y Y cli, Ppik;
s>k;se](w) i€l jel
-2 ..
+lgewys 2, Ak—=A)77) Y cli, Puip;
s<k;se](w) ielg jely
=gy Y. A—A)72 Y Y i, DAiAs
s>k;s€](w) i€l jel
+lkesey s 2, Ae=A)T2 Y Y el DAk
s<k;se]J(w) i€l jels
=liejon 2, Me=A)2AkAs Y. Y cli, ).
seJ(w)\{k} i€l jels

This proves the first equality. For the second one, if i < j,

Ex(i, DE1G, ) = Yk rejwy - D > k=297 A =20 x
seJ()\{k} teJ(w)\{1}

X

Lierongery t 1{(i€ls)ﬂ(j€1k)}] [1{(i€lz)ﬂ(j€1[)} + Ngernien}

-1 -1
=Lk leswy: D Y A=A A=A X
seJ(w)\{k} teJ(w)\{I}

X 5k,t5s,ll{(ielk)n(jell)} + 5k,t55,ll{(i€11)m(j€1k)}]

-2
==Lk lej@) A =AD" [1{(i€1k)ﬂ(j€11)} + 1{(ie11)m(je1k)}]
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Therefore, if k < [,

Y Exli, DEG, e, uip;

i<j
-2
= Lk tesw) - A =AD" )
i<j

= —Ligregy - Ak —AD M- Y Y el )

iEijEII

Ligerynen) + Yaenngeroy | € DHilj

because i € [} = j ¢ I, since I < I;. Interchanging k and [ yields the
result same result for k > [.

Finally, notice that there is no problem with the convergence of the series
since all their absolute sums are all bounded by

Akmisup || (i, j)|| - max(Ag = Ags1, Ak—1 = ) 2+ L Fully <oco. O

If Y is arandom element of %, (H) of the form (3.7.13), we have (omitting
the ws)
Ne(Y) =) Ex(i, ) [&ijeij+iijeij], (3.7.27)

i<j

and thus

e Q,m(Y) = > Exli, )Ei(s, 1)

i<js<t

x [Eij¢sieij @), est—i€ij(sreij @, Ese +iliEs18ij Q) est + i (581 Q) Est].

The equality comes from the fact that the cross-terms cancel out, and the
properties of the tensor products .®;,. and . Qs ., see Section A.3.4. The
covariance operator between 1 (Y) and n;(Y) is therefore given by

E[ni(Y)Q,ni(Y)] = ) Exi, DEi(, ) [var (§i) eij @), eij +var (i) & &), éij]

i<j

=Y Ex(i, DEi(i, i [‘Pii ®2 Qjjtejj @2 (Pii] .

i<j

We now distinguish the cases k= [ and k # [. If k = [, Lemma 3.7.10 yields
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Y Ex(i, ? Hildj [% ®2 PjjtPjj ®2 (p,,]

i<j

Z Z Z Akﬂ (ﬂk s)_ [(Pll ®2 PijtPjj ®2 (Pzz]

seJ\{k}iely jel

E[ne(Y)Q),ni(Y)]

= ) AAsg—Ag [ Y Vi ®z(z ‘PJJ)+(Z ‘PJJ) ®2(Z %’i)]
seJ\{k} i€l jel i€l

= Y AeAs k=297 e ), T+ T @), T
seMk)

If k # I, Lemma 3.7.10 yields

le(Y) ®2771(Y) Z Z AMAr (A=A~ [‘Pu ®2 PjjtQjj ®2 (Pzz]

l€Ik]€Il

= LAt — A)? [Hk R, +1; R, Hk]

Therefore, for k, [ € J(w),

A A = A2 [T ®; 11 + 11 @ T ] ifk#1
Y sesn i McdsAg —A9)? [T ®, T+ 11, @, ] ifk=1.

E[n:(Y) @), n:(V)] ={

We now turn to the computation of the relation operator of a random
element Y € % (H) of the form (3.7.13). We have

M) Q,m(Y) =Y > Exli, j)Ei(s, 1) x

i<js<t

x [Eij€sieij @), s +iEij(sreij Q) &+l €581 jQ), 5t —Lij (8 Q) Est] .

The relation operator between 14 (Y) and n;(Y) is therefore given by

[E[nk(y)®2nl(y)] ZEk(l DEG, j) [Var 61] el]®2el] var (1] el]®291]

i<j

=2 Ex(i, DE1G, i [ei; @), eij - &1 &), &ij]

i<j

= Y Bl DEG, it [ 0i @1 055+ 95 QP

i<j

where we have used Proposition A.3.5.
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Using Lemma 3.7.10, we get

MM = A2 [Hk®TH_l+Hl®TH_k]» k#1,
Y ses@nig Aeds(Ag —Ag) 72 [Hk 710+ Hs®TH_k] , k=1.

Notice in particular that by Proposition A.3.5,
—~ _\T ~
(Me®-TL) = (1),
which is not surprising since
— \T -
(neI @2 () =mi(¥) @2V,

If Y is of the form (3.7.24) (and in particular real valued), we obtain

ne(Y) =Y Ex(i, )éijeij, (3.7.28)

i<j

and therefore

E(ne(Y) @, (V)] = Y Ex(i, DEi(i, ) [var (&;;) eij ®2 eij]

i<j

~ A A = Ap) 72 [y ®g T + 11 @ T + 1 @11 + 1 @711 ] k#1

York AAs(Ae = A9) 72 [T @3 Mg + Mg @ Ty + i @I + T @110 ], k=1,

where we have used Proposition A.3.5 and the fact the ¢; = ¢; because Y
is real-valued. Notice in particular that

(Hk®TH,)T =11, Qi

We now turn our attention to the joint distribution of p;(Y) and n(Y).
Since the Karhunen-Loéeve expansion of p;(Y) is given by

p(Y)=) & (3.7.29)

iel;

inboth cases (3.7.13) and (3.7.24), we see directly from (3.7.27) and (3.7.28)
that p;(Y) is independent of i (Y) forany [, k € J.

For the covariance of the estimated eigenvalues, using the Karhunen-
Loéve expansion of p;(Y), we get

cov(pi(Y), pi(Y)) = 6 AT Tr (I1)),
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if Y is of the form (3.7.13), and
cov(pi(Y), pr(Y)) = 65 2A7 Tr (1)),

if Y is of the form (3.7.24). This finishes the computation of the covari-
ances for the asymptotic distributions of the sample eigenvalues and
sample eigenprojections.

3.8 The Effect of Discrete Observation

In practice, functional data are often observed on a discrete grid, subject
to measurement error, and smoothing is employed to make the transition
into the realm of smooth functions. This section considers the stability
of the consistency of our estimator of the spectral density operator with
respect to discrete observation of the underlying stationary functional
process. Since our earlier results do not a priori require any smoothness
of the functional data, except perhaps smoothness that is imposed by our
mixing conditions, we consider a ‘minimal’ scenario where the curves
are only assumed to be continuous in mean square. Under this weak
assumption, we formalise the asymptotic discrete observation framework
via observation on an increasingly dense grid subject to noise of decreas-
ing variance (the so called “low noise" or “decreasing noise" setup, see e.g.
Hall & Vial (2006)).

LetI'bethegrid0=71; <72 <:--<Tp <Tp+1 =10n][0,1], with M = M(T)
being a function of T such that M(T) — coas T — oo, and

Ill= sup 7j41—-7j—0, M —oo.
j=1,.,M

We assume we are in a fixed design setup: we observe each curve X; on
the grid I' (except possibly at 741), additively corrupted by measurement
error, represented by random variables {e;}:

ytj:Xt(Tj)+€tj’ t=0)---)T_1;j=1""M'

We shall make the following assumptions concerning the additive noise:
Condition 3.8.1. The noise ¢, satisfies the following conditions:

1. Independence with respect to X: the random variables (€;});,j are all
independent of the X;s.

2. Uniformly bounded fourth moment: E [e‘;j] <c forallt,j, for some
constant c; = O(1).
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3. Fourth order stochastic orthogonality across time :

Eleses] = Eles] Eleg], t#s,
Eler.er.e5] = Eler.er] Eles.], t#s,
Elen.€h-€1.] = Elen.] Eles] Eles], t, b, t3 distinct,

Eley.€h-€r-61,-] = Elen.| Eles. ] Elen.] E[ey.], @1, t2, 83, ta distinct,
Elesere5.65] = Elerer] Eleses], t#s,

Eler.er.€r.65] = Elererer] Eles], t#s,

where we have simplified the notation by writing €;. instead of €.
This means that the dots in each €. can be replaced by any j, pro-
vided we do the replacement on both sides of the equations, at the
corresponding locations. For instance, the first equation really means

Elesjesk] = Elerj] Elesk], Vs#t,Vj, k.

Remark 3.8.2. The reason we make no stronger assumptions on the noise
will be explained in Remark 3.8.4. Meanwhile, notice that

1. We donot make any assumption about the mean of the observation
noise, nor did we assume it to be uncorrelated within a fixed time
point: (€;}) ;”: | may be correlated.

2. Assumption 3 of Conditions 3.8.1 could be replaced by the stronger
assumptions of independence across time of the noise variables.

Our goal is to show that our estimator of .Z, a(,T), when constructed on the

basis of the y; s, retains its strong consistency for the true spectral density
operator. To construct our estimator on the basis of discrete observations,
we use the following (naive) proxy of the true X;:

£,th(T)=ytj, iijST<Tj+1,
and define the step-wise version of X;:
th(T):Xt(Tj), iijST<Tj+1.

Just as the spectral density kernel estimator faET) is a functional of the X;’s,

we can define , uET) and &faﬁn, as the corresponding functionals of the

e,sXt'S, s X, respectively. The same can also be done for f,, ﬁ(f,T), prT),

X1 We then have the following stability result.

Theorem 3.8.3.
Assume that each r; is continuous,

Y lrelloo < 00, (3.8.1)
t
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and that C(1,2), C(1,4) and Conditions 3.8.1 hold. Lety =y(M, T) be the
upper bound on the standard deviation of the noise,

y=yWM,T)=" sup \/var (g4f),

j=1uM;t=0,..,T-1
and b = b(M, T) be the upper bound on its bias,

b=bM,T) = sup [ Eeyjl.

Then, assuming T — oo, By — 0, we have

sup ][E|Hg,s=@g)—9w|||§=8 sup | -Zo — Foll?

we[-7,7 we[-m,7]
+0(B5)+0(T™%)+O(T™'B;%)
+0(B;Y) [0(T?*b") + O(T) O(b*) O(y* + b))
+0(B:H [0(e1b) + 0]
+0(B;H [0h + 0(yh]
+O(TB7) ' O(cy).

Replacing the supremum norm by the mean, we get a slightly different
bound (the changes are on the first two lines):

T T
f_ E[ll S - Fulllydo =8 f Moo= Follzdo

+0(B2) +O(T™%) +O(T"'B;Y

+0(B;Y) [0(T?b") + O(T) O(b*) O(y* + b?)]

+0(B" [0(e1h) + 0%

+0(BY) [0h + 0(yh]

+O0(TB7) ™' O(c),
Remark 3.8.4. The reason that the statement of the Theorem is so com-
plicated is its generality. Indeed, it relates the consistency of the estimator
constructed from noisy observation to the rate at which the mean, variance,

and fourth moment of the observation errors have to decrease, compared
to the length T of the F1S, and the bandwidth parameter Br.

1. Notice that the term sup ,¢(_q s %o — Zoll5 is o(1) under the as-
sumptions of the Theorem.

2. If Ele;j] =0 forallt,j, and TB% — 00, ¢1 = O(1), the error terms
simplify to
OBHOoW? +vh.

This is essentially telling us that a small “noise variance to bandwidth”
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ratio is sufficient to have consistent estimators, provided the errors
have mean zero.

3. One might want to opt for more sophisticated smoothing techniques
to estimate the curves X; from noisy observations. In this case, The-
orem 3.8.3 can be applied. Indeed, if X, is the estimated curve
for X;, we can take y;j = X ¢+(tj). Then the error terms become
Erj = Xt(rj) — Xi(tj). The quantity b is therefore a uniform bound
on the bias (conditionally on X) of the estimators Xt, and yz isa
uniform bound on their conditional variance. Notice that the error
terms for the same t will be correlated, but this is not an issue since
the Theorem holds for arbitrary correlation of the errors within a time
point. For a given smoothing method, the Theorem therefore tells
us at what (uniform) rate the bias and the variance of the estimated
curves have to decrease, relatively to Bt and T, in order to ensure the
consistency of the sample spectral density operators based on noisy
observations. (for instance, if c; = O(1) but not o(1), then the bias of
the estimated curves should be uniformly o(Br)). These conditions
can then be used and give insight into how much to smooth the noisy
observations; this will be investigated in future work.

Proof of Theorem 3.8.3. By the triangle inequality,
Ellle o 2" - ZE0 M, = 2E |, 287 = 2P, + 2 ENNZED = Zo 1

hence, by Theorem 3.6.1 and 3.6.2, we can restrict ourselves to the first
summand. Using the triangle inequality again,

sup[EH| ZD _ a()T)”ESsgp[f[E (1) J(T)‘ +Squf[E|sfm D

(3.8.2)

The integrals are on [0, 112 with respect to dtdo. First, we deal with the
first summand:

2

2
) n|* _ -2 T) () ()
esfo ~ oo | =2nT (w_znl/T)(gSPZHI/T p27rl/T)
ST () 7 |?
o1 Y WP w-2nl/T)? esPanliT ™ péﬂllT’ ’

=0

where we have used Jensen'’s inequality. We claim that, if 7; <7 <741 and
Te=0<Tkt1,

PP @0 - pP,0)) <31, X D@12 D) o ?
+3IELD(NED ) * + 31D (1AL, X D(o)?,
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where €, gD (j)=02n T)~1/2 Z;‘r:_ol e 0t ¢j- To see this, we note that

esPo @)= p, (10) =, X @ X0~ X0 XD
= XP @ - X @) XD (0)+
+ X(T)(r)~( XD @) - XD )
= XP 0D+ (HEl) o+
+ ()X D),

since X EUT) (1) =Xy D7)+ ~(T )(j), and similarly if we replace o by 7 and
j by k. Our claim thus follows from Jensen’s inequality.

2
In order to bound the expectation of ‘ e pw (T o) —, pc(uT) (T, U)‘ , we will

first compute the expectation, conditional on the o-algebra generated by
the X;’s, which we will denote by Ex, and then use the tower property. As
an intermediate step, we claim that

Ex |25, () = O(Th") +0(y*) =: C
and
Ex 12D (He) (k)1? = 0(c; T"H+0(c1 )+ Oy H + O (b + O (y* +b*) O(TH*)+ O(T?* b*) =: C,

uniformly in j, k =1,..., M, and uniformly in w (notice that all Ex can be
replaced by E since the €;;’s are independent of the X,;’s). For simplicity,
we shall refer to these bounds by C; and C». To establish our claim, notice
that

Ex[gg (NP =varx (8,7 (D) + Ex L (1)),

where the second term is O(Th?). Since |7 (j)|? =P (gD (j), we get

vary (€0 () = @a D)™ Z e U covy (e, €55).
t,5=0

The summand is equal to yz if t = 5, and zero otherwise (by our assump-
tions on the €’s), hence the first statement follows directly. We can now
turn to the second statement. First, notice that

T-1
ExIEPNEDERPF<=T? Y |covx(enen enen)l,
ty,b,13,14=0

where we have written ¢, instead of €, for tidiness. We now bound the
summand in each of the following cases, and count the number of such
cases:

1. the summand is of the form Ex 6;1, which is bounded by c;. There
are T such cases;
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122 3. INFERENCE FOR THE SPECTRAL DENSITY OPERATORS

2. the summand is of the form Ex (E?t’é‘ s)=Ex (8‘;’) Ex €5, which is bounded
by c1b. There are O(T?) such cases;

3. the summand is of the form Ex (¢2¢2) with s # ¢. It is bounded by
O(y4) + O(b%), and there are O(T?) such summands;

4. the summand is of the form Ex (¢%¢;,€5,), with both s, sp # 1. Tt is
bounded by (y? + b?)b?, and there are O(T®) such summands;

5. the summands are of the form [, (s 6€6 £t3£t4), where all the ¢;s are
distinct. It is bounded by b*, and there are O(T*) such summands.

Piecing these bounds together, we get

Ex 120 (HeL(k)? = Oci T™1 + O(c1b) + O(y*) + O(b*Y) + O(y* + b*) O(Th?) + O(T?b*)

uniformly in w, j, k.

(1) @
We can now bound Ex e.sPaniir = Panur|

2

(T) (1) 5 (I) 2 =(T) 2

Ex 5,sp2ﬂl/T_sp2nl/T| =3 X oy (I Ex €250 7 (K]
+3Ex1E5,), 1 (DE Ly (I

2nllT =2nl/T

-3, ED O EXIED,
<361 LRy O +1,X Dy 00 430

where C; and C, are defined above. Since | X fUT) @2 =] p(E,T) (7,7)|, Propo-

sition 3.4.4, Remark 3.5.5 and (3.8.1) yield that [ E| X{7) . (0)2dt = O(1).
Using the tower property, we obtain

ks

uniformlyin [ =1,..., T —1, under the assumptions of this Theorem. Thus

2
(1) (1)
e,sPaniiT ™ sp2nl/T) <= 0(C)+0(Cy),

o

2 T-1
D - P <o hioEn + 01 Y (W w-2rl Ty
1=0

el

= O(T™H)[0(C1) + O(C)T O(TB | W2,
(at most O(T Br) non-zero summand)

= O(B;1) [0(C1) + O(Cy)] (by Lemma 3.12.18)
= OBy [O(T?b*) + O(e1 b) + O(y*) +
+O(THHOW* +b*) + 0(b") + Oy + O(T ' ey)],

uniformly in w. Hence we obtain the bound on the expectation of first
summand of (3.8.2).



3.8 THE EFFECT OF DISCRETE OBSERVATION

We now turn to the second summand of (3.8.2). Using the decomposition

E| T - £DF = cov (0 - £D, £D = £ D)+ | E[ LD - 1D,

w

the covariance term can be written as sums and differences of four terms
of the form

T T
cov(£P (01,02, £ (03,04)),

for some o;’s. The important thing here is that each of these terms can
be bounded in L>—independently of the o;'s—using Corollary 3.5.3 and
Proposition 3.5.4:

OB T H+0(T™), wel-nnl,

(1) _ (T) (T _ (T)
Cov
& o )= OB;'T™, € [Br,m - Brl,

in L2, where the bound is uniform in w in both cases. The second bound
will be useful for the last statement of the Theorem. Using the decomposi-

tion [y = +fBT Bry fr _p,» We get

.
[ [ loov(s? - 167, 67 16 o= 0087 7

and

sup [[ Jeov (7 457, 5P - £SP)] = 0 (B7TY),

2
In order to bound | E [ f(T) fuﬁn ] | , we use Proposition 3.5.1 and Lemma 3.12.13
(with p = 1):

JJ1ELAD =201 <4 [[ o=l + 0B + 01T + 081 1) 2,

uniformly in w. Thus

2 - -
sup ff |E[5" = £5D]|” < 4supllsFo - Foll3+OBH+O(T2)+0(Br 1) 2.
w w

The quantity [lls %, — Zoll5 = [ | fo — fo |? is in fact the squared distance
between &fw and f, in the space L2([0,1]%,C). Under (3.8.1), fu(T,0) is
uniformly continuous in w, 7, o; since f,, is a step-wise approximation of
fw, We obtain

sup 5% — Full5 =0, M—oco.

wE[—7,7]

The proofis completed by piecing all these results together. O

Remark 3.8.5. The use of Proposition 3.5.4 was valid in this context, but
requires some attention. Indeed, it relies on Lemma 3.12.21, applied to
8q,o(a) = &fOET) (1,0). Remark 3.12.22 tells us that the convergence of the
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124 3. INFERENCE FOR THE SPECTRAL DENSITY OPERATORS

convolution integral depends on the uniform continuity parameter 6 (€),
which here will depend on the size of the sampling grid M = M(T); in other
words, 6(€) = 6 (e, M). But notice that since (3.8.1) holds,

||sfw1 - sfwz ||2 = O<S‘[u(P<1 |5fw1 (T!U) - waz (T) U)i
= sup |fw1 (T,0) ~ fu, (T,O')|
™™

< sup |fu, (1,0) = fu,(T,0)|,
1

0<t,0=

hence we can choose a 0 (€) that is independent of M, and the application
of Proposition 3.5.4 is valid.

3.9 Numerical Simulations

In order to probe the finite sample performance of our estimators (in
terms of IMSE), we have performed numerical simulations on stationary
functional time series admitting a linear representation

10
Xl‘ = Z Asgt_s.
s=0

We have taken the collection of ‘innovation’ functions {¢;} to be inde-
pendent Wiener processes on [0, 1], which we have represented using a
truncated Karhunen-Loéve expansion:

1000

em=Y &prv/Arer(@).
k=1

Here Ay = 1/[(k—1/2)?n?], ¢, are independent standard Gaussian ran-
dom variables and ey (7) = V2sin[(k — 1/2)x7] is orthonormal system in
L2([0,1],R) (Adler (1990)). We have constructed the operators A; so that
their image be contained within a 50-dimensional subspace of I2([0,1],R),
spanned by an orthonormal basis ¥1,...,¥50. Representing €, in the ey
basis, and A; in the v, ®; e} basis, we obtain a matrix representation of
the process X; as X; = Z;goAset_s, where X; is a 50 x 1 matrix, each A is
a 50 x 1000 matrix, and &£, is a 1000 x 1 matrix.

We simulated a stretch of X;,t=0,...T—1for T =2", withn=7,8,...,15.
Typical functional data sets would range between T = 2% and T = 28 data
points. We constructed the matrices A, as random Gaussian matrices
with independent entries, such that elements in row j where N(0, j~2%)
distributed. When a = 0, the projection of each ¢; onto the subspace
spanned by each v, m = 1,...,50 has (roughly) a comparable magnitude.
A positive value of a, e.g. @ = 1 means that the projection of €; onto the
subspace spanned by v ; will have smaller magnitude for larger j’s.

For comparison purposes, we also carried out analogous simulations, but
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with A = 1, that is, the variance of the innovations €, being equal to one
in each direction e,, n = 1,...,1000. In the sequel, we will refer to these as
the simulations with “white noise innovations”, and to the previous ones
as “Wiener innovations”. The white noise process is, of course, not a true
white noise process, but a projection of a white noise process. However, it
does represent a case of a “rough" innovation process, which we present
here as an extreme scenario.

For each T, we generated 200 simulation runs which we used to compute
the IMSE by approximating the integral

b4 2
2 [ el - 2P a0
0

by a weighted sum over the finite grid I' = {7 j/10; j=0,...,9}. We chose
Br = T-15 (e.g. Grenander & Rosenblatt (1957, Par. 4.7), Brillinger (2001,
Par. 7.4)) and W(x) to be the Epanechnikov kernel (e.g. Wand & Jones
(1995)), W(x) = %(1 — x?) if |x| < 1, and zero otherwise. The results are
shown on a log-log scale in Figure 3.2, for a = 2. The slopes of the least
square lines passing through the medians of the simulation results show
that IMSE(Z D)« TP , with = —0.797 for the white noise innovations,
and 8 = —0.796 for the Wiener innovations. According to Theorem 3.6.2,
the decay of the IMSE (% (1) js bounded by

CIT 2P +CT ™~ T (if Tislarge),

for some constants Cy, Cs.

In order to gain a visual appreciation of the accuracy of the estimators, we
construct plots to compare the true and estimated spectral density kernels
in Figures 3.3 and 3.4, for the Wiener and white noise cases, respectively.
For practical purposes, we set a = 2, as for the simulation of the IMSEs.
We simulated X; = Ape; + Aj€4-1, Where £,(7) lies on the subspace of
L2([0,1],R) spanned by the basis ey, ..., e199, and the operators Ay, A; lie
in the subspace spanned by (¢, ®2 €x) m=1,...51;k=1,..,100- Since the target
parameter is a complex-valued function defined over a two-dimensional
rectangle, some information loss must be incurred when representing it
graphically. We chose to suppress the phase component of the spectral
density kernel, plotting only its amplitude, |£, (t,0)|, for all (r,0) € [0,1]?
and for selected frequencies w (the spectral density kernel is seen to be
smooth in w, so this does not entail a significant loss of information).
For various choices of sample size T, we have replicated the realisation
of the process, and the corresponding kernel density estimator for the
particular frequency. Each time, we plotted the contours in superposition,
in order to be able to visually appreciate the variability in the estimators:
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Figure 3.1 - Plots of the functional linear process used for the simulation of the IMSE. The plots in the top row
are for the linear process with “Wiener noise”, and the bottom ones are with “white noise”. In each case we
have a perspective plot, which illustrates the direction of time, and a superposition plot, where the temporal
dimension is suppressed.
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Figure 3.2 — Results of the simulated ISE on a log-log scale, with a = 2. The upper and lower plots correspond
to the Wiener Innovations and the White Noise Innovation setups, respectively. The dots correspond to
the median of the results of the simulations, and the lines are the least squares lines of the medians. The
boxplots summarise the distribution of the ISE for the 200 simulation runs. Though the ranges of the y-axes
are different, the scales are the same, and the two least square lines are indeed almost parallel.
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Figure 3.3 — Contour plots for the amplitude of the true and estimated spectral density kernel when the
innovation process consists of Wiener processes. Each row corresponds to a different frequency (w = kn/5,
k=0,1,...,4, from top to bottom). The first column contains the contour plots of the true amplitudes of
the kernel at each corresponding frequency. The rest of the columns correspond to the estimated contours
for different sample sizes (T = 20,100, 1000 from left to right). Twenty estimates, corresponding to twenty
replications of the process, have been superposed in order to provide a visual illustration of the variability.
The contours plotted always correspond to the same level curves and use the same colour-coding in each
Tow.
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Figure 3.4 — Contour plots for the amplitude of the true and estimated spectral density kernel when the inno-
vation process consists of white noise processes. Each row corresponds to a different frequency (w = kn/5,
k=0,1,...,4, going from top to bottom). The first column contains the contour plots of the true amplitudes
of the kernel at each corresponding frequency. The rest of the columns correspond to the estimated contours
for different sample sizes (T = 20,100, 1000 from left to right). Twenty estimates, corresponding to twenty
replications of the process, have been superposed in order to provide a visual illustration of the variability.
The contours plotted always correspond to the same level curves and use the same colour-coding in each
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tangled contour lines where no clear systematic pattern emerges signify a
region of high variability, whereas aligned contour lines that adhere to a
recognisable shape represent regions of low variability. As is expected, the
“smoother" the innovation process, the less variable the results appear to
be, and the variability decreases for larger values of T.

3.10 Mixing, Tightness and Projections

Our results on the asymptotic Gaussian representations of the discrete
Fourier transform and the spectral density estimator (Theorems 3.3.4
and 3.6.5) effectively rest upon two sets of mixing conditions: (1) the
summability of the nuclear norms of the autocovariance operators (at
various rates), and (2) the summability of the cumulant kernels of all
orders (at various rates). The roles of these two sets of mixing condi-
tions are distinct. The first is required in order to establish tightness of
the sequence of discrete Fourier transforms and spectral density estima-
tors of the underlying process. Tightness allows one to then apply the
Cramér-Wold device, and to determine the asymptotic distribution by
considering finite-dimensional projections (see Section C.2, Lemma C.2.3,
and Corollary 3.6.4). The role of the second set of mixing conditions,
then, is precisely to allow the determination of the asymptotic law of
the projections, thus identifying the stipulated limiting distribution via
tightness.

Therefore, in principle, one can replace the second set of mixing condi-
tions with a set of conditions that allow for the discrete Fourier transforms
and spectral density estimators of the vector time series of the projections
to be asymptotically Gaussian, jointly in any finite number of frequencies.
Our approach was to generalize the cumulant multivariate conditions of
Brillinger (2001), which do not require structural assumptions further to
stationarity. Alternatively, one may pursue generalizations of multivariate
conditions involving a¢-mixing and summable cumulants of order 2,4,
and 8 as in Hannan (1970, Chapter IV, Par. 4) and Rosenblatt (1984, 1985),
though a-mixing can also be a strong condition. Adding more structure,
e.g. in the context of linear processes, one can focus on extending weaker
conditions requiring finite fourth moments and summable coefficients
(Hannan 1970, Anderson 1994).

For the case of non-linear moving-average representations of the form
ét = G(gl‘) Et—1).. -))

where G is a measurable function and {¢;} are i.i.d. random variables,
several results exist; however, none of them are (yet) established for vec-
tor time series. For instance Shao & Wu (2007) show that if the second
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moment of ¢, is finite and

> \/[E| Elég —Exe1lFoll* < 0o,
k=0

where & is the sigma-algebra generated by {egp,£_1,...}, then the discrete
Fourier transforms of ¢; are asymptotically Gaussian, jointly for a finite
number of frequencies. Furthermore, Shao & Wu (2007) establish the
asymptotic normality of the spectral density estimator at distinct frequen-
cies under the moment condition E|& |49 < 0o, for some & > 0, and the
following coupling condition: there exist @ >0, C >0 and p € (0,1) such
that

Elé,—¢&%<Cpt, t=0,1,..., (3.10.1)

where ¢, = G(ey,...,€1,€(,€_,...) and (¢})kez is an i.i.d. copy of (ex)rez-
Notice that (3.10.1) is related to (in fact stronger than)
the L”-m-approximability condition of Hormann & Kokoszka (2010). Un-
der the weaker conditions E|;]* < oo, and

> (ElE -4 <o,

t=0

where &; = G(.. E_1,E0,€1,...,€¢) and g is an i.i.d. copy of &9, Liu & Wu
(2010) establish that the spectral density estimator at a fixed frequency is
asymptotically Gaussian. The idea behind these coupling conditions is
to approximate the series ¢; by m-dependent series, for which derivation
of asymptotic results is easier. We also mention that, under milder con-
ditions, Peligrad & Wu (2010) establish that for almost all w € (0,27), the
discrete Fourier transform at w is asymptotically normal.

The mixing conditions pursued in this chapter have the advantage of not
requiring additional structure, at the price of being relatively strong if
additional structure could be assumed. For example, if a process is linear,
the cumulant conditions will be satisfied provided all moments exist and
the coefficient operators are summable in an appropriate sense, as shown
in the results below (see in particular Remark 3.10.3). As mentioned above,
we conjecture that four moments and summability of the coefficients
would suffice in the linear case, however a more thorough study of mixing
conditions for the linear case is outside the scope of the present thesis.

Proposition 3.10.1.

Letl =1, orl =0 bea constant, and let e;,t = 0,+1,... be a k-order sta-
tionary (see Definition 3.2.2) sequence of random elements of H satisfying
Elleoll* < oo, and

Y (1415l Jeum(eq,, .. ehp 80) | <00 (3.10.2)

b/
fyeny lp—1€Z

forallj=1,...,k-1.

Il ; is defined in
Section A.3.2 on
page 225
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If (Ay) is a sequence of bounded operators on H, satisfying

3 (@ +1s1)1 Asllloo < 00, (3.10.3)
seZ
then the (filtered) series
X = Z AsEp s
seZ
satisfies
Y (14117 foum (X, X, Xo) | < 00 (3.10.4)
ey lp—1€Z

forallj=1,...,k-1.

Proposition 3.10.2.

The statement of Proposition 3.10.1 holds when replacing all the projective
norms |||l by the Hilbert tensor norm ||-|| in (3.10.2) and (3.10.4).

Remark 3.10.3. 1. The sample spectral density operators of a filtered
series Xy = ) sez As€—s satisfying the conditions of Proposition 3.10.1
for k =2 and k = 4 will be tight.

2. If (e;) is an i.i.d. sequence, then (3.10.2) reduces to E | &o|* < oo, by
Proposition 3.12.8. In particular, if Elleg Ik < oo forall k=1, and
(3.10.3) holds for | = 1, then the linear process X; = Y ez As€r—s
satisfies the conditions of Theorems 3.3.4, 3.6.5 and 3.7.3.

Proof of Propositions 3.10.1 and 3.10.2. We will only prove Proposition 3.10.1,
since the proof of Proposition 3.10.2 follows the exact same argument,
with [|-||; replaced by |-|| everywhere.

Using Propositions 3.12.10 and 3.12.11, we get

Y (111 foum (X, Xy, Xo)

f1yeeey ty_1€Z

= Z (1+|tj|l) Z (AS1 @y O Ask)Cum(gtl_sl""’gtk—l_sk—l’g_sk)
fyerylp—1€Z S1yeeeySk—1€Z 7

= Z (1+|tj|l) Z |||A51 ®7T"'®7TASk|||oo”Cum(8f1—Sl""’gfk—l—Sk—UE—Sk)”n
fyey lp—1€Z S1yeenySk—1€Z

< X (+5) X Al MAallaeum (e enisne-s)
e tp—1€Z S1yeeesSk—1€Z

= Y lAalle sl X (14160 ) leum (en—sren s e=s)

S1yeees Sk-1€Z iy l—1€Z



Making the changes of variables u; = t; —s;+ sg, for [ =1,...,k—1, we get

Y (1) feum (Xa, o Xy Xo)

ey tp—1€Z
= Y Al lalle X (1410545 - sl
SlyeensSk—1€Z Uy,...,Ug—1€”Z

X ”Cum(ful—sk»---»Eukfl—sk’g_sk)”n'

Using Jensen’s inequality and the k-stationarity of €, we get

3.11 OUTLOOK

= X Al Maslle X (12 w2 sl w2 s

S1yeeeySk—1€Z Uy, Ug—1€Z
x ”Cum (Eul ryeer€upy ’60) ”n
<00,
since (3.10.2) and (3.10.3) hold. O

3.11 Outlook

In this chapter, we have given some theory on the estimation of the spec-
tral density operators. The basic idea was to take the functional discrete
Fourier transforms of the data, then take its empirical operator to form
the periodogram operators, which are then smoothed with a kernel to
form consistent estimators of the spectral density operators. We have
also seen that the eigenstructure of the sample spectral density operators
form consistent estimators of the eigenstructure of the spectral density
operators. This in turn could be used in practice to approximate a func-
tional series by truncation of the Cramér-Karhunen-Loéve, introduced in
Chapter 2. The sample spectral density operators could also be used for
other purposes, such as for classification, clustering, or prediction.

Since Functional Data are usually observed on a grid, and possibly con-
taminated by some noise, we studied the consistency of the sample spec-
tral density operators constructed on the basis of such observations, and
gave some results relating the mean/variance of the observation noise
to the stretch of the series and the bandwidth parameter. The setting we
chose was general enough to be applicable to various smoothing tech-
niques (for turning the discrete observations into functional data). Exten-
sions to the setup of sparsely observed functional time series would be of
interest.
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See Section A.2.3 on
page 221 for the
definition of
complexified Hilbert
space

3.12 Some Technical Results for this Chapter

This section contains some technical results that were used in this Chap-
ter.

3.12.1 Complex Gaussian Random Elements

If X is a Gaussian random element of the real Hilbert space Hg, with mean
1 and covariance operator 6 = [E [(X — W) ®2 (X — ,u)], we will write X ~
N, (,u, ‘6) If H is a complexified Hilbert space, the covariance of a ran-
dom element X € H satisfying E|X[|> < oo is defined by
E[(X - w ®2(X —w)], where u = E X. In the case H = C%, the covariance of

arandom element X € C% isgivenby E[(X — ) (X - w '] = E [(X —wWX-wT|.
In particular, this implies that the variance of a random element X € C is

var(X) = E[|X - EX[].

We now define the notion of complex Gaussian random vector, which will
be used in this Chapter.

Definition 3.12.1 (e.g. Picinbono (1996), Schreier & Scharf (2010)).

A random vector Z = X +iY € C%, where X =R(Z) e R% and Y =3(2) €
R4, is said to follow the complex Gaussian distribution if the vector
XT, YN e R?? follows a multivariate Gaussian distribution. The dis-
tribution of a complex Gaussian random vector Z € C% is entirely charac-
terized by the following parameters:

u=ELZ),
r=E|z-pz-p!|=E[Z-pez-p),

C=E[zZ-wz-pT|=E[Z-we:Z-p)|-

The parameters 1, T, C are called the mean, the covariance matrix and the
relation matrix, respectively, and we write Z ~ Nca (1, T, C).

IfC =0, then Z is said to follow a circular complex Gaussian distribution ,
and we write either Z ~ N¢a (1, T,0), or Z ~ Aga (,T).

Assume that p = 0, we have

I'=(EX®2 X+ E[Y® Y])+i(E[Y® X]- E[X®,Y]),
and

C=(E[X®: X]- E[Y® Y])+i(E[Y ®; X]+ E[X®, Y]).

We therefore get the following Lemma:

Lemma 3.12.2.
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Suppose Z = X +iY € C? is a random vector, with mean zero, covariance
matrix ' and relation matrix C. Then

1 1
[E[X®2X]:§8?(F+C), [E[Y®2Y]:§§R(F—C).
[E[X®2Y]=%S‘s(C—F), [E[Y®2X]:%%(C+F).

We also mention some useful properties:

1. IfRT-C) =0, then Y =0 almost surely, and Z is almost surely a
real vector.

2. If Z iscircular (i.e. C=0) and d = 1, then R(Z) and 3(Z) are uncor-
related, and have the same variance.

3. IfZ=(4,2,..., Zg) € C9 is a complex Gaussian random element,
with covariance matrixT' = (I';j) and relation matrix C = (C;;). Let
Ljc{l,...,q} withIn] = @, define Z; = (Z;) ie1, and similarly for
Zj. Then,

[Z; is independent of Z)] <= [[;j=0=C;j;,Viel, je]].

The last property mentionned in the Lemma tells us that two entries Z;
and Z; of a complex Gaussian vector Z = (73, ..., Z,) are independent if,

and only if, E [ZqZ] = 0and E[Z,Z ] =0, or in other words, if their
covariance and relation vanishes. This motivates the following definition:

Definition 3.12.3.

Two complex random variables Z,, Z, € C are said to be strongly uncorre-
lated if E [le] =0 and E[Z,Z,] = 0. If only the first equality holds, then
Z, and Z, are uncorrelated.

We now define complex Gaussian random elements in a general complex-
ified Hilbert space.

Definition 3.12.4.

A random element Z of a complexified Hilbert space H is said to follow a
complex Gaussian distribution if E|| Z 12 < oo, and all its finite dimensional
projections follow compatible complex Gaussian distribution, i.e., for all
®1,...,0;€ H andall ] = 1,2,..., the random vector

(Z,@1),....(Z @) e

follows a Gaussian distribution A¢s (u, T, C) satisfying, foralli, j € {1,2,..., ]},
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the following compatibility conditions

Hi= <m;(l’i>;
Lij=(Ypj ¢i),
Cij={(Cp;, i),

where p = (u1,..., 1), I'=(T;;), C=(C;;) and

m=E[Z],
Y = El(Z-m)®(Z-m)] € A(H),
C=E|(Z-m)®s(Z—m)| € HA(H).

We write Z ~ Ny (m,¥,€). If ¢ =0, we say that Z follows a circular

complex Gaussian distribution , and we write Z ~ Ny (m,¥,0) or Z ~

3.12.2 Cumulants
3.12.2.1 Cumulants of Random Variables

We recall the definition of a cumulant for complex valued random vari-
ables:

)

[1Y

JeEVI

p
cum(Yy,..., V) =Y. (-DP ' (p-DI ] E
v =1

where the summation extends over all unordered partitions
v=W1..,Vp), p=1...k
of {1,..., k}. The following result is found in Rosenblatt (1985, p.34):
Lemma 3.12.5.
IfEI]Tjey Yjl < oo for all subset of indices J < {1,..., k},
p
E[Yy- Yl =Y [Jeum(Yj;jevi), (3.12.1)
v =1

where the sum extends over all unordered partitions v = (vi,...,vp) of
{1,...,k}.

This result tells us that the k-th order cumulant can be thought of as a

generalization of the covariance. Indeed, rewriting (3.12.1), we get

p
cum(Yy,...,Yp) = E[V--- Y] = Y [Jeum(Yj;jevi), (3.12.2)
v;p#li=1

which gives the intuition that the cumulant of order k is equal to the k-th



3.12 SOME TECHNICAL RESULTS FOR THIS CHAPTER 137

moment, with all lower-order dependencies removed.

3.12.2.2 Cumulants of Random Elements of Hilbert spaces

We now define cumulants for random elements of Hilbert spaces: Let
(H, |I-Il) be a separable Hilbert space, and for k a positive integer, let L =
L*(Q, H,P) be the Banach space of random elements Y € H with norm

1Y 1l = (ENYI15)YF < 0o

Proposition 3.12.6.
For any (random) elements Y1, ..., Yy € L¥, we define their k-th order cu-

mulant camy (Yy,...,Yy) € ®$?:1 H as the unique element that satisfies

(cumg (Y1,...,Y3),1®---@ @) =cum ((Y1,91),...., (Y, k), (3.12.3)

Y1,...,9r € H, and where the function cum (-) on the right-hand side is
the usual cumulant function for complex random variables.

Furthermore, the mapping

.1k Kk
cumy (1) : L x---x L" — _®1H
]:

is a bounded multilinear mapping, i.e., it is linear in each coordinate, and
lcumg (Y1,..., YOI < (k=D!Bell Yol pe - - 1 Yiell px,

where By, is the k-th Bell number, giving the number of partitions of a set
of size k. We sometimes write cum (-) instead of cumy (-).

Proof. Let H k denote the k-fold Cartesian product of H. Fix t1,..., ty € Z.

We define the multilinear functional G: H/ — C by

G(@1,...,91) = cum ((Y1,¢1),..., (Y, @),

for all ¢1,...,¢@ € H. Itis clear that it is a multilinear functional. Further-

more, letting ¢ = ), (p — 1)!, where the sum extends over all unordered
partitions v = (vy,...,vp) of {1,..., k}, and writing |v | for the size of the
partition v, we get (using Jensen’s and Holder’s inequality)

See Chapter B on
page 229 for the
definition of the space
L*@Q, H,P)
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1G(p1,..., 1) < Z(p 1)'1_[[E
=1

<Z(p 1)[1_[ l_[ [E <Y],(,0] ||V1|]1/|w\

1= 1]EV]

<X~ 0T 1T los] B[y

=1 ]EV[

=lerll - lenll 2 tp - D'HH([EIIY]H

—IJEVI

[TKY; ‘PJ>|]

Jevi

vyl

)I/k

)l/k

:||¢1||...||¢n||z(p_mg([Enyjuk
= |- ||<pn||n([ﬁ||zo|| 9"

Furthermore, letting I;, = (e;;) =1 be an orthonormal basis of H, and using
Jensen’s and Holder’s inequality, as well as Parseval’s identity, we get

1/2

1/2 p 2
( > |G(<p1,...,<pk)|2) s(k—n!( > |X]IE )
(1 vi=1

..... (pkEIb (pl,...,(pkEIb

[ <Yj»<Pj>]

jevi

using Jensen’s inequality on }_,,, we get

1/2 » 2\ 1/2
( > |G(<p1,...,<pk)|2) s(k—l)!z( > |IIE (Y],tp]>] )
@1, PElY vV \@1,en@r€lp |1=1 jevy
p 2\ 1/2
~-nzfl( £ |e[moe|]
v I=1 (ijIijEVl jEVl
again, using Jensen’s inequality on the expectation yields
1/2 p 2, 1/2
( > |G((P1,---,(,0k)|2) s(k—l)!ZHtE( > H(Yj»‘Pj))
@1, PLEI v =1 | (ijIb:jEVl JjEvi

=(k-1)!

<™
o
[l

~
1l
—_

(nx |<YJ-,¢J->|2)”2]

L\jevipjely

W

]EV[

[[EII v

=(k-1)!

™
o
i

~
1l
—

< (k-1 vl

<M
O

~
Il

—

.

m
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<G-mry [T 17 [l )™

v I=1jev,

k
< G- [T,
v j=1
k
<= ] ¥l (£1)
j=1 v

k
< (k=B [T 1Yl oo
j:l

where By, is the k-th Bell number, giving the number of partitions of a set
of size k. Therefore G is a Hilbert-Schmidt functional, and in particular it
is a weak Hilbert-Schmidt mapping, see e.g. Kadison & Ringrose (1997,
Theorem 2.6.4). Therefore, by the universal property of the Hilbert tensor
product, there exists a unique mapping continuous linear functional
G ®;?:1 H — C such that

G’((pl ®---®y,) =GY1,...,0n), Y1,...,0,€ H.

Now the Riesz representation Theorem tells us that there exists a unique
Ae ®§?:1 H such that

G'() =<, A.

Therefore cumy (Y1,..., Yx) = Ais well defined. The linearity of cumy (-)
follows directly from the property (3.12.3) and the boundedness has al-
ready been shown since

leumg (Yy,..., YOIP = Y. 1G@1,..., 9013

by Parseval’s equality. O

Lemma 3.12.7.
Using the same notation as Proposition 3.12.6, if Ay, ..., Ay are bounded
operators on H, then

cum (A, Yi,..., A Xp) = (Al R R Ak)cum(Yl,..., Yo).
Proof. The proof follows directly from (3.12.3), and is omitted. O
We can also define elements of the form cum ({¢, Y1), Y», ..., Y;) € H®*~1),
for ¢ € H. This is done rigorously by defining, for any iy,...,i;€{1,..., k}
and any ¢; ,...,@; € H the element

cum(Y],...,¥;) e H**9

where Yz’, =(¢;,, Y, )yforr=1,...,s and Y]f= Y;if j ¢ {i1,...,is}, to be the
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unique element of H®*~9 satisfying

(cum(Y],...,Y.), 9, @ ¢j_.)=(cum(Yy,..., Yi), 01 ®--- @ @g),

forall j,...,¢;,_, € H, where {ji,..., jk—s} is the complementary set of
indices {i1,..., i}, i.e.

{jl)u')jk—s}:{1’-~-’k}\{il’---ri5}~

We now present a way of writing cumulants using the tensor product:

Proposition 3.12.8.

LetYy,..., Yy € L¥. The cumulant can be defined via the tensor product as

)

(3.12.4)
and this definition is compatible with Definition 3.2.1. Furthermore, we
can view cum (-) as a bounded linear operator

p
® E

cum(Yy,..., Y= Y (-DP'(p-1D!-Perm, 2

V=(V1,..Vp)

® Y;
jevi

rk
cum () : (Lk)® — H&k, (3.12.5)

We will first give some intuition about why the operator Perm,,-: (-) is im-
portant here. To understand why, recall that any partition v = (vy,...,Vvp)
can also be viewed as a permutation v: {1,...,k} — {1,..., k}, sending j to
v(j), where we write v = (v(1),...,v(])). The inverse is denoted v~1, Notice
that

p

® ( ® Yj) = Yv(l) ® Yv(z) ®---® Yv(k)-
=1 \jev;
Therefore we need to reorder the tensor product after having taken the
expectations, since we want the property

(cum(Yl,...,Yk),(p1®(p2®~~®(pk> =Cum(<Y1,(Pl>,---,<Yk»(Pk>),
(3.12.6)

Proof of Proposition 3.12.8. It suffices to use the properties of Perm,, (-),
and the characterization (3.12.3) of the cumulant to show the compatibil-
ity with Definition 3.2.1.

Let us now show that cum (Y3,...,Y;) € Her k.

leum(Yy,..., Yl < ), (p-DI

V=(V1,.eVp)

p
Perm, 1 ( ® E
=1

® Y;
jev !

|

4
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Using the fact that the projective tensor product is isomorphically com-
mutative (see Section A.3.3),

p
leum (Y1,..., Yl = ), (p-D! @ E

V=(V1,Vp)

® Yj]

jevi

T

p
= Y (p-D][|E| ® Y|, (by(A3.5)
V=(V1,..Vp) =1 JevI b4
Using the contraction property of the Bochner integral,
p
leum(Yy,..., Yl = Y.  (p-DI-[]E| & Y;
V=(V1,yVp) =1 J&VI b3
p
= > p-D-TTETT vl (by (A.3.5))
V=(V1,.0Vp) =1 jev,

and using Holder’s inequality,

k
lcum (Yq,..., Y, < Z (P—U!'H”Yj”Lk
j=1

V=(V1,..Vp)

< 00.

This shows that cum () : (Lk)k — H® ¥ is bounded. Furthermore, we
already know that it is multilinear. Therefore, by the universal property of
the projective tensor products (A.3.9), we can view cum (-) as a bounded
linear operator (LK)®7k — H®xk, O

Corollary 3.12.9. Lets > 1 bean integer. If Y1,..., Y5 € L?, then

|||cumop (Y,..., Y2)[||; < llcum (V3,..., Y29) |l < co. (3.12.7)

Proof. Wedenote V¥ : H®S®, H®* — #(H®®) the unitary operator ¥ (x® y) =
x®,y for x, y € H®® (see Proposition A.3.2). Also, we denote by ¢ : H®7% —
H®* the continuous inclusion defined by linear extension of (®}_, x;) =

®:_, x; for all simple tensors. Since cum (Y3,..., Y2;) € H®%5 and

=1

H®n25 — (H®n5) ®7[ (H®”3),

we have
e )cum(Yy,..., Yas) € H® @, H®S,

and therefore ¥ (1 ®,t) cum (Y3,..., Ys,) is well defined. Notice that

cumop (Y3,..., Yo5) =¥V (t®; 1) cum (Y7,..., Yo),
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since the equality holds on all simple tensors. We therefore get,
[[lcumop (¥3,..., Yag)|||, < ¥ llleollellZ, lcum (Y3, ..., Yol

and the proofis finished by using the isometry property of ¥, the fact that
lltlloo < 1, and Proposition 3.12.8. O

Proposition 3.12.10.
Let Ay, ..., A be bounded linear operators on H, and Y1, ..., Y € Lk, Then

(A1® - ®; Ap)cum(Yy,..., Y ) =cum (A1 Y1,..., A Yy). (3.12.8)
Proof.

(Al ®ﬂ..'®ﬂAk)Cum(er---7Yk)

-1 k p
= Y  DP'p-1!-|® A;|Permy | ® E| ® Y|,
v=(V1,..yVp) i=1 I=1 Jjevy
p-1 k p
=Y (D' (p-1!-Perm,-1 |Perm, (&, A;|| ® E| ® Y;||],
v i=1 =1 jevy
(by (A.3.11))
P p
:Z(—l)p_l(p—l)!-Permvl( ®r | ®r Aj| || ® E| ® Yj” :
v I=1| jev, =1 jevy

Using the definition of the tensor of bounded operators, and the commu-
tativity of bounded operators with the expectation,

(A1 ®7 - ®7 Ap)cum (Yq,..., Yi)

p
=Y D" (p-D!-Perm,1 | ® || ®7 Aj| E| ® Y,-] ,
v =1 jev jevy
-1 p
=Y DP ' (p-D!-Perm, | ® | E|[®; Aj] ® Yi||],
v =1 jEVl j€Vl
p
=Y - '(p-1!-Perm,1 | ® E| ® A,—Yj]),
v =1 jEVl

=cum (A; Y1,..., ArYyr)

Proposition 3.12.11.
Let A be bounded operators on H, satisfying

2 Al < 0.

seZ

Lete;, t =0,%1,... be a k-order stationary sequence of random elements of
H such that E | &gl k< oo for some positive integer k,
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Define X;m = Z?’}NASQ_S. Then, the linear process X; = Y 7 As€¢—s
has the following properties:

(i) LK convergence: limy_.o HXiN) _X[”Lk =0, and [EIIXtIIIC <00,

(ii) |cum (e, ..., €0)], <oo.

(iii) We have

cum(Xg,.... Xy )= ). (Ay—g ®r- - ®p Ap—g)oum (eg,,..., 5,),
S1yee0ySKEZ

where the convergenceisin ||-| ;.
Furthermore, X; is k-th order stationary.

Remark 3.12.12. Since the projective norm ||-||; is stronger than the Hilbert
tensor norm |-|l, the statements (ii) and (iii) of the Proposition also hold
for the Hilbert tensor norm.

Proof of Proposition 3.12.11. 1. Let

—(N N
X, WM =x,-xM= Y A,
|s|>N

for the tail of the series of X;. Since
I Aser—sll e < M Asllooll€r—sll ks
we get, by stationarity of 5,

-(N)
|

= Y NAse—slipe = Y NAsllooler—slix = lleol e Y M Aslloo-
[s|>N Is|I>N [s|>N

Therefore XiN) — X;in L¥ as N — oo.

2. By Proposition 3.12.8, and by k-stationarity of €, we get that
||cum (5[1,“,,5%) ”” < cElleol* < oo,

where c is a constant.

3. Let us show the next statement: using Proposition 3.12.8 and Propo-
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sition 3.12.10, we get

cum(Xt],...,th):cum( lim X, .., lim X"

N;—o00 Nj—o00

= lim cum( Y AgEnosee D Asketk_sk)
1

yeeey Ng—00

[s11<N; |Skl< Nk
= lim Yoo Y cum(Ag€q—s..or AgEr-s)
Lo Nk 6 <Ny [sgl<N
= . 111131 Yoo Y (Ag ®r®p Ag)cum(eg ...
Lo Nk 6 <Ny [sgl<Ni

= Y (Ag®p-®rAg)cum (e _g,...,Eq-g)>
S1yeenySKEZ

where there is no convergence problems since the last sum is bounded

by
k

c-Elleol® < o0.

Y Ao

Nav4

The k-th order stationarity follows directly from property 3. This com-
pletes the proof. O

3.12.3 Some Accessory Results

Lemma 3.12.13.
If [0, |xIPW (x)d x < oo and C(p,2) holds true, then

f W(X)fw—xBT dx :fw+
R

— ( l)kBk akfw
Z " -fokW(x)dx+ oY),

in I?, and the error term is uniform in w. Notice that since W is even, the
integral is zero if k is odd. The case p = 1 will be useful for consistent
estimation of fy:

f W(X)fo—v5,dx = fy + OBy), inl?,

the error term being uniform in .

Proof. In the following, all equalities are meant in the L? sense with re-
spect to the variables 7, 0. Since for every ¢ € L?([0,1],C), the mapping

ak
ﬁ(ﬁur‘m
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is continuous, we can write the Taylor expansion of f,_xp, (7,0), with
respectto x at x = 0:

a a(T, U)
fw-xB, (T,0) = fu,(1,0) — BTfT o

(-DP'BET 6P 1L (1,0)
(p-1)! daP-!

xP!
a=w

+Rp(x,0,7,0),

where
(-1)PB} 0P fo (,0)

p! oaP

xp

a=w-0,Br

Ry(x,w,7,0) =

)

and 04 € [0, x]. This expression is bounded in 2 by

s

which does not depend on w. Hence we obtain

14

B
[Rpt 2l = sup| 25| 1o,

1( l)kBk ak][w v
fW(x)fw xBpdX = fy+ Z T Tk fo W(x)dx

+ —sup

flxl”W(x)dx

‘awpf‘”

_O(Bl”)

and the error is uniform in w. O

Lemma 3.12.14.
Let xy,...,Xp; V1,..., ¥n be (complex or real) numbers bounded by K. Then

| X162 X = Y12+ yn| S K"TVER ) =yl
Proof. Rewriting the expression in a suitable way yields the result:
n

Z(]lj ljcxl_jliyj ﬁ x,)

|x1x2- —Ny2- |

k= I=k+1

I/\

n n
Z H |J’jxl||xk_J’k|
k=1j=11

I/\

n_
Z X = Ykl
O

Denote by V?(h) the total variation of a function h: [a, b] — C (Wheeden
& Zygmund 1977, Chapter 2.1).
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Lemma 3.12.15.
Let f, fi,..., fn : la,b] — C be bounded in variation and bounded. Let
I flloo = SUPye(q,p | f(X)]. Then,

)

(ii)

(ii1)

(iv)
W)
(vi)

(vii)

(viii)

VO, £7) = S0y VIO T2 £ oo

Ify : [c,d] — [a, b] is a strictly increasing bijection, VP (f) = Vl;f/(g) () =

Vcd (fow). Ify : [c,d] — la, b] is a strictly decreasing bijection, Vf (f) =
Vi(foy).

Foranya< c <b, we have VS(f) + Vcb(f) = V,f(f), and hence for any
a<c<d<hb, wehaveVCd(f) < Vf(f).

Forany A€ C, VP(Af) = IMVL(f).
Triangle inequality: V,f(fl +fo) < Vé’(fl) + Vf(fg).

If f is continuous on [a, b), f' exists on (a,b) and is Riemann inte-
grable on [a,b], VP (f) = fflf’(x)ldx.

If f :R— C is2n-periodic, and g(x) = f(w — x) for some w € R, then
Ve () = Vi ().

IfFVP(f) < 0o, then f is bounded on [a, b).

We notice that the total variation has some of the properties of a norm.

Proof. Recall the definition of total variation: let I' = {xp,..., X} be a
partition of [a, b], that is,

a=xg<x1<:--<Xpm=Db,

and define

Se(f) =Y |fx) — flxizy)].
i=1

The total variation of f between a and b is

V(f) =sup Sr(f),
T

where the supremum is taken over all partitions I" of [a, b].
Hence for any such partitions, and any f,g: [a, b] — C,

m m
Yo |fxNgx) — fxim)gxi—)| = D | F(xi) [8(xi) — gxi—n)]| - | g (xi—1) [ f(xi) = fxi—1)]]
i=1 i=1

<1 flloo ) |8xi) = gxi—)| +118lloo X | f (xi) = f(xi=1)]
i i=1

S 1l V() +1IV.
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Taking the supremum over all partitions yields

V(f-8)=1flloV(8)+ 18l V().

We then obtain (i) by induction.

For (ii), first assume that v is a strictly increasing bijection. Therefore
{x0,..., Xn} is a partition of [c, d] if and only if {w (x), ..., ¥ (xp,)} is a parti-
tion of [a, b]. If y is a strictly decreasing bijection, {xo, ..., X;,} is a partition
of [¢,d] if and only if {y(x,,), ¥ (xm-1),...,¥(xp)} is a partition of [a, b].
Statement (ii) is a direct consequence of these one-to-one correspon-
dences between the partitions of [a, b] and [c, d].

Statements (iii), (vi) and (viii) are proven in Wheeden & Zygmund (1977,
Chapter 2.1).

For (iv), notice that

Y AN D) - AN -] = 1A D | fx) = flxizn)].
i=1 i=1

For (v), notice that

|+ ) x) = (fi+ ) xic)| < | ) — filxic) | +] fo(xi) — folxiz1)].

Taking the sum over i and the supremum on all partitions {xy,..., X;} of
[a, b] yields the (v).

For (vii), define g(x) = f(w — x). Notice that V(f (f) = ijzzg (f) because
f is 2n-periodic. Hence without loss of generality, we can assume that

0 <w < 2m. Using (iii) we obtain
Ve = V(N + VET () = Ve () + VET () = Vi ().
Choosing v (x) = w — x, (ii) yields

veram(f) =vo, (g) = V¥ (g). O

We introduce the following condition, which will be used in the following
results:

T1 (Taper condition 1) Let h(u), —oco < u < oo be a real function, which
is bounded, bounded in variation and with k(u) =0 for |u| = 1. We
denote by | &l its supremum, and by V_ll(h) its total variation
(between —1 and 1).

147



148 3. INFERENCE FOR THE SPECTRAL DENSITY OPERATORS

Lemma 3.12.16.
Supposehg,, ..., hq, satisfy T1, set hg) (1) = ha,; (t/T) and define Ht(le,)...,ak (w) =

Ytez l'[’]?:1 hg)(t) exp(—iwt). We have the following inequality for all
Uy,...,Ugp_1€2Z:

Y P+ u) - hiD e+ ue-) B (1) exp(—iwn) — HYD (@)
tezZ

<K(|u1|+ +|uk—1|),

.......... k V2 (hg))) is independent

of w.

Proof. Using Lemma 3.12.14, we obtain

Y hPa+u) - hlD (4 u_ )R (D exp(—iwn) - HY. (@)

teZ
<Y R @ |+ w) - hGE (t+ ug_) =R (0)---hGD (1)
tezZ
k-2 k-1
< llha, ||oo(,_11na>kc_1 ||haj||oo) SN A ETHEVIRIGIE

j=1tez

Letusnowbound Y ;.7 |h
the indices. If u > 0,

g) (t+uj) - hg) (t)’. For simplicity, we suppress

uj-1
Y [P+ w-n 0] < ]Z Y R Pa+v+1)-nP e+ v

teZ v=0 teZ

uj—l

Z V_TT(h(T)
v=0

= u;IV2 (ha),

IA

where we have used Lemma 3.12.15 for the last equality. If u < 0, we
simply replace ), Bl with 2?4,» .1 and the same bound holds. Hence

Y hP@+u) - hiD (t+ ue-) WD (1) exp(—iwt) - H (@)

< Kjwrl + -+ lug 1
teZ

We shall require the following lemma to quantify the approximation error
of integrals by Riemann sums.

Lemma 3.12.17.

Let h: [a, b] — R be a function of bounded variation IfA, = ff h(H)dt—

b;”az h(a+(b—a)j/n), then|Ay| = (b—a)=4~ Yo ") If the sum goes only
b

from1 1o (n—1),|1A,] < (b—a) LD

n
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Proof. First let us prove the Lemma for f : [0,1] — R of bounded vari-

ation. Since f is of bounded variation, it is bounded and has a finite

number of discontinuities, and is hence Riemann integrable on [0, 1]

(Wheeden & Zygmund 1977, see results (2.1), (2.8) and (5.54)). The fol-

lowmg comes from Pélya & Szegé (1972, Pt.2, Chapter 1, problem 9). Set
fo fxdx-+ 7:1f(j/n). Since

1 n 1/n P
f fx)dx= Z fx)dx = Z f(u+x dx,
0 j=170

j=1 (j=D/n n

we obtain

1/n n

A= A Z f(jln) - f(71+x
s I/ni{ (%er)

0

1/n Vi
S] Vo (fdx = % (f).
0 n

For A, = ffh(t)dt— b;n“z;?zl h(a+ (b— a)j/n), we use the change of
variables ¢ (x) = (b—a)x + a, x € [0, 1] and we obtain

dx

+

f(j%m -

Ap=(b- a){f (how)(X)dx——Z(hou/)(]/n)}
j=1

The previous results and Lemma 3.12.15 (ii) yield
|Apl < (b= a@)Vg (how)in=(b-a)VE(h)/n.
The second statement of the Lemma follows trivially from this. O

Lemma 3.12.18.
WD (x) is2m periodic, [, W) (x)dx = 1. Furthermore, ifBy < 1, [W D o =
5 1Wlloo, and we have V2, (W) = g-VZ (W).

Proof. Let us first prove that [* W (x)dx = 1. Since

. .
f WD (x)dx = Y (x+2nj)dx,
-7 jezJ—- BT BT

the change of variables y = (x + 27 j)/ Bt yields

b3 (2j+1)m/Br
WD (x)dx = Zf W(y)dy:f W(y)dy=1.
- jez/@j-1n/Br R

If By <1, then for x € [-m, 7], wD(x) = BLT W (x/B7). The third statement
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follows directly because of the periodicity, and the last statement follows
from

1

V2w = v (WiBr) = B—TV_”,,(W).
We have used Lemma 3.12.15 and the fact that W(x) = 0if |x| = 1. O
Using this lemma, we obtain
Lemma 3.12.19.
Provided B — 0,

= 11

- Zl WD (w-27s/T)=1+0B;T™),

s=

and the error is uniform in w.

Proof. Set

b3 27 T-1
Ap=| WPDw-a)da- - Y whw-2ns/T),

- s=1

b3 27 T-1
= | WP@da- - 2 w'D@nrs/T),
s=1

=T

where W' () = W (w — a). Lemmas 3.12.15, 3.12.17 and 3.12.18 yield
27 n car(T) 1(T) 27 on
1Apl < — (VW) + W o) = ——= (VI (W) + [ W),
T BT
which does not depend on w, and is of order O(B;! T™1). Since

T
WD w-a)da=1,

-7

we obtain
27 T-1
- Zl WD (w-27s/T)=1+0B;T™),
s=
and the error is uniform in w. O

Lemma 3.12.20.
Under condition C(p,2), foreach k=0,1,...,p:

dkfw b i
— —it —iwt ,
Bk g‘z( if)"e ¢

and the convergence is L?, uniformly w. Moreover,

ak
wa < o0 k:1,2,...,p.

2

sup
w
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Proof. Since C(p,2) implies C(k,2) for k=0,1,..., p, the result follows by
an iterative application of Rudin (1976, Theorem 7.17) to the projection of
the partial sums

N .
Y ety
t=—N

Hence

ak
— fo| =X A+115lrl, <oo. O
ow , 1

sup
T,0,0

The following Lemma is a straightforward extension of results on approxi-
mate identities (see Edwards 1967, §3.2) adapted to our framework:

Lemma 3.12.21 (Approximate identities).
Suppose K, T =1,2,... is a sequence of functions defined on [, 7] satis-
fying, as T — oo:

(i) supy 7 |Kr(@)|lda < oo,
i) J7, Kr(@da — 27,
(iii) forall§ >0, f§s|a|sn |Kr(a)|lda — 0.
Let E c R be an interval, let
g:[-m,mlxE—C

be a function and, for each e € E, define g.(w) = g(w, e). Let g.(w) denote
the function e — ge(w).

If the function v — g.(w) is uniformly continuous with respect to -1l p,
meaning that Ve > 0,36 > 0 such that

w1 - w2| <6 = [g.(w1) - g2 , <&, (3.12.9)
and bounded with respect to |- ,

sup || g ()| p <00,
w

then the convolution

T
Kr+ge(w)=|] Kr(a)g.(lw-a)da

v/

converges in |||, to ge(w), uniformly in w:

sup K7 *g.(0) - g.w)|,—0 asT—oo.
[

Notice that if p = 0o, (3.12.9) is the same as uniform equicontinuity of the
family of functions {ge} ecE-
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Proof. We follow the same strategy as in Edwards (1967, Theorem 3.2.2).
We use the shorthand notation [ = [” . Setting

ar = fKT(a)da,

we obtain via Jensen’s inequality
sup | Kr * g.(w) — arg.(w) ||p < f |Kr(a)|-sup || g.(w-a) - g.() ||pda =1
w w

Fix € > 0. We can choose ¢ > 0 satisfying (3.12.9). The rest of the proof
parallels that of Edwards (1967); the idea is the following: we separate the

05|a|5(5 5S|a|5n

The first integral will be small because of the continuity condition and
the boundedness of the L!-norm of K7, and the second integral is small
of the property (iii) of an approximate identity, and because the g.’s are
bounded. The proofis then completed by noting that ar — 2. O

Remark 3.12.22. Notice that, in the previous Lemma, the rate of conver-
gence depends only on

1. the properties of the approximate identity,

2. the bound sup,, ||g.(®)]| p

3. the continuity parameter 6 = 6(¢).



CHAPTER

Dynamics of DNA Minicircles

In this chapter, we study the dynamics of closed DNA strands, and propose
a methodology for comparing the dynamics by comparing their spectral
density operators, using some of the theory developed in Chapters 2 and
3. Since this chapter contains the applied contribution of this thesis, I
have tried to write it in a self-contained manner, to facilitate independent
reading.

4.1 Molecular Biophysics and Dynamics of DNA Mini-
circles

“What is life?” is an old and fundamental question. In trying to answer
this question, Schrédinger (1944) developed some of the seminal ideas of
molecular biophysics, which is the field that studies the physics of biopoly-
mers, such as DNA strands and proteins (Noble 2010). Within this field,
understanding the physics of DNA is of particular importance, because
the mechanical properties of DNA are closely related to its biological
functions, such as DNA packaging, replication, and transcription.

An ongoing theme of research in molecular biophysics is to understand
how the mechanics of a strand of DNA—which are well described by
models at the atomic level—behave at the larger scale of tens, hundreds
(Walter, Gonzalez & Maddocks 2010, Gonzalez, Petkeviciaté & Maddocks
2013) or even thousands of base-pairs (Sambriski et al. n.d.). A way of
understanding the mechanics of such strands of DNA is through cycliza-
tion experiments. These experiments provide insight into the bending
properties of DNA by estimating the J-factor (Amzallag et al. 2006) of a
DNA strand, which is the probability that the two ends of the strand are in
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a configuration where they could bind to form a loop. The resulting loop
is called a DNA minicircle (Kahn & Crothers 1992, Shore et al. 1981, Shore
& Baldwin 1983).

Recently, technological improvements have allowed static
three-dimensional reconstruction of such minicircles, thus allowing the
comparison of DNA minicircles with different /-factors. A specific exam-
ple is that of the CAP minicircle and the TATA minicircle (see Section 4.2),
whose J-factors are significantly different (Amzallag et al. 2006). Based on
three-dimensional reconstructions of a sample of CAP & TATA minicircles,
obtained by cryo-electron microscopy, it appeared that the differences be-
tween the two minicircles are not in their mean shape, but in the way they
vary around their mean shape, i.e., in their covariance structure (Amzallag,
Vaillant, Jacob, Unser, Bednar, Kahn, Dubochet, Stasiak & Maddocks 2006,
Panaretos, Kraus & Maddocks 2010). These studies allowed however only
insight into the static mechanics of DNA strands, and do rnof give informa-
tion about the dynamical properties—or dynamics—of DNA, since they
are based on static images of the DNA minicircles.

The ideal kind of data needed for understanding the dynamics of DNA
would be in the form of a movie of DNA minicircles oscillating in solution.
Unfortunately, empirical acquisition of such data is not yet feasible, but in
silico surrogates can be created via Molecular Dynamics (MD) simulations
(Leach 2001, Dryden et al. 2002, Gonzalez & Maddocks 2001, Lankas et al.
2009). MD simulations are used to obtain the trajectory of a DNA minicir-
cle moving in solution, and are obtained by numerically solving a model
based on the pairwise interactions between all the atoms of DNA and the
water solution in which it is immersed. As such, it is not the trajectories of
each individual DNA atom that are of interest, but their joint behaviour in
the scaling-limit, where the mechanics of a DNA strand is similar to that
of an elastic rod. It is therefore natural to adopt a functional data analysis
(FDA, see Ramsay & Silverman 2005) viewpoint for the analysis of DNA
minicircle trajectories.

The data we will be working with in this chapter are trajectories of CAP
& TATA minicircles oscillating in solution, obtained by MD simulations.
Given the scientific interest of understanding their large-scale dynamics,
we will model them as functional time series (FTS). An FTS is a sequence
{X;:t=...,-1,0,1,...}, where ¢ denotes the time index, and each X; is
a random function, say X; € L ([0,1],R3), representing for instance the
shape of a minicircle at time . The dynamics of the minicircles can be
viewed through the lens of the
second-order structure of the time series, which is contained in the lag-¢
autocovariance operators of the time series: these encode the covariation
of the random function ¢ time points apart. Understanding and compar-
ing the dynamics of CAP and TATA minicircles can therefore be translated
into the problem of estimation and inference for the second-order struc-
ture of functional time series.

Inference for functional time series is usually carried out under functional
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autoregressive models, or more general linear models, see e.g. Mas (2002),
Bosq (2000), Ferraty & Romain (2011); relaxing the linearity assumptions
is the object of more recent work, see e.g. Hormann & Kokoszka (2010).
The problem of inference for functional time series without linear assump-
tions is starting to be addressed: Horvéth, Kokoszka & Reeder (2013) treat
the two-sample problem of testing the equality of the mean function of
two functional time series. Concerning inference on the second-order
structure, Horvath, Kokoszka & Reeder (2013) propose a consistent esti-
mator for the long-run covariance operator. We proposed in Chapter 3
(see also Panaretos & Tavakoli 2013b) to estimate the entire second-order
structure via a frequency domain approach, and showed in particular
the asymptotic normality of our estimators, under cumulant mixing con-
ditions. However, it seems that the problem of comparing the entire
second-order structure of stationary functional time series has so far not
been treated.

The contribution of this chapter comprises the development of a method-
ology for the comparison of the entire dynamics (encoded by all the lag-¢
autocovariance operators) of two stationary functional time series, by
using a frequency domain approach. In particular, it gives a way of local-
izing the differences either only at the level of frequencies, or to select
significant frequencies, and compare the dynamics of the curves within
each frequency, while controlling the overall significance of the detected
differences.

The chapter is organized as follows. In Section 4.2, we present the CAP and
TATA minicircle data, the preprocessing steps, and the estimation of their
dynamics through their spectral density operators. In Section 4.3, we treat
the problem of detecting differences between the spectral density opera-
tors of CAP and TATA, by first comparing them at fixed
frequencies—using a test for comparing their spectral density operators
that we introduce in this chapter—and then adjusting for multiplicities to
localize the differences in the frequencies, while controlling the overall
significance of the detections. We also conduct a simulation study to as-
sess the performance of our method for small sample sizes. The detection
of the differences between the CAP and TATA is further investigated in
Section 4.4, where we consider the problem of first selecting frequencies
at which the spectral density operators of CAP and TATA are different, and
then detecting and localizing their differences on the minicircles, within
each selected frequency. We conclude this chapter by a brief outlook and
some potential extensions (Section 4.5).

4.2 Description of the Data

The dataset of our case study is comprised of (time) trajectories of two
DNA minicircles obtained via molecular dynamics (MD) simulations
(Leach 2001, Chapter 7). Such simulations give the simulated trajectory of
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a strand of DNA moving in water, and are obtained by numerical integra-
tion of a model taking into account all the pairwise interactions between
atoms. The MD simulations were conducted by members of the Labora-
tory for Computation and Visualization in Mathematics and Mechanics at
EPFL (http://lcvmwww.epfl.ch/), and kindly shared with us.

The two DNA minicircles are called CAP and TATA: they each consist of
158 base-pairs, and differ only at 18 base-pairs (see Table 4.1).

CAP

GATGAATTCACGGATCCGGTTTTTTGCCCGTTTTTTGCCGTTTTTTGCCCGTTTTTTGCCGTTTTTT
GCCCGTTTTTTCCGGATCCGTACAGGAATTCTAGACCTAGGGTGCCTAATGAGTG
TTAATTGCGTTGCGCCATGGAATC

TATA

GATGAATTCACGGATCCGGTTTTTTGCCCGTTTTTTGCCGTTTTTTGCCCGTTTTTTGCCGTTTTTT
GCCCGTTTTTTCCGGATCCGTACAGGAATTCTAGACCTAGGGTGCCTAATGAGTG
TTAAACGCGTTGCGCCATGGAATC

Table 4.1 — The sequences of base-pairs for the CAP and TATA minicircles; the
differences between the two sequences are in gray.

The MD simulation used an integration step of 2 femtoseconds (2 10715
seconds) for the numerical integration algorithm, and the data were
recorded every picosecond (1012 seconds). Time-wise, the data consist
of 50000 snapshots, where the data at each snapshot have been simplified
to the three-dimensional coordinates of the 158 base-pairs centers of the
minicircle.

For each minicircle, the data at hand are therefore
{M,(j) | t=1,2,...,50000; j = 1,...,158} c R,

where ¢ denotes the time index (in picoseconds), and j is the base-pair
index. In other words, M;(j) € R? is the coordinates of base-pair j at time
t. In the following, we shall view the set {1,...,158} as the quotient group
711587, so that M;(j + k) has a meaning for all j, k € Z.

The data are shown for various timepoints ¢ in Figure 4.1 on the next
page. Since the data can be rotated or translated without changing the
information they convey, our analysis should hinge on features that are
invariant to translations and rotations. We therefore choose to work with
the curvature of the DNA minicircles, since curvature does not depend
on the location or the orientation of the data. Further to solving the
problem of data registration, the use of the curvature also reduces the
dimensionality of the data, changing it from a time series of R3- valued
curves to a time series of real-valued curves.
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Figure 4.1 — The DNA minicircles for various timepoints ¢ (CAP in black, TATA in gray). The top plot of the
four subfigures contains the projection of the DNA minicircles onto the XY plane, and the plot below shows
their projection onto the Z-axis. The units of the X, Y, Z axes are in &ngstrom (1 &ngstrom = 10~'° meters).
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4.2.1 Data Preprocessing

The problem of estimating the curvature of a curve based on discrete
noisy observations has already been studied (e.g. Lee et al. 1993, Sangalli
et al. 2009). Sangalli et al. (2009) use free-knot regression splines to esti-
mate the curve. Once the curve is estimated, its curvature is computed by
a plug-in method, i.e., the curvature estimate is

cO=1Y O ny" @y )P, (4.2.1)

where y(t) € R3 is the estimated curve, and uA v denotes the cross-product
of two vectors u, v € R3. These techniques use a smoothness parameter
C that plays a crucial role in the estimation, and whose choice is rather
subjective (Sangalli et al. 2009, Section 4). Furthermore, our personal ex-
perience with plug-in estimation of the curvature is that it yields estimates
with too many degrees of freedom, mainly because of the renormalization
factor in (4.2.1). The problem persists even with roughness penalization
of the estimated curve. We therefore choose to use another method for es-
timating the curvature of our minicircles, that also fits better our interest
of understanding the larger scale behaviour of DNA minicircles. For each
minicircle trajectory, we compute the curvature trajectory

by R+ we mean the set {c:(j):t=1,2,...,50000; j = 1,...,158} < R,,
of positive real
numbers where c;(j) is the curvature (inverse radius) of the circle passing through
the three points M;(j —5), M(j), M;(j +5). We recall that the curvature of
three points p, p», p3 € R3 is given by

curvature(py, p2, p3) = 2||(p2 — pO) A (ps — p2) ||/ (| p2 = p1 | - | p3 = p2| - | P3 = 1 |-

The reason why the curvature is taken between the base-pairs {j — 5, j, j + 5}
instead of {j — 1, j, j + 1}, is that since the DNA double helix performs on
average a complete rotation in about 11 or 12 base-pairs; taking the cur-
vature of the directly adjacent base-pairs would represent a very local
curvature of the minicircles, whereas the curvature computed on base-
pairs {j —5, j, j + 5} corresponds to a coarser version of the curvature,
which fits our interest of understanding the larger scale behaviour of the
minicircles. Furthermore, computing curvatures in this way yields more
stable estimates (which are less sensitive to small perturbations of the
base-pair center). From a statistical point of view, this procedure esti-
mates a biased (smoothed) version of the curvature, which discards very
local bends of the DNA, but keeps its larger scale bends.

Since the curvature is constrained to be positive, the curvature data c; (1)
do notlie in alinear space. Nevertheless, most methodology for functional
data—including ours—assumes implicitly that the data take values in
a linear space (e.g. functional principal component analysis consists
of finite dimensional linear approximations of the data). We therefore
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convert the curvature data into elements of a linear space by using the
transformation x — log(d + x), where 6 > 0 is a fixed constant (see below),
and define the linearized curvature by

d;(j) =log(d +c;(j)), forallt,j. (4.2.2)

The purpose of the constant § is to prevent d;(¢) from taking too large
(negative) values if ¢ (1) is close to zero, which would ruin any further
analysis. If § is too small, the functions d(-) will have very large spikes,
and if 6 is too large, d;(-) will be essentially constant. We choose 6 = 1073,
based on exploratory analysis, which gave a good compromise between
the two situations. Figure 4.2 illustrates the role of §. Since the linearized
curvatures are discretely sampled versions of smooth curves, we trans-
form each function j — d;(j) into a smooth curve 7 — Y;(1),7 € [0, 1], by
smoothing the scatter plot

(%,dt(j)), j=1,...,158, 4.2.3)
for each fixed ¢, using a basis expansion (Ramsay & Silverman 2005) with
80 periodic cubic B-splines (King et al. 2010). We used periodic B-splines
instead of the usual B-splines because we expect the smooth curve to
be periodic on [0, 1], since it represents the curvature of a closed strand
of DNA. The choice of the number of basis elements represents a bias-
variance trade-off, and is usually either based on prior knowledge of
the smoothness of the functional data, or some kind of cross-validation
method. Our choice of 80 basis functions came from the combination
of considerations on the postulated degrees of freedom of the curvature
(which should be less than the number of base-pairs), computational
considerations, and graphical goodness of fit assessment. We also con-
ducted the analysis presented in the rest of the chapter with 40 and 60
basis functions, and the results were similar to those obtained with 80

Figure 4.2 — The ef-
fect of the constant
5=1073, see (4.2.2), in
the linearization of the
curvature. The dashed
curve is log(ct (), and
the gray solid curve is
dr() =1og(b + cr ().
Notice that the d;
smooths the down-
ward peaks that are
very deep, while
changing the other
points only a little.



160 4. DYNAMICS OF DNA MINICIRCLES

Figure 4.3 — Illustra-
tion of the smoothing
process. The dashed
curve with the solid
grey dots represents
the scatter plot (4.2.3),
and the solid black
curve represents its
smoothed version ob-
tained by projecting it
onto a basis of 80 peri-
odic cubic B-splines.

0.0 0.2 0.4 0.6 0.8 1.0

basis functions. We note that exploratory plots revealed no need to use
penalization for smoothing the functions d;. Figure 4.3 illustrates the
smoothing process.

Exploratory analysis of the functional time series {Y;:t=1,...,50000}
revealed that the series exhibited a strong temporal dependence, to-
gether with a non-stationary behaviour. Taking the time differences
X; = Y41 — Y; circumvents this problem. We therefore chose to work
with the series {X;: t=1,...,49999} for the rest of the analysis. To put
things in perspective, the model we are implicitly assuming is

Yrri(@) =Y (v) + Xi(7), T€I0,1],

where we recall that Y; is the linearized curvature of the DNA minicircle.
The stationary series X; is therefore the process that governs the change
in linearized curvature of the DNA minicircle. Applying all these steps to
the CAP minicircles, and respectively to the TATA minicircles, we get two
functional time series, X}, respectively X?. Figure 4.4 on the next page
contains plots of X f (a =1,2) for different values of t.

4.2.2 Estimation of the Dynamics

The (second-order) dynamics of a stationary FTS {X; : t € Z} are contained
in the lag-t autocovariance operators

K= E[(Xr—w®2Xo—p)], teZ, (4.2.4)
where p = E X;. Estimation of the dynamics could therefore be reduced
to the estimation of the autocovariance operators, but we choose to take
a different approach, and estimate the dynamics through a frequency
domain approach (see Chapters 2 and 3, as well as Panaretos & Tavakoli
(2013Db)). Recall that in the frequency domain approach, the objects of
interest are not the lag-t autocovariance operators, but their Fourier trans-
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Figure 4.4 — Plot of the innovation process X; of the linearized curvatures for CAP (dashed black curve) and

TATA (solid gray curve) for various timepoints ¢.
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forms,
Fu=02m Y exp(-iw)%;, wel-m,nl, (4.2.5)
teZ
where i € C is the imaginary number, iZ = —1. Each Fp, 0 € [—m,7], is

called the spectral density operator at w, and is well defined under a
summability conditions on the autocovariance operators (see Proposi-
tion 3.2.4). At each frequency w, the spectral density operator .%#,, is an
operator on L? ([0,1],C), associated with a spectral density kernel £,, a
complex valued surface [0, 1125 (1,0) — 10 (T,0) € C. The spectral density
operator has various properties, but we just mention that £, = ij, and we
therefore restrict our interest to w € [0, 7]. The elements of the collection
{Z, : w € [0, 7]} are called the spectral density operators. Intuitively, the
spectral density operators generalize of the spectral density matrices of
multivariate time series (Brillinger 2001, Priestley 2001) to the functional
setting, and yield a decomposition of the variance of the FTS, given by the
inversion formula

b/

Ry :f expiat) Fqda, te”.
-7

The reason we decide to estimate the dynamics of our FTS via a frequency

domain approach is because the spectral density operators are closely

related to optimal linear finite dimensional representations of an FTS, via

harmonic principal component analysis (see Section 2.8).

Estimation of the spectral density operators is done by computing the
discrete Fourier transforms of the FTS, taking their empirical covariance
(called the periodogram operator), and smoothing it with a kernel of
bandwidth By (see Panaretos & Tavakoli (2013b) for details). The first
step can be done using the Fast Fourier Transform, whose calculation
is most efficient when the length of the series is highly composite. We
therefore use only the stretch of data for ¢t = 1,...,49152 for all further
computations.

The bandwidth parameter B needs to satisfy the conditions By — 0
and TBr — oo as T — oo, for the asymptotic results to hold. The choice
of Br governs also the bias/variance trade-off for the estimation of the
spectral density operators, similarly to nonparametric regression. For
inference (relying on Theorem 4.3.1 and Panaretos & Tavakoli (20135,
Theorem 3.7)), it is crucial in finite samples to notice that the central
limit theorem effect occurs because the spectral density estimator at
a given frequency is obtained by weighted averaging of m = TBr/2n
approximately independent summands. The order of m plays therefore a
role similar to the number of i.i.d. summands when applying the classical
central limit theorem, and should be taken into account before making
any inferential statements based on asymptotics. In our case, we use
leave-one-out cross-validation of the trace of the periodogram operator
as a guide to bandwidth choice (Lee 1997). This suggests taking By = 0.077
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(m =600), a choice that is compatible with the results of our simulation
studies, in which we set By = T~!/5 (following the heuristic that By ~
O(T~'/%) asymptotically, to minimize the mean-square error (Brillinger
2001, p.251)). We denote by ﬁﬂ'(T) the estimated spectral density operator,
also called the sample spectral density operator, of X7, for a=1,2.
Graphical representation of the sample spectral density operators is not
straightforward: for each frequency w € [0, 7], the sample spectral density
operator is an operator on L? ([0, 1],C): its trace norm is shown Figure 4.5
for CAP and TATA. The modulus of the sample spectral density kernels
fafl’m, a = 1,2, associated to the sample spectral density operators, are
represented in Figure 4.6.

We notice that most of the trace energy is concentrated towards the higher
end of the frequencies (near w = n), with low energy near w = 0. This
means that the series X; consists mainly of high frequency functional
oscillations, and that the low frequency oscillations contained in the
linearized curvature series Y; mostly cancel out when taking its time
differences to form X;. Figure 4.6 shows that most of the energy of the
spectral density operators is near the diagonal of the sample spectral
density kernels, and then falls off sharply as one moves away from the
diagonal. The interpretation of this is that the series X; has strong local
interactions, in the sense that X;(7) and Xy(o) are interacting strongly
for |t — o] small, say |7 — 0| < €, and almost not interacting for |t — 0| > €.
This reflects the fact that the series X; is locally smooth, but globally quite
rough, as can be seen in Figure 4.4 on page 161 .

4.2.3 Comparing the Spectral Density Operators?

Even though the traces of the sample spectral density operators of CAP
and TATA are different, and small differences between their sample spec-
tral density kernels are visible, it is not a priori clear if these differences are
due purely to randomness, or if the spectral density operators of the two
DNA minicircles are different. The next section answers this question, by

Figure 4.5 — Plot of the
trace of the estimated
spectral density oper-
ators. Notice that the
sample spectral den-
sity operators of CAP
have consistently a
larger magnitude than
the sample spectral
density operators of
TATA.



Figure 4.6 - Plot of the sample spectral density kernels for 12 equispaced frequencies on [0, ]. For each w, the
modulus of the sample spectral density kernel of the minicircles is plotted: the upper-left part of each square
represents the modulus of the sample spectral density kernel of CAP, and the lower-right part represents
the corresponding quantity for TATA. Lack of symmetry between the upper-left and lower-right is a sign of
differences in the sample spectral density operators of CAP and TATA.
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comparing the two spectral density operators on a dense grid of frequen-
cies, and localizing frequencies at which the spectral density operator are
significantly different, while adjusting for multiplicities.

4.3 Comparing the Spectral Density Operators,
Localizing the Differences in Frequencies

Comparing the second order dynamics of the functional time series X;
and X? can now be reduced to testing the equality of their spectral density
operators. More precisely, we wish to test

(1 H, against “H, iswrong for some w € [0,7]",
wel0,r]

where H,, :“ fal, =7 az) ", for w € [0, 7], and detect the frequencies w for
which the null hypothesis H,, is wrong, while controlling an overall error
criterion. We will take a multiple testing approach to this problem, first by
testing each H,, marginally, and then performing multiplicity corrections.

4.3.1 Comparing the Spectral Density Operators
at a Fixed Frequency

In order to test H, for a fixed w € [0,7], we created a test inspired by
Panaretos et al. (2010). The key idea is to project the difference be-
tween the two sample spectral density operators, ﬁal,‘m - g\aZ),(T)’ onto
the (random) subspaces generated by the tensor products of the first
K estimated eigenfunctions of .#}, under H,,. Let (@i (w), @32, be the
eigenvalue and eigenfunction pairs of the pooled spectral density opera-
tors (Z)1) + Z22(M) 2. We propose the following test statistic,

D o ~0\|?
A(T)(w): i |<Da) (p;u’(pllu>|
K i1 (14 Lo (@) 4 ()2

(4.3.1)

where k% = [, W(x)%dx, and pP = /TBy (9’(},’(” - ﬁj’(T)) is the rescaled
difference between the sample spectral density operators of CAP and TATA.
The indicator in the denominator is a correction term for the frequencies
w € {0, 7}, at which the sample spectral density operator has an increased
variance. The test measures the rescaled differences between the two
sample spectral density operators at frequency w that is contained in the
space spanned by the first K sample eigenfunctions of the pooled spectral
density operators. In a multivariate setting, one would want take the trun-
cation level K equal to the dimension of the vector series; this is however
not possible here, because it leads to an inverse problem since i — 0
as i — oo. The parameter K can be therefore viewed as a regularization
parameter. Its choice is discussed in Section 4.3.2.
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The following Theorem gives the asymptotic distribution of our test statis-
tic, and is the main theoretical result of this chapter.

Theorem 4.3.1.

Let Ky, ..., Ky be fixed non-negative integers, and let wy,...,w; € [0,7] be a
fixed number of distinct frequencies. Assume that the conditions of The-
orem 3.6.5 hold, and that By — 0 & TBy — oo as T — oo. Furthermore,
assume that for each wj, the first K; eigenvalues of the spectral density
operator #,,; are all distinct, and strictly positive. Then, under the null
hypothesis Hy = m?lewj, the test statistics Ag) (wj), j=1,...,], converge
in distribution to independent random variables A K; (w}), where

2
X , wjef0,m},

Mg (@)~ XKD e 4.3.2)
X otherwise.

Proof. The proofis in two parts. First we will show the result for a mod-
ified version of the test, where we assume that the eigenfunctions and
eigenvalues of the spectral density operators are known. Then we will
show that the sample versions of the eigenfunctions and eigenvalues are
consistent, and we will conclude the proof using Slutsky’s theorem for
metric spaces.

We recall that under H,, %} = %2 = .%,, whose singular value decompo-
sition is given by

Fo = j;uj (@)} ®207.

We also denote by
FD = (FLD L 2Dy
w w w

the pooled sample spectral density operator, with singular value decom-
position
FLD = Zlﬂj (@)@ ©2 ¢
j=

Let us also write (pj.“j =¢¥® (p]“.’, and similarly for ¢¢.. In the following, we
shall omit the superscripts “-“” and some of the “(w)” in order to alleviate
notation; this will not interfere with the validity of the proof, since w will
be fixed.

Fix w € [0, 7], and let us define

2
o & (D)
A )= ), ) (4.3.3)

i7=1 (1+ Loy (@) 4mxc i pu

where D,(UT) =+vTB7 (901,'”) - ﬂj’m). Ag) (w) is similar to Ag) (w) with
the eigenstructure of the pooled sample spectral density operator replaced
by its true (and unknown) counterpart. By Theorem 3.6.5, we know that
D((UT) converges in distribution to arandom element .%#,,, whose Karhunen-
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Loéve expansion is given by .%,, = Z‘i"}:l nijij, see Remarks 3.7.6 and
3.7.9. In particular, {n;; : 1 < i < j} are independent Gaussian random
variables with mean zero. Hence, by the continuous mapping theorem,

AD (@) 4 i Inij1? o Avo) s
—> =1AK 3.
" i721 (14 Lo oy (@) 47K u

We now need to distinguish two cases: if w € {0, 7}, thenn;; =n;; fori < j,
{nij:jziz=1}
are real independent Gaussian random variables with mean zero,
var (n;;) = 8>,

and
var (n;;) = 4mxpipj, i < j.
A direct calculation yields thus Ag(w) ~ )(f(( Ki1)/22 since
(Inij? +1njil?) 1 @ pipj) = Ini i1 AP i) ~ x5, i<,
and
Iniil*1 Brx*ps) ~ x5

If w ¢ {0, 71}, the random variables 7); ; are real Gaussian variables for i = j,
with and circular complex Gaussian for i < j (see Remark 3.7.6), with
nji =n;j fori < jand

var (n;;) = 4nx?uipj, Vi< j.
Hence, Ag(w) ~ )(%(2, since
il 4 ud) ~ x4,

and
(Inij1? +n;i1?) 1 @r? i) = 210121 @G’ i) ~ x5,

fori<j.

Let us now turn to the second part of the proof. Fix w € [0, 7]. From Propo-
sition 3.7.2, we know that forall i = 1,2,..., K, fi; converges in L? to y;, and
{1; is therefore a consistent estimator of u;. We now turn to the eigenfunc-
tions ¢;. We point out that these eigenfunctions are not uniquely defined,
however the eigenprojectors I1; = ¢; ®, ¢; are well defined. Using results
from Section A.3.4, we get

(DY @;,@i)1> =DV @, DY, 11 @), ),
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(-,")s, denotes the
Hilbert-Schmidt inner
product, see

Section A.2.2.2 on
page 220

Since f[i is a consistent estimator of I1;, i = 1,...,K (Proposition 3.7.2),
and the Kronecker and tensor products are continuous, the continuous
mapping Theorem implies that

~ = o~ p e~
M @, 1 — i Q), 11,
and
D@, D - 5@, Fur
Therefore, by Slutsky’s Theorem,

k (Fo® 0, Li@,1;)
2

(1) d
AD <,
3 i,]Z::1 (14140, (@) 47K it

_ i ‘<§w’wij>% 2

ij=1 (1 + 1{0,7-[} (w)) 47[1(2/.11‘#]'

_& [ni;1°
ij=1 (1+ 1,1 (@) AK2 i
= Ag ().

To finish the proof, notice that the independence of the Ag; (w ;)s follows
directly from the independence of the Fo ;S O

The application of this test requires the choice, for each w € I', of a param-
eter K, which is now discussed.

4.3.2 Automatic Choice of the Truncation Level

The choice of the truncation level K is a difficult problem. If it is chosen
too small, then the test will respect the level, but will not be powerful. With
a K too large, the test will not respect the level due to the ill-posedness of
the problem.

Ideally, the choice of truncation level K should depend on the frequency
wj, i.e., K= K(w;). One way of choosing K(w) is to find the K = 1 that
minimizes the following pseudo-AIC criterion

AIC(K, w) = GOF(K,w) + PEN; (K, w) + PEN, (K, w) (4.3.5)

where GOF(K,w) is a goodness of fit criterion, and PEN,(K,w), a = 1,2,
are penalizations for overfitting the spectral densities ﬁu‘f’m, a=1,2. We
propose taking

Np
GOF(K,w)= Y ((FyP-751)e%,¢%) (4.3.6)
k=K+1
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and

) Ny <ﬁ£’(T) (K) (p?,w,(p?,w>
, a=1,2, (4.3.7)

Np
PEN, (K, w) = (Z ()| Y

a1 i1 n(w, m)ﬂj?(w)

~a,w

where (ﬂ;’(w), ¢
a=12j=1,2,..., (i (w),(i)‘]‘.’) denotes the j-th eigenvalue/eigenvector

) denotes the j-th eigenvalue/eigenvector pair of ﬂ’a‘f’m,

pair of the pooled sample spectral density operator fcf,T) = (ﬂ’a(,ﬂ + flf)T)) /12,
and

K
FeMw0= 3 (280000 )00 #2208,  a=12
k'],k'2:1

is the projection of the sample spectral density operator onto the first
K eigenspaces of the pooled sample spectral density operator (ﬁul,’m +
fuz)‘(T))/Z. The constant n(w, m) depends only on w and m = TB7 /27, see
(4.3.8) below. The intuition behind this criterion is that it corresponds to
the AIC criterion of Panaretos et al. (2010, Section 3.3) if we had observed
n(w) i.i.d. complex curves from a random function with covariance .# 5,
for a = 1,2. Even though these curves are not observed in our context,
the choice of n(w) should reflect the number of independent pieces of
information used to construct our estimate .Z2". Following Brillinger
(2001, p.252), we set

n(w, m) = mix>. (4.3.8)

We also propose a variant of this criterion, by using the following penal-
izations instead of (4.3.7),

s (#5005 07")
a=12, (43.9)

Ny
PEN (K, ) = (Z i)Y,

j=1 j=1 n(w,m), /ﬂ;‘(w)?j?(w) '

where 7{(w) = fif (w) — 45 (w) and
7/ (@) =min{f} | () - 4] (), ff (@) - 4f,, @)}, 1=2,...,
and a = 1,2. The corresponding pseudo-AIC criterion is
AIC* (K, w) = GOF(K, w) + PEN] (K, w) + PEN; (K, w). (4.3.10)

The difference between AIC and AIC* is that the second criterion takes
into account the difficulty of estimating the eigenstructure of the pooled
spectral density operator, in addition to penalizing for the roughness of
the pooled spectral density operator with respect to ﬂ]},'m and ﬁ‘a‘f’m
(see Bosq (2000, Lemma 4.3)). We also note that both criteria are invariant
to scaling of the sample spectral density operator.

Numerical simulation (see Section 4.3.5) suggest that in order to maximize
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Figure 4.7 — Trunca-
tion levels K(w) as
chosen by the AIC*
criterion (4.3.10). The
small ticks on the hor-
izontal axis represent
the grid of frequen-
cies I for which the
test is computed.
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power, K(w) should be selected with AIC in settings where the eigenvalues
of the spectral density operators decay quickly, and that AIC* should be
used in more rough settings, where the eigenvalues of the spectral density
operators decay slowly. Since our DNA minicircle data corresponds to the
second case, we shall use AIC* in the rest of the chapter.

4.3.3 Localization of Differences on the Frequencies,
Multiplicity Adjustments

Recall that H,, denotes the null hypothesis .%,} = .%2. In order to test the
global null hypothesis

Hg:= ﬂ Hy,
we[0,7]
we will first obtain marginal p-values for each of the null hypotheses H,,,
w €T, where
I':={wi,...,0s} <[0,7]

is a grid of frequencies, and then adjust the p-values to account for multi-
plicity effects. The p-values will be based on the asymptotic distribution
of the test statistic A}’ (), given by Theorem 4.3.1.

The results of applying the automatic truncation level rule (4.3.10) to
our DNA minicircle dataset are shown in Figure 4.7. We notice that the
selected values of K(w) vary between 34 and 42. The corresponding (ap-
proximate) p-values are

pi=P(Bw)>A0, @p), j=1...J,

where v(w;) = K(w;)[K(w;) —1]/2 ifwj €1{0,7}, and v(w;) = K(a)j)2 oth-
erwise. The choice of the grid of frequencies at which the p-values are
computed should be guided by a priori knowledge of the nature of the
alternative hypothesis; see Section 4.3.4. In our case, we chose a grid of
187 frequencies, which is shown in Figure 4.7. Adjusting the p-values for
multiplicities can be done either to control the family-wise error rate
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(FWER; Dudoit et al. 2003), which is the probability of making at least
one false rejection, or to control the less stringent false discovery rate
(FDR; Benjamini & Hochberg 1995), which is the expected value of the
proportion of false rejections amongst all rejections. Control of the FWER
can be achieved via Holm’s procedure (Dudoit et al. 2003). For controlling
the FDR, since the p-values p; and p; are dependent for |w; — w | <0.15,
and approximately independent for |w; — w j| > 0.15, we are in the context
of dependence in finite blocks, and the original Benjamini-Hochberg (BH)
algorithm for controlling the FDR is appropriate (Storey et al. 2004). In
our case, since the difference between the two minicircles is quite strong,
we only show the adjustment using Holm’s procedure; see Figure 4.8.
We notice that the two spectral density operators are very significantly
different at all frequencies. More generally, our advice is to use the BH
procedure for FDR adjustment, which will have more power in smaller-
sample situations. We also conducted numerical simulations to assess the
performance and validity of our procedure in finite sample; these suggest
that both Holm'’s and BH procedure are valid for small sample sizes (see
Section 4.3.5).

Figure 4.8 — Adjusted
p-values (using Holm’s
procedure) for test-
ing the equality of the
spectral density opera-
tors of CAP and TATA,
with the truncation
level K (w) automati-
cally chosen at each
frequency w with the
pseudo-AIC criterion
(4.3.10).
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4.3.4 Choice of the Discretization Grid I

The choice of the grid I' (and therefore J) is related to the alternative
against which we wish to test the global null Hg = Nyej0,7 Hw:

Power for global differences between the two spectral density operators: If we believe that the
true differences between the two spectral density operators are going to be on a large subinter-
val of [0, ], J should be small, so that the power of the test is not lost because of multiple com-
parisons. If I' < [0, 1] is chosen such that |w; —w ;| = 2Br, for all w; # w; € T, then Hochberg’s
procedure may be applied for multiplicity corrections.

Power for narrow banded differences between the two spectral density operators: If we believe
that the true difference are in a very narrow band of the spectra, e.g. H, is false only for |w —
w'| <8, with @' € [0, 7] and § > 0 small, then T should be chosen to be a dense grid over [0, 7].
The largest gap between any two consecutive frequencies in I' will indicate approximately
smallest band-size ¢ for which the test would be able to detect departures from the global null
Hg.

Frequencies near {0, 7}: Although we expect Ag) (w}) to follow, for large T, approximately a )(?(2

distribution for any w; ¢ {0, 7}, the approximation might not hold for frequencies w; very
close to {0, }. This happens because the asymptotic distribution of Ag) (w) is )ﬁ(( Ki1)/2 for
w € {0, 7}, but X?@ for w € (0,7), and because Ag) (w) is continuous in w. Therefore, for w;
close to {0, 1}, the approximate distribution of AE,(T) (w;) is approximately a mixture of )(?(( Ki1)/2
and )(?(2 random variables, with unknown mixture proportion.
Another justification for this phenomenon comes from the fact that the sample spectral
density operators, on which the test statistics Ag) (w) are based, are constructed by smoothing
locally the periodogram operators g@é,ﬂ =X fUT) ® X (_12, Therefore, if w is close to 0 (say), the
periodogram operators, upon which the sample spectral density operators ﬂ‘én and ﬁ’cf,jT)
will be based, will intersect and the tests Ag) (0) and A(KT) (w ;) will be correlated.

We therefore recommend that all the frequencies w € T', with w ¢ {0, 7}, be at least at distance
2B of the frequencies {0, }.

4.3.5 Numerical Simulations

In order to assess the finite sample performances of our testing procedure,
we conducted some numerical simulations. The situation where the trun-
cation level K is chosen using either AIC of AIC* is of particular interest,
since our asymptotic framework requires having K fixed (deterministic)
and T — oo, whereas K chosen with AIC/AIC* is random. Our simula-
tion procedure is similar to those presented in Section 3.9: we simulate a
stationary functional times series admitting the linear representation

2
Xl[a] = Z asAs€Er—s,
s=0

where a; € R are scaling parameters (described below), As are bounded
operators, and the &, are i.i.d. random functions (the innovations), repre-
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sented using a truncated Karhunen-Loéve expansion:

20
em) =Y &V Arer(D),
k=1

and ex(r) = v2sin[(k — 1/2)n7] is orthonormal system in L?([0,1],R) ,
see e.g. Adler (1990). The ¢y ; are i.i.d. random variables, whose choice
governs the distribution of the random functions €;. The A;s are numbers
that describe the roughness of random curves ¢;. If 1} — 0 very fast, then
the curves are smooth. Conversely, if 1; decays slowly, the curves are
rough. We will consider the three following scenarios for ¢  and A:

Wiener: the ¢ ; are independent standard Gaussian random vari-
ables, and
A =1/[(k—1/2)*7?).

The random curves ¢, therefore correspond to an approxi-
mation of the Wiener process, where the approximation is
due to the truncation of the Karhunen-Loéve expansion
of ;.

White-noise: the 9< , are independent standard Gaussian random vari-
ables, and A =1 for all k = 1. This process corresponds
to a rougher version of the Wiener scenario, and is a pro-
jection of a true Gaussian white noise process.

Studentb5: The ¢y ( arei.i.d. distributed random variables, following
Student’s ¢ distribution with v = 5 degrees of freedom,
and Ay =1 for all k = 1. This process is similar to the
White-noise process, except it is not Gaussian, and only
its first 4 moments are finite.

We have constructed the operators A so that their image is contained
within a 20-dimensional subspace of L2([0,1],R), spanned by an orthonor-
mal basis 91, ..., 2. Representing €, in the (e;)?2, basis, and A in the
(Wm®> ek)fr(z), =1 basis, we obtain a matrix representation of the process

X E“] as

2
X[ta] = Z asAsEr—s,
s=0

where X[t“] is a 20 x 1 matrix, each A is a 20 x 20 matrix, and €;isa 20 x 1
matrix.

The matrices A are constructed by drawing, for each of their coordinates,
i.i.d. Gaussian variables with mean 1 and standard deviation 0.5. In prac-
tice, their construction is done by fixing the random seed to a pre-chosen
value and using the same generation scheme for each simulation run.
The parameters a = (ag, a1, @2) are used to make the spectral density
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operators of X t[“] less constant. We chose
a=a(ma.diff) =(-1.4,2.3,-2+ma.diff) (4.3.11)

where ma.diff is a parameter that is allowed to change. The trace of
the spectral density operators for the Wiener scenario are shown is in
Figure 4.13 on page 185 forma.diff = 0,0.1,...,0.5. Visual appreciation of
the roughness of each process can be obtained by plots of the percentage
of explained variation at each frequency w € [0, ], that is, the proportion
of the total variation of the infinitesimal increment process d Z,, contained
in its first k eigenspaces, i.e.

Zleuj(w)

—, k=1,2,...,20. 4.3.12
Y2 @) 312
The percentages of explained variation per frequency are shown in Fig-
ure 4.11 on page 184 for the Wiener scenario, and in Figure 4.12 on
page 184 for the White-noise and Student5 scenarios. Notice that k =1
already explains at least 80% of the variation at each frequency for the
Wiener scenario, whereas we need to take k = 8 in the White-noise sce-
nario to explain 80% of the variation at frequencies near 0.9.

For eachma.diff € {0,0.1,...,0.5}, and each T € {25,27,...,21%} we sim-
ulated for b =1,..., B stretches of length T of the time series Xt[“(o)] and
Xt[“(ma'diff)]. Denoting these observed times series by X?! and X??, we
computed their spectral density operators using the bandwidth B =
T3, (e.g. Grenander & Rosenblatt (1957, Par. 4.7), Brillinger (2001, Par.
7.4)) and took the weight function W (x) to be the Epanechnikov kernel
(e.g. Wand & Jones 1995), W (x) = %(1 —x%) if |x| < 1, and zero otherwise.
We then compute and store the p-values

ple=P(A @) > wp), j=1...5k=1..,10,

where Ag)(-) is defined in Theorem 4.3.1, v(wj) = Kwj)[K(wj)—1]/2 if
wj€{0,m}, and v(w;) = K(a)j)2 otherwise, and

I'={w,...,0;} <[0,7]

is a grid of frequencies. Following the discussion of Section 4.3.4, we
choose
w1 =0, w2 =2Br;0j-1 = —-2B1; 0] =T;

and ws, ..., wj—» equispaced with spacing Aw = %. The reason behind
this choice is that the spectral density operators are computed by weighted
averaging of the periodogram operator on frequencies belonging to an
interval of length 2Bt. Therefore the spectral density operators will be
very variable (approximately independent) for two frequencies separated
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by 2B7, but not very variable if the frequencies are at distance less than
2Br. Our choice of Aw corresponds to a coverage of each interval of length
2Bt with atleast 9 = 10 — 1 points of the grid I, except of course near the
extremities {0, }.

Boxplots of the raw p-values for k =1,...,4 and T € {128,1024} are shown
for the Wiener scenario in Figures 4.14 to 4.19 (pages 186 to 191), for the
White-noise scenario in Figures 4.20 to 4.25 (pages 193 to 198), and for
the Studentb scenario in Figures 4.26 to 4.31 (pages 200 to 205). In each
of these plots, we drew a solid curve representing the p-value that would
have been observed if we replaced the sample version of the spectral
density operator and its eigenstructure by their true counterparts for
computing (4.3.1). This curve shows at which frequencies we would be
able to detect the differences between the two spectral density operators,
within each fixed value of k. We notice that the p-values (p? Wb=1,..B
seem to be uniformly distributed for ma.diff =0, and their distribution
is skewed towards zero at frequencies/k regions where the difference
between the two spectral densities can indeed be detected; the skewness

is accentuated for larger values of T, and also for larger values of ma.diff.

For each depth level k, and each b, we adjust the p-values (p” izl
using the Holm procedure. We then estimate the probability of] fej ecting
the global null hypothesis Hg := Nyer Hy at level a, within the depth k,
by
B

B! b;l (jg}i?jp?,k < a). (4.3.13)
The results of this procedure—with a = 5%, and k € {1,...,5}—are shown
in Figures 4.32 on page 207, 4.33 on page 208 and 4.34 on page 209 for the
Wiener, White-noise and Studentb scenarios, respectively. We notice
that the level is respected in each scenario, and for each sample size
T =128,...,1024. For the Wiener scenario, choosing k = 1 does not yield
a powerful test, even with a sample size of T' = 1024. However, taking k = 2
seems to already be reasonably powerful, even at sample size T = 256,
at which it is almost as competitive as k = 3,4, 5. For larger sample sizes,
choosing k larger yields big differences in power: for instance in the
case T =1024, atma.diff = 0.2, the power increases by roughly 0.2 if we
increase k by one. The White-noise and Studentb scenarios are more
surprising: quite often, the case k = 1 yields the most (or near to the
most) powerful test amongst k =1,2,...,5. At sample size T = 1024, and
ma.diff = 0.3, the difference in power between k =1 and k = 5 is about
40%, in favour of k = 1.

We also show in Figure 4.9 on page 177 the estimated probabilities of
rejection for the global null, when the truncation level k is chosen either
by AIC or by AIC*. That is, if we denote by K(w), respectively K* (w), the
truncation level K that minimizes the AIC, respectively the AIC* criteria,
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we plot the values of

B
-1 ; b
B bzl 1 (jirln?j Pk = (x) (4.3.14)
and
-1 d ; b
B bzl 1 (jirlllilj Pj k) = a) (4.3.15)

foreachma.diff €{0,0.1,...,0.5} and T = 64,128,...,1024, for a = 5%. We
see that in the Wiener scenario, criterion AIC is much better than AIC*.
However, in the White-noise or Studentb5 scenarios, the opposite holds.
Moreover, for the low sample sizes T = 64, AIC seems to fail. Except for
that, in every scenario and every other sample size, both criteria seem
to respect the level a = 5%. The power using either AIC criterion is not
necessarily larger than that obtained using a fixed pre-chosen value for the
truncation level k (that is, without correcting for multiplicity in the choice
of k). However, it is not clear how to choose k a priori. Therefore, for most
power in rejecting the global hypothesis Hg, we recommend using the
AIC criterion in settings that are quite smooth (when the eigenvalues of
the spectral density operators decay quickly), and the AIC* criterion in
rougher settings (when the eigenvalues of the spectral density operators
decay slowly).

4.3.6 Further Comparison at the Level of the Minicircles?

We have shown in this section how to compare the dynamics of DNA
minicircles, or more generally two functional time series, by comparing
their spectral density operators, first marginally at each frequency, and
then by adjusting the marginal p-values for multiplicities in order to
locate where in frequency these differences occur. It turned out for our
minicircles that their differences are significant at all frequencies. The
goal of the next section is to look at finer differences between the dynamics
of the two minicircles, and detect where on the minicircles, and within
each frequency, the differences occur.



student5 scenario

wiener scenario white—noise scenario

Probability

T T T 1 T T T T T
0.2 0.3 0.4 0.50.0 0.1 0.2 0.3 0.4 0.5
ma.diff ma.diff

+ T=64 e T=128 =+ T=256 - T=512 T=1024| | AIC ---E--- AIC*

Figure 4.9 — The estimated probability of rejecting the global null hypothesis—see (4.3.14) and (4.3.15)—when
the truncation levels K are chosen either by the AIC or the AIC* criterion. The standard deviation, based on

a normal approximation, is at most sd = 0.016.
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4.4 Significant Frequencies,
and Localization of Differences on the Minicircles

We now wish to detect more detailed differences between CAP and TATA:
we wish to first select frequencies at which CAP and TATA are significantly
different (the significant frequencies), and then detect and localize on
the minicircles, within each significant frequency, where the differences
between the spectral density operators of CAP and TATA occur.

The basic idea is to base our procedure on the differences in the (i, j)-th
basis coefficient between the spectral density operator of CAP and TATA,
at a given frequency w. Let us denote by f, respectively fZ,’(T), the 80 x 80
coefficient matrices with respect to the periodic B-spline basis (King et al.
2010) of the true spectral density operator, respectively the sample spectral
density operator, at frequency w, for the time series X%, a = 1,2. We shall
call f% the projected spectral density operator, and fZ,’(T) the projected
sample spectral density operator, and denote by £, (i, j) the (i, j)-th entry
of the matrix f,,. The local null hypotheses we wish to test for are of the
form
H,(, )£, ) =23, j), i,j=1,...,80;we[0,x].

By symmetry of the projected spectral density operator, we restrict our-
selves to the indices 1 < i < j < 80. We point out that this approach
is different from a classical multivariate approach, as discussed in Re-
mark 4.4.1.

Remark 4.4.1 (Differences with multivariate analysis). Although the idea
of comparing at the level of basis coefficients seems like a multivariate
approach, it differs from it in that the choice of the basis functions will
influence the qualitative conclusions that can be drawn from the analysis.
Our choice of a periodic B-spline basis allows one to distinguish differences
between CAP and TATA that are very localized on the minicircles. Another
choice could be that of a wavelet basis, which would allow one to detect
differences between CAP and TATA across multiple scales. The choice of the
basis is therefore intimately related the directions (in function space) in
which the test is most powerful.

For each frequency w and each 1 < i < j < 80, assuming £, (i, )£, (j, j) #0,
we can use the projected sample spectral density operator to construct
a p-value p(w; 1, j) for the null hypothesis H, (i, j), as described in the
following section.
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4.4.1 Approximate p-values for Localizing Differences
Within Frequencies
Theorem 3.6.5 tells us that under N8°_ . H, (i, j), vTBr &, — 571 will Circular Gaussian

i,j=1
be asymptotically distributed as a random matrix f,,, which follows a
complex Gaussian distribution (which is not necessarily circular; see
Picinbono (1996), Schreier & Scharf (2010) ) with mean zero, and second- page 134
order structure given by

defined in

E (£, (G, )T, (k, D] = 4752 - [n(@1 + 02)Ey, (i, K-, (7, D+ n(@1 — 02y, (i, DE_0, (j, 6],
(4.4.1)

where x? = [, W(x)?dx and n(w) = 1 if w € {0, +7, #27}, and zero other-
wise. We shall use this asymptotic distribution to obtain, for each (i, j),
an approximate p-value for the null hypothesis H, (i, j), by renormalizing
properly the difference D) = vTB (5" - 7). In the following, we
shall use the notation I’w = (f}L,‘(T) + fi’m) /2. The test statistic we use is

2 ~ ~ ~
D, | 1{amc [t DE+Eut, iG]} o 0,1
LD, i, j) = )fo)(z’, i)|2 1 {ami? (K, G, )12} if we (0,7), i = j,
DG, PP -R [, )R] 1P} 12nx?) ifwe ©Om), i# ),

where R(-) denotes the real part of a complex number,

P=P(w,i,]) =, 0, D (], j) = 1F, G, )I*1 £, (i, D)E, (G, )]

and R = R(,1, ) = [fo (i, N1/, DF (G, D).
The following proposition gives the asymptotic distribution of L', and
its proof follows easily from results of Chapter 3 and Picinbono (1996):

Proposition 4.4.2. Assume conditions of Theorem 3.6.5 hold, and
Br—0 & TBr—oo as T— oo.

Under H, (i, j), iff,(i,1)f,(j, j) # 0, the asymptotic distribution of the test
statistic LD (w, 1, j) is x% ifw € {0,m} ori = j, and x5 ifi # j and w € (0, 7).

The reason the form of the test statistic L") (w, i, j) is quite complicated
in the case i # j &w € (0, ) is that in this case, D((UT) (i, j) follows a com-
plex distribution that is not circular, and its renormalization cannot be
done via the “usual” formula for Gaussian random vectors (Picinbono
1996, Schreier & Scharf 2010). Using Proposition 4.4.2, we can compute
the approximate p-values p(w, i, j),w € [0,7],i < j. Notice that within a
frequency, the p-values {p(w, i, ) : i < j} are correlated, with a compli-
cated correlation structure. For instance, for w € {0, 1} or i = j & k= [, the
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asymptotic covariance is given by

lim cov (L™ (@, i, ), LD, k, D) =2 corr (F, (i, j), Eo(k, D)°,  (4.4.2)

T—o0

which is in general non-zero, see (4.4.1).

4.4.2 Back to the computation of the P-values within a frequency

The p-values are only computed on a subgrid I' = {wy,...,0wr} < [0,7],
which is chosen such that |w;—w j| = 2Br, so that the p-values across differ-
ent w s are approximately independent (see discussion in Section 4.3.4).
We chose to select significant frequencies and localize the differences
between CAP and TATA in a way that controls the expected average of the
false discovery proportion over the significant frequencies (Benjamini &
Bogomolov 2014). To make this statement precise, let p; = {p(w;;i,j): 1 <
i < j <80} be the set of p-values at frequency w;, and P = {p,,...,pr} be
the set of all p-values over the grid I'. Let S(P) be the selection procedure
for the significant frequencies, based on all the p-values P, that is S(P) c T,
and |S(p)| denote the number of significant frequencies. Let FDP(w) =
V(w)/R(w) be the false discovery proportion at frequency w, where V (w)
denotes the (unknown) number of wrong rejections within frequency w,
and R(w) denotes the total number of rejections at frequency w. The error
criterion we will seek to control is

E Z FDP(w;)/ max{|S(P)|,1}|. (4.4.3)
[eS(P)

Notice that if the selection procedure S is implemented without relying
on the data, (4.4.3) simplifies to )_;cs FDR(w;)/|S|, the average FDR over
the selected frequencies, where FDR(w;) = E[V(w;)/R(w;)].

To select the significant frequencies and select the null hypotheses to
reject within each significant frequency while controlling the expected
average false discovery proportion (FDP) (4.4.3) at the level a, we use the
following procedure (see Benjamini & Bogomolov 2014, Theorem 1 and
Section 5):

1. Adjust, within each frequency w;, the p-values p; for the control
of the FDR, and denote the result by q;, also called g-values (see
Remark 4.4.3).

2. Select the significant frequencies S by applying the BH procedure
to the set of minimum q-values {minq;, minqp,..., minq}.

3. Within each significant frequency wy, [ € S, reject the null hypothe-
ses whose corresponding g-value are smaller than |S|a/L.

In addition to controlling the error criterion (4.4.3), this procedure also
has the additional property that it controls the FDR at the level of the
frequencies.
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Remark 4.4.3 (P-value adjustment within each frequency). Since the p-
values

p: = {p(wl; i,jl:lsi<js< 80} are correlated with a non-trivial correla-
tion structure (see e.g. (4.4.2)), we cannot use the BH procedure to control
the FDR, nor the more recent procedures (which require e.g. dependence
in finite blocks, see Storey et al. (2004) and Schwartzman et al. (2008) for
instance). We therefore use the conservative version of FDR which works
under arbitrary dependence structure of the p-values (Benjamini & Yeku-
tieli 2001, Theorem 1.3) to obtain the q-values q;. Nevertheless, numerical
simulation (not shown here) that we carried out to assess the validity of
our procedure suggested that the BH procedure seems to control the FDR
within each frequency. Further work along this line would be of interest.

The result of applying this procedure to our minicircle data with a = 0.05,
and on the grid of frequencies

I'={0,0.15,0.32,0.49,0.64,0.81,0.98,1.15,1.3,1.47,
1.64,1.81,1.96,2.13,2.3,2.47,2.62,2.79,2.96, 3.14},

are shown in Figure 4.10 on page 183 in the form of zero-one plots, which
show graphically the regions where the spectral density operators of CAP
and TATA differ significantly. We first notice that all the tested frequencies
are significant, which is not surprising since the frequency tests (Section
4.3) suggested that the null hypothesis H,, for each fixed frequency was
rejected with a very small p-value. We also see that the rejected hypotheses
are mostly situated on the diagonal of the spectral density operators,
i.e., the rejected nulls are mostly of the form H, (i, j) with |i — j| small.
This means that most of the differences in the dynamics of CAP and
TATA are about how their local interactions (between X,;(t) and Xy(o) for
|7 — o| small) differ. This is not surprising since we have already seen (in
Section 4.2.2) that most of the energy of the minicircles is in their local
interactions. Nevertheless, some differences are detected farther away
from the diagonal, at frequencies w = 0.15 or w = 0.64 for instance. This
is potentially interesting, since a difference far from the diagonal would
mean that the dynamics of the DNA minicircles, although being mostly
local, seem to have different long-range (|7 — | large) effects, which are
visibly varying throughout distinct frequencies. Further interpretation
of these off-diagonal differences is difficult; notice also that since they
are rare and we are controlling a FDR-type error, these might be false
discoveries.

Another interesting conclusion is that the differences between the two
minicircles do not only reside in the region where their base-pairs se-
quence is different (see Table 4.1), but extends to other regions of the
minicircles. This phenomenon could be explained intuitively as a prop-
agation effect by the following thought experiment, which is of course
informal: imagine that a DNA minicircle is vibrating in a solution, and
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that we introduce an impulse (or shock) on a localized region. If the im-
pulse is strong enough (stronger than the “average” vibrations of the DNA
minicircle that are due to its interaction with water molecules), it will
propagate as a wave along the minicircle, with decreasing amplitude as it
moves further along. The distance that the wave will travel will depend
on the strength of the impulse, on the vibrations of the DNA minicircle,
and on its mechanical properties. Nevertheless, we can imagine that
this distance will be approximately an increasing function of the impulse
strength. Therefore, a localized but strong enough vibration on a DNA
minicircle could propagate and affect other regions of the minicircle. Ap-
plying this idea to CAP and TATA, their differences in base pairs (that is
very localized) might create different kinds of vibrations that are also very
localized, but might propagate along the minicircles, and have an impact
on the vibrations of other regions of the minicircle.

4.5 Outlook

We have presented in this chapter a methodology for comparing the dy-
namics of DNA minicircles (or more generally any pair of functional time
series), by comparing their spectral density operators either at the level of
frequencies, or jointly at the level of frequencies and on the minicircles.
Our technique was based on a multiple testing approach, thus allowing to
localize the differences between the two spectral density operators with
overall significance. Extensions and ameliorations of the methodology
presented in this chapter can be done in several directions. One could use
the asymptotic Gaussian structure of the sample spectral density operator
at each frequency to increase the detecting power within each frequency,
by looking at excursion sets of the sample spectral density kernel, and
using the theory of excursion sets of Gaussian processes (Adler 1990, 2000,
Vanmarcke 2010). The multiplicity correction could also be improved, by
estimating and taking into account the local dependency (in frequencies)
of the sample spectral density operators that are present in finite samples.
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Figure 4.10 — The plots show the regions on the minicircles, for each frequency, where the spectral density
operators of CAP and TATA are overall significantly different at a 5% level (with respect to the error crite-
rion (4.4.3)). Each plot represents the regions of differences (in black) between the spectral density kernels of
the two minicircles. The two grey vertical and horizontal bands correspond to the region where the base-pair
sequences of the two DNA minicircles are different.



wiener scenario

1.00
l

percentage of explained variation

0.80 0.85 0.90 0.95

I I I I I I I
0.0 0.5 1.0 15 2.0 2.5 3.0

frequency w

Figure 4.11 — The percentage of variation per frequency (computed using (4.3.12)), for the Wiener sce-
nario. The bottom curve corresponds to the percentage of variation explained by k = 1, the one just above
corresponds to k = 2, as so on. Notice the scale of the y-axis.
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Figure 4.12 - The percentage of variation per frequency, for the White-noise and Student5 scenarios.
These are computed using (4.3.12). The bottom curve corresponds to the percentage of variation explained
by k =1, the one just above corresponds to k = 2, as so on. Notice the scale of the y-axis.
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Figure 4.14 — Box plot of the computed p-values pf.’v ;. for the Wiener scenario. The x-axis represents the
frequencies w, the left and right columns represent respectively the cases T = 128 and T = 1024. Each row
corresponds to a different value of k, ranging from k = 1 (top row) to k = 4 (bottom row). From each frequency
w;j€el, j=1,...,],abox plot of the p-values (P?,k)bzl,...,looo is plotted at w = w;. The solid curve represents
the p-value that would have been observed if we replaced the sample version of the spectral density operator
and its eigenstructure by their true counterparts.
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Figure 4.15 — Box plot of the computed p-values pf.’v ;. for the Wiener scenario. The x-axis represents the
frequencies w, the left and right columns represent respectively the cases T = 128 and T = 1024. Each row
corresponds to a different value of k, ranging from k = 1 (top row) to k = 4 (bottom row). From each frequency
w;j€el, j=1,...,],abox plot of the p-values (P?,k)bzl,...,looo is plotted at w = w;. The solid curve represents
the p-value that would have been observed if we replaced the sample version of the spectral density operator
and its eigenstructure by their true counterparts.
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Figure 4.16 — Box plot of the computed p-values pf.’v ;. for the Wiener scenario. The x-axis represents the
frequencies w, the left and right columns represent respectively the cases T = 128 and T = 1024. Each row
corresponds to a different value of k, ranging from k = 1 (top row) to k = 4 (bottom row). From each frequency
w;j€el, j=1,...,],abox plot of the p-values (P?,k)bzl,...,looo is plotted at w = w;. The solid curve represents
the p-value that would have been observed if we replaced the sample version of the spectral density operator
and its eigenstructure by their true counterparts.



wiener scenario, ma.diff=0.3
T=128 T=1024
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Figure 4.17 — Box plot of the computed p-values pf.’v ;. for the Wiener scenario. The x-axis represents the
frequencies w, the left and right columns represent respectively the cases T = 128 and T = 1024. Each row
corresponds to a different value of k, ranging from k = 1 (top row) to k = 4 (bottom row). From each frequency
w;j€el, j=1,...,],abox plot of the p-values (P?,k)bzl,...,looo is plotted at w = w;. The solid curve represents
the p-value that would have been observed if we replaced the sample version of the spectral density operator
and its eigenstructure by their true counterparts.



wiener scenario, ma.diff=0.4
T=128 T=1024
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Figure 4.18 — Box plot of the computed p-values pf.’v ;. for the Wiener scenario. The x-axis represents the
frequencies w, the left and right columns represent respectively the cases T = 128 and T = 1024. Each row
corresponds to a different value of k, ranging from k = 1 (top row) to k = 4 (bottom row). From each frequency
w;j€el, j=1,...,],abox plot of the p-values (P?,k)bzl,...,looo is plotted at w = w;. The solid curve represents
the p-value that would have been observed if we replaced the sample version of the spectral density operator
and its eigenstructure by their true counterparts.



wiener scenario, ma.diff=0.5
T=128 T=1024
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Figure 4.19 — Box plot of the computed p-values pf.’v ;. for the Wiener scenario. The x-axis represents the
frequencies w, the left and right columns represent respectively the cases T = 128 and T = 1024. Each row
corresponds to a different value of k, ranging from k = 1 (top row) to k = 4 (bottom row). From each frequency
w;j€el, j=1,...,],abox plot of the p-values (P?,k)bzl,...,looo is plotted at w = w;. The solid curve represents
the p-value that would have been observed if we replaced the sample version of the spectral density operator
and its eigenstructure by their true counterparts.






white—noise scenario, ma.diff=0
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Figure 4.20 - Box plot of the computed p-values pﬁ.’ i for the White-noise scenario. The x-axis represents
the frequencies w, the left and right columns represent respectively the cases T'= 128 and T = 1024. Each
row corresponds to a different value of k, ranging from k = 1 (top row) to k = 4 (bottom row). From each
frequencyw; €T, j=1,...,J, abox plot of the p-values (P?,k)bzl,...,looo is plotted at w = w;. The solid curve
represents the p-value that would have been observed if we replaced the sample version of the spectral
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Figure 4.21 - Box plot of the computed p-values pﬁ.’ i for the White-noise scenario. The x-axis represents
the frequencies w, the left and right columns represent respectively the cases T'= 128 and T = 1024. Each
row corresponds to a different value of k, ranging from k = 1 (top row) to k = 4 (bottom row). From each
frequencyw; €T, j=1,...,J, abox plot of the p-values (P?,k)bzl,...,looo is plotted at w = w;. The solid curve
represents the p-value that would have been observed if we replaced the sample version of the spectral
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white—noise scenario, ma.diff=0.2
T=128 T=1024
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Figure 4.22 - Box plot of the computed p-values pﬁ.’, i for the White-noise scenario. The x-axis represents
the frequencies w, the left and right columns represent respectively the cases T'= 128 and T = 1024. Each
row corresponds to a different value of k, ranging from k = 1 (top row) to k = 4 (bottom row). From each
frequencyw; €T, j=1,...,J, abox plot of the p-values (P?,k)bzl,...,looo is plotted at w = w;. The solid curve
represents the p-value that would have been observed if we replaced the sample version of the spectral
density operator and its eigenstructure by their true counterparts.



white—noise scenario, ma.diff=0.3
T=128 T=1024
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Figure 4.23 - Box plot of the computed p-values pﬁ.’, i for the White-noise scenario. The x-axis represents
the frequencies w, the left and right columns represent respectively the cases T'= 128 and T = 1024. Each
row corresponds to a different value of k, ranging from k = 1 (top row) to k = 4 (bottom row). From each
frequencyw; €T, j=1,...,J, abox plot of the p-values (P?,k)bzl,...,looo is plotted at w = w;. The solid curve
represents the p-value that would have been observed if we replaced the sample version of the spectral
density operator and its eigenstructure by their true counterparts.



white—noise scenario, ma.diff=0.4
T=128 T=1024
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Figure 4.24 - Box plot of the computed p-values pﬁ.’, i for the White-noise scenario. The x-axis represents
the frequencies w, the left and right columns represent respectively the cases T'= 128 and T = 1024. Each
row corresponds to a different value of k, ranging from k = 1 (top row) to k = 4 (bottom row). From each
frequencyw; €T, j=1,...,J, abox plot of the p-values (P?,k)bzl,...,looo is plotted at w = w;. The solid curve
represents the p-value that would have been observed if we replaced the sample version of the spectral
density operator and its eigenstructure by their true counterparts.



white—noise scenario, ma.diff=0.5
T=128 T=1024
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Figure 4.25 - Box plot of the computed p-values pﬁ.’, i for the White-noise scenario. The x-axis represents
the frequencies w, the left and right columns represent respectively the cases T'= 128 and T = 1024. Each
row corresponds to a different value of k, ranging from k = 1 (top row) to k = 4 (bottom row). From each
frequencyw; €T, j=1,...,J, abox plot of the p-values (P?,k)bzl,...,looo is plotted at w = w;. The solid curve
represents the p-value that would have been observed if we replaced the sample version of the spectral
density operator and its eigenstructure by their true counterparts.
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student5 scenario, ma.diff=0
T=128 T=1024
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Figure 4.26 — Box plot of the computed p-values pj.’, . for the Studentb scenario. The x-axis represents the
frequencies w, the left and right columns represent respectively the cases T = 128 and T = 1024. Each row
corresponds to a different value of k, ranging from k = 1 (top row) to k = 4 (bottom row). From each frequency
w;j€el, j=1,...,],abox plot of the p-values (P?,k)bzl,...,looo is plotted at w = w;. The solid curve represents
the p-value that would have been observed if we replaced the sample version of the spectral density operator
and its eigenstructure by their true counterparts.



student5 scenario, ma.diff=0.1
T=128 T=1024
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Figure 4.27 - Box plot of the computed p-values pj.’, . for the Studentb scenario. The x-axis represents the
frequencies w, the left and right columns represent respectively the cases T = 128 and T = 1024. Each row
corresponds to a different value of k, ranging from k = 1 (top row) to k = 4 (bottom row). From each frequency
w;j€el, j=1,...,],abox plot of the p-values (P?,k)bzl,...,looo is plotted at w = w;. The solid curve represents
the p-value that would have been observed if we replaced the sample version of the spectral density operator
and its eigenstructure by their true counterparts.



student5 scenario, ma.diff=0.2
T=128 T=1024
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Figure 4.28 — Box plot of the computed p-values pj.’, . for the Studentb scenario. The x-axis represents the
frequencies w, the left and right columns represent respectively the cases T = 128 and T = 1024. Each row
corresponds to a different value of k, ranging from k = 1 (top row) to k = 4 (bottom row). From each frequency
w;j€el, j=1,...,],abox plot of the p-values (P?,k)bzl,...,looo is plotted at w = w;. The solid curve represents
the p-value that would have been observed if we replaced the sample version of the spectral density operator
and its eigenstructure by their true counterparts.



student5 scenario, ma.diff=0.3
T=128 T=1024
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Figure 4.29 - Box plot of the computed p-values pj.’, . for the Studentb scenario. The x-axis represents the
frequencies w, the left and right columns represent respectively the cases T = 128 and T = 1024. Each row
corresponds to a different value of k, ranging from k = 1 (top row) to k = 4 (bottom row). From each frequency
w;j€el, j=1,...,],abox plot of the p-values (P?,k)bzl,...,looo is plotted at w = w;. The solid curve represents
the p-value that would have been observed if we replaced the sample version of the spectral density operator
and its eigenstructure by their true counterparts.



student5 scenario, ma.diff=0.4
T=128 T=1024
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Figure 4.30 - Box plot of the computed p-values pj.’, . for the Studentb scenario. The x-axis represents the
frequencies w, the left and right columns represent respectively the cases T = 128 and T = 1024. Each row
corresponds to a different value of k, ranging from k = 1 (top row) to k = 4 (bottom row). From each frequency
w;j€el, j=1,...,],abox plot of the p-values (P?,k)bzl,...,looo is plotted at w = w;. The solid curve represents
the p-value that would have been observed if we replaced the sample version of the spectral density operator
and its eigenstructure by their true counterparts.



student5 scenario, ma.diff=0.5
T=128 T=1024
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Figure 4.31 - Box plot of the computed p-values pj.’, . for the Studentb scenario. The x-axis represents the
frequencies w, the left and right columns represent respectively the cases T = 128 and T = 1024. Each row
corresponds to a different value of k, ranging from k = 1 (top row) to k = 4 (bottom row). From each frequency
w;j€el, j=1,...,],abox plot of the p-values (P?,k)bzl,...,looo is plotted at w = w;. The solid curve represents
the p-value that would have been observed if we replaced the sample version of the spectral density operator
and its eigenstructure by their true counterparts.






wiener scenario
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Figure 4.32 - The estimated probability of rejection of the global null hypothesis at level 5% in the Wiener
scenario for each depth k€ {1,...,5}, see (4.3.13). The x-axis represents the coefficientma.diff, and each
plot corresponds to a different sample size, ranging from T = 128 (top) to T = 1024 (bottom). The horizontal
dotted line corresponds to the 5% level, and the standard deviation, based on a normal approximation, is at
most 0.016.
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Figure 4.33 — The estimated probability of rejection of the global null hypothesis at level 5% in the
White-noise scenario for each depth k € {1,...,5}, see (4.3.13). The x-axis represents the coefficient
ma.diff, and each plot corresponds to a different sample size, ranging from T = 128 (top) to T = 1024
(bottom). The horizontal dotted line corresponds to the 5% level, and the standard deviation, based on a
normal approximation, is at most 0.016.
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Figure 4.34 — The estimated probability of rejection of the global null hypothesis at level 5% in the Student5
scenario for each depth k€ {1,...,5}, see (4.3.13). The x-axis represents the coefficientma.diff, and each
plot corresponds to a different sample size, ranging from T = 128 (top) to T = 1024 (bottom). The horizontal
dotted line corresponds to the 5% level, and the standard deviation, based on a normal approximation, is at
most 0.016.
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APPENDIX

Selected results for Hilbert and
Banach Spaces

We first present Banach spaces, which are (possibly infinite) dimensional
spaces with a topology given by a norm. Some references are (Dunford &
Schwartz 19884, Rudin 1991, Ciarlet 2013)

A.1 Banach Spaces

A (complex) Banach spaceis a couple (B, ||-]), where B is a vector space,
-l : B— Cis a norm, under which the space B is complete (every Cauchy
sequence converges to an element in B).

Let (By, lI-l1) and (By, |- ll2) be complex Banach spaces. A function T': B; —
B is called a bounded linear operator, or just bounded operator, if it is
linear and there exists a positive constant C such that || Tx|l, < C| x||; for
all x € By. The smallest such Cis

1T x|l
TNl := sup .
x#0 x|l

We denote the set of bounded operators T : By — Bz by % (B1, B2). The
special case % (B, C) is of particular interest, and is called the dual, or
the topological dual, of B;. It is denoted by By, and consists of all bounded
linear functionals on B;.

%~ (B1,By) is actually a Banach space if we define (AT)x = A(Tx) and
(S+T)x=(Sx)+ (Tx)forall xe B, A eCand S, T € %, (B1, By).

If By = B, = B, we use the shorthand notation .4, (B) = % (B, B). For
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S, T € S (B), the product ST defined by STx = S(Tx), x € B is abounded
operator, with [[|ST llloo < I Sllleolll T'lllo, and therefore ST € #5(B). In par-
ticular, .#5,(B) is an algebra over C.

A.1.1 Unique Linear Extension

Proposition A.1.1 (Ciarlet (2013, Theorem 3.1-1)). Let By, B, be Banach
spaces, and W c By be a dense subspace. Any continuous linear operator
T : W — By admits a unique continuous linear extension T' : By — Bo,
defined by
T'(x) = lim T(xp,) (A.1.1)
n—oo

where (x,) n=1 < W is any sequence converging to x € By. Furthermore, T’
is continuous, and
7"l = NI Tlloo (A.1.2)

A.1.2 Bounded Multilinear Mappings

Let By, ..., B¢, B be complex Banach spaces. A mapping T : B; x By — B
is called a bounded (or continuous) multilinear mapping if it is linear in
each coordinate, and if there exists a constant ¢ > 0 such that

IT(xr, .., xi)l < cllxall---llxgll, x;€Bii=1,...,k. (A.1.3)
The infimum of all ¢ = 0 satisfying (A.1.3) is denoted ||| T'|ll,, and satisfies
1T Moo = sup{lI T (x1, ..., xi )l = N ll, ..., llxpell < 1}

The space of all multilinear bounded mappings T : B; x By — B is denoted
by Zx(Bi,..., Bg; B), and is a Banach space when equipped with the norm
llllloo- Furthermore there are canonical linear bijective isometries

Zk(By,...,Bx; B) = £ (B1; £ (B; Z(...; B))) (A.1.4)

A.2 Hilbert spaces

We now talk about Hilbert spaces, which are special kinds of Banach
spaces. Some references are Gohberg & Krejn (1971), Ringrose (1971),
Dunford & Schwartz (1988a,b), Gohberg et al. (1990), Kadison & Ringrose
(1997), Zhu (2007).

A real Hilbert space is a couple (H,:,-)) where

1. H is areal vector space,
2. (- isafunction H x H — R satisfying for all u, v, w € Hand 1 € R,

(@ (u,u)=0and{(u,u)=0 < u=0
(b) (u,v)={v,w
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(© (u+Av,w) =<{u, w) + Alv, w)
3. H is complete metric space under the norm [u|l := v/{u, u).

A complex Hilbert space (H,<:,-)) is slightly different because of richer
structure of the complex field C:

1. His avector space,
2. (-,-yisafunction H x H — C satisfying for all u,v,we Hand 1 € C,

@ (uuy=0and{(u,u)=0 < u=0
(b) (u,v)=(v,u)

(© (u+Av,w) =<{u, w) + Av, w)
3. H is complete metric space under the norm [u|l := v/{u, u).

Here @ denote the conjugate transpose of a € C. The function (., -) is called
the inner product, or scalar product of H.

A Hilbert space is called separable if it contains a dense countable subset.
Every separable Hilbert space admits a (non-unique) orthonormal basis
(en) n=1 which satisfies (e,;, ;) = 0, m, and

u=> (uepe, YueH.

n=1

From now on, H will denote a separable Hilbert space.

A.2.1 Operators on Hilbert Spaces

Let H be a (complex) separable Hilbert space with scalar product ¢, -) and
norm ||-||. Since a Hilbert space is particular type of Banach space, the
definition of bounded operator (and its norm) extends naturally to Hilbert
spaces. We will denote Idy the identity operator on H. If a bounded
operator T : H — H' between two Hilbert spaces preserves the inner-
product, i.e.

(Tx,Ty)=(x,y), Vx,yeH, (A2.1)

then it is called an isometry. Notice that an isometry is necessarily injec-
tive, and therefore allows one to view the Hilbert space H as a subspace
of H' (with same norm) via the identification H = T(H). An operator
T: H — H' thatadmitsaninverse S: H — H (i.e. TS=1dy and ST =1dp)
is called an isomorphism. If it is also an isometry, it is called an isometric
isomorphism, or a unitary operator.

To any bounded operator T on H corresponds another bounded operator
TT, called the adjoint of T, and which satisfies the property

(Tx,y)= <x, Tfy>, Vx,y€H.
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In particular, || Tl = Il Tllleo. AD operator which satisfies T = T is called
self-adjoint, or hermitian, and

T hermitian = ||| Tlllooc = sup{[{Tx,x)|: llx]l = 1}.

The space of bounded operators is very large. A important subspace of it
are the compact operators.

Definition A.2.1. A bounded operator T € ¥ (H) is compact if every
bounded sequence {x; : n = 1} admits a subsequence {xnk k= 1} such that
Txy, convergesin H.

Compactness of an operator is a strong condition: for instance, the iden-
tity operator is not compact. However, compact operators have nice
properties. Let us denote by .#.(H) the set of compact operators. This
set is actually a closed subspace of .4, (H), and admits the following
characterization:

Proposition A.2.2 (Singular Value Decomposition). A bounded operator
T on H is compact if, and only if there exists orthonormal bases (e, : n =
1) and (f, : n = 1) of H and a sequence of decreasing positive numbers
Ap:n=1)c[0,+00) with A,, — 0 such that

Tx=) An(x,fn)en, x€H, (A.2.2)

n=1

The A, s are called the singular values of T, and we write
sing(T) =(A,:n=1).

We point out that the sequence (1, : n = 1) does not need to be strictly
decreasing. The following Theorem gives an important characteristic of
the singular values of a compact operator:

Theorem A.2.3 (Gohberg et al. (1990, Chapter VI, Theorem 3.1)). Let T
be a compact operator on H, with singular values A, (T) = A2(T) = --- = 0.
Then foranyn=1,2,... < dimH, we have

n

)

n
Y Aj(T)= max
j:1 U'le"-’u/n

(UTy;y;)
=1

where the maximum is taken over all unitary operators U on H, and all
orthonormal systems {y1,..., ¥} < H.

The following Lemma tells us about the behaviour of the singular values
of compact operators under compact perturbations

Lemma A.2.4 (Gohberg & Krejn (1971, Corollaire 2.3, p.31), Bosq (2000,
Lemma 4.2), Gohberg et al. (1990, Chapter VI, Corollary 1.6)).
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Let T, S be compact operators on H, with singular value decompositions

T=>Y An(fn)en

n=1
S= Z Kne Vnd Uy,
n=1
Then,
An—tnl <NIT-Slloe, VR=1. (A.2.3)

Notice that the singular values of either S or T need not be strictly decreas-
ing.

If (Ty) m=1 is a sequence of compact operators on H convergingto T €
¢ (H) in the operator norm, this lemma tells us the singular values of T},
(arranged in decreasing order, and repeated according to their multiplic-
ity) converge to the singular values of T (also arranged in decreasing or-
der) uniformly in n as m — co. Now if (T;,) m=1 and T are also self-adjoint,
there is a similar perturbation result for their eigenspaces. We need to in-
troduce some notation: Let u ®, v denote the operator on #,,(H) defined
by (u®; v) f = (f,v)u, for u,v, f € H. Using this notation, we write the
singular value decompositions of T, and T

T = Z Unen®2 ey

n=1

Ty = Z Mnmenm®2€enm
n=l
{un : n =1} is a non-increasing positive sequences tending to zero. We
denote by {1,},>1 the decreasing sequence of distinct elements of {1,} ,>1,
and define the set
Ikz{iilil.liz/lk},

and we denote its cardinality by my = |I;|. We will also write

I={izl:y;>0t= U I (A.2.4)
k=1&Ax>0

for the set of indices of the repeated non-zero eigenvalues of T, and
J={j=1:1;>0}, (A.2.5)

the set of indices of the non-repeated non-zero eigenvalues of T. We
define
M=) ei®e;,

iEIk

kth

which is the projection onto the eigenspace of T, also called the k-th

217



218 A. SELECTED RESULTS FOR HILBERT AND BANACH SPACES

eigenprojector of T. This way, we have

T=>) A1,
jeJ
Tm= Z (Z Hime€im®2 ei,m)
jE] iEIj

It turns out that the term in parentheses converges to A;I1; as m —
oo. This is rigorously stated in the following perturbation result for the
eigenspaces of compact self-adjoint operators.

Theorem A.2.5. Let{T,,},,>1 be a sequence of compact self-adjoint opera-
tors on H converging to the compact operator T in the operator norm |||-|lloo-
Then, using the notation introduced above, we have

(Z eim®2¢€im|—Ikl|| —0, m — oo,
i€l fo%)
(Z Himeim®2€im — Al -0, m — oQ.
iEIk fo%)

Proof. The result is a consequence of Riesz & Sz.-Nagy (1968, Theorem,
§135, p.369), since

(T — T)xl

< Tpm—Tlleo — 0, m — oo.
xemvo Ixl+1Txll " o

A.2.2 Schatten Spaces

Notice that sing : #.(H) — cp, where ¢y is the space of sequences a =
(a1, az,...) such that lim, a,, — 0. Recall that ¢, p € [1, +00), is the space
of sequences a = (a;, az,...) © RN such that

1/p
lally, := lay|’| <oo,
1

n=1

and that1 < p < g <ooimplies £, = ¢4 < ¢o. The set of compact operators
whose singular values are in ¢, are called Schatten spaces:

Proposition A.2.6 (Definition). For p € [1,00), we define the Schatten
space .%), (H) as the space of operators

Fp(H) ={T € S:(H) :sing(T) € £ ),}. (A.2.6)
It is a Banach space with the norm

T, = |sing(D),, T eFpH.
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Equivalently, it can be shown that a bounded operator T on H is in ¥, (H)
if, and only if

Y KTep,en)lP <oo

n=1
for every orthonormal basis (e;;) of H. As a consequence, the Schatten
classes are closed under taking adjoints. The Schatten classes have the
same inclusion properties of the £, spaces, namely 1 < p < g < oo implies

AH) € F(H) € S,(H) € F,(H) € S (H),

where we recall that 4, (H) is the space of bounded linear operators on
H.
For any u, v € H, we can define an bounded operator u®;, v on H by

(u®2v)h=<(h,v)u, heH. (A.2.7)

The operator u®, v is called a rank-one operator (because its image is a
subspace of H of dimension one), and any finite linear combination of
rank-one operators is called a finite rank operator. The rank-one operators
have the property that

llue viil, = llulllvl, pell,ool, (A.2.8)

and therefore the finite rank operators belong to all the Schatten spaces.
An important fact is that the space of finite-rank operators is actually
dense in each of the Schatten spaces .#), (H), p € [1,00), with their respec-
tive norm, as well as in the space of compact operators, with the operator
norm. Similarly to the £, spaces, the Schatten spaces satisfy a Holder-type
inequality:

Proposition A.2.7 (Holder inequality for Schatten spaces). Letl1<r,s,t <
oo, suchthatr™' =s ' +t7!, and S € #(H), T € #;(H). Then ST € ¥, (H)
and

ST < WSHsITI. (A.2.9)

A.2.2.1 Trace-class Operators

We now look at the Schatten space ¥ (H), which is called the space of
trace-class or nuclear operators on H, and for which we can define the
trace.

Definition A.2.8. We define the trace of an operator T € # (H) by

Tr(T) = ) (Ten, en), (A.2.10)

n=1

where (e,) is an orthonormal basis of H.
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The definition of the trace is independent of the choice of the orthonormal
basis (e,), and we have the following properties

Proposition A.2.9. ForallSe A (H), u,ve H,
1. Tr(u®,v) ={u,v).

2. For any orthonormal basis (e,) =1,

ITr(S)I < Y KSen, el <IISlh, S€FA(H).

n=1

3. Tr(ST) =Tr(S),

4. if(Sx,x) =0 forall x€ H (i.e. S is positive), then

Tr (S) =Sl = 0.

In particular, the trace defines a continuous linear functional & (H) — C.
Moreover, if1 < s, t < co such that s+ l=1, then for any S € ¥;(H) and
T e S1(H),

Tr(ST) =Tr (TS). (A.2.11)

A.2.2.2 Hilbert-Schmidt Operators

Another important Schatten space is % (H), called the space of Hilbert—
Schmidt operators. It is particular, because it is actually a Hilbert space, if
we equip it with the scalar product

(T,8) =Tr(T7S) = ¥ (Sey, Ten), S, Te A, (A.2.12)

n=1

where (e,) is any orthonormal basis of H. In particular, (| Tlll, = Y ,>1 | Ten 12,
and {e;®,e; : i, j = 1} is an orthonormal basis of % (H). Here are some
properties of the tensor product - ®;- (recall the definition of ®;; see
(A.2.7))

Proposition A.2.10. Foranyu,v, f,g€ H, A,Be % (H)

1. -®;- is linear on the left, and conjugate-linear on the right,

2. (udy v, f®28)y, =(u f)(g v)=((uerv)g,f),
3. (A u®; )y = (Av,u) = (v ®, u,AT)%,

4. Mlusz vz = lullvl,

5. (uev)(f®28)=(f,v)uss g,

6. (u®y U)T=U®2 u,

7. (A®:B)'=B®, A.
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Proof. The proof follows from the definition and the properties of the
inner product, and is therefore omitted. a

The following result characterizes the Hilbert-Schmidt operators on L2
spaces:

Proposition A.2.11 (Weidmann 1980, Theorem 6.11). Let H = I2(M,Q),
with M a measurable subset of R". An operator T : H — H is Hilbert-
Schmidt if and only if 3k € L?(M x M, C) such that for all f € H,

Tf(x):f kx, f(y)dy a.s. forxe M.
M

We have T2 = [y 0 1k(x, ) 2dxdy, and the adjoint T' is induced by
the kernel k' (x, y) = k(y, x).

The following result follows from Fubini’s theorem:

Lemma A.2.12. Let K c R" be measurable and compact. Let a,b,c €
L?(K x K,R), with induced operators A, B, C on L*(K,R). That is,

Af(‘[)=fa(‘[,0')f(0')d0’, inLZ, erLZ(K,IR).
K

We can define the product operator AB of two operators by composition,
i.e. the operator AB is defined by (AB) f = A(Bf) for f € L%(K,R), and has
kernel

r(r,o):f a(t,wb(u,o)do, inL?.
K

This operation is associative.

A.2.3 Complexification of a Real Hilbert Space

Given a real Hilbert space Hg, we can construct a new complex Hilbert
space H which contains a subspace isometrically isomorphic to Hg. The
process is called the complexification of Hg (Halmos 1974, Conway 1990).
H consists of all pairs (¢, v), where u, v € Hg, and we define the sum

(w,v)+ W, V)= (u+dv,v+?), w v, vV €H
and the multiplication by complex numbers a +if by
(a+iB)(u,v) = (au— Pv, fu+av).
Furthermore, we define the inner-product on H by
(u+iv, ' +1") = (u,u' ) + (v, V") -i[{w, V") = (v, u')]. (A.2.13)
Notice that the induced norm satisfies

. 2 2 2
lu+ivi®=llull®+1vI°,
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for all u, v € Hg. In other words, the formulas behave as if (1, v) = u +iv,
and we will write the generic element of H in this way. We notice that the
mapping ¢ : Hp — H defined by ((x) = u +iv is an R-linear isomorphism,
which allows us to identify Hg with ((Hg) < H. Furthermore, we define
the real part and imaginary part mappings R, : H — Hg by

Ru+iv)=u, Su+iv)=uo.

These maps are R-linear, but not C-linear. The space H with (,-) is a
Hilbert space, and is called the complexification of Hg . Notice that the
complexification of a complex Hilbert space is not necessarily isomet-
rically isomorphic to itself. We shall call Complexified Hilbert Space a
Hilbert space H that is the complexification of a real Hilbert space Hp.

If (e;) n>1 is an orthonormal basis of Hp, then it is also an orthonormal
basis of H, and any bounded linear mapping T on Hg can be extended to
an operator T’ on H by the formula

T (u+iv) = Tu+iTv.

The extension has the following properties: for all bounded operators S, T
on Hp,

1. T'is bounded with ||| 7'||., = I Tlllso
2. (@) =aT', acR

3. (T+8)=T'+8

4. (Th = ('

We also define the conjugation-: H — H by

u+iv=u-iv.

Notice that it is not linear with respect to C-multiplication, but linear with
respect to R-multiplication. The conjugation has the following properties:

1. Itis aninvolution, i.e. u+iv =u+iv, and

2. (o) =(%7), xyeH

We can also define the conjugate of an operator T’ on H by the formula

T'x = (T'%) (A.2.14)
and the transpose of an operator by
T =T" (A.2.15)

These have the following properties:
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LT =TF=T""

2. T'T restricted to corresponds to the usual adjoint operator on Hg,
ie.
(Tu, vy = <u T'Tv>, Vi, ve Hp, T € 5 (Hp).

Example A.2.13. Here are some examples of complexified Hilbert spaces:
1. €% is the complexification of RY.
2. I2([0,1],C) is the complexification of L? ([0, 1], R).

3. €,(C) is the complexification of €2 (R).

A.3 Tensor Products

A.3.1 Hilbert Tensor Products
Given k Hilbert spaces (Hj,{,-);), j = 1,..., k, on can construct their al-
gebraic tensor product, denoted H; ©---® Hg, whose elements are linear
combinations of simple tensors ®;?:1 uj=u;®: - ®ug, where uj € Hj. The
simple tensors are linear in each coordinate, that is,
!/
U@ @u_1® (U +Au)) @U@ ® Uy =
U QU 1QUOUI+ 1B @ U
+A (1@ @ U1 @ U B UL ® @ U,

forall uj € Hj, uj, u; € H;,A € C. Hy is a linear space, which we equip with
the following inner product, that we call

k
k
<® u], ® v]> ]_[ u,,v]

j=1

The completion of Hy under the norm generated by this scalar product,

k
= [T 1wl
Jj=1

is a Hilbert space, called the Hilbert tensor product, whose inner product
is called the Hilbert tensor scalar product, and whose norm is called the
Hilbert tensor norm. The Hilbert tensor product is denoted

H=

I ® =

; 1H]-:H1<§3>Hzcz»---®Hk, (A.3.1)

If (e}, n) n=1 is a orthonormal basis of Hj, for j =1,..., k, then

(el,fh ®ezn,® ® ek,nk)nl,.‘.,nkzl
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is an orthonormal basis of H. Taking tensor products of Hilbert spaces is
associative (provided we identify isomorphic spaces), that is

(HH® H))® H3 = H, ® (Hy ® H3) = H1 ® Hy, ® H3,

and commutative,
Hy® H, = H,® H;.

In the particular case of the Hilbert space H = L2 ([0,1],C), we have that
(@ey)(1,0)=p@yw), ¢,eLl*([0,1],C);1,0€(0,1].

Given bounded operators T; : Hi — H lf, i=1,..., k between Hilbert spaces,
we define the their tensor product

= = k k
Q- QTr: ® Hi— ® H;
1 ® ® k i=1 ! i=1 !

as the unique bounded linear operator satisfying

(Tl®"'®Tk)(x1®"'xk)=T1x1®---®Tkxk,

for all x; € H;,i =1,..., k. Amongst the various properties of the tensor
product of bounded operators, we have that

P 1- —_
(n®mn) =1/ Q1.
The k-fold tensor product of H with himself will be denoted H®*

A.3.1.1 2-fold Tensor products and Hilbert-Schmidt Operators

Provided H is a complexified Hilbert space, i.e. it has a mapping*: H — H
that is anti-linear and whose square is the identity, the tensor product
H ® H and the space of Hilbert-Schmidt operators . (H) are isomorphic:

Proposition A.3.1. The mapping ®: H® H — % (H) defined by the con-
tinuous linear extension of

duov)=ue,v, VYu,ve H (A.3.2)

is an isometric isomorphism. In particular,
(A,B) =(®(A),®(B))s,, VA BeHo®H (A.3.3)
Proof. Fix a basis (e;) =1 of H. The mapping is clearly linear, it’s image
contains all the elements {ei ®ejii,j= 1} and property (A.3.3) is valid

on the basis {e; ®¢; : i, j = 1}. Therefore the continuous linear extension
is well defined, and the proof is complete. O
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A.3.2 Projective Tensor Products of Banach Spaces

We present briefly in this Section the projective tensor products of Banach
spaces, which are of interest for us because of their natural analogy to
the nuclear norm of operators on Hilbert spaces (see Proposition A.3.2).
Some references for this Section are Schatten (1950), Grothendieck (1953),
Ryan (2002), and Diestel et al. (2008).

Given Banach spaces (B, I|-ll;);=1,2, we define the norm projective norm
lI-ll; : By © B, — R on its algebraic tensor by
n n
Ixlly =inf< Y luillvillz:x=) uj®v; . (A.3.4)
i=1 i

i=1

This is indeed a norm, with the property that
luevly =lulillvlz, YueBi,veB;. (A.3.5)

Furthermore, it is the largest norm amongst all the so-called cross-norms
lI-Il., satisfying

lue vl <llulillvl, VYueB),veB;

We denote by B; ®; B, the completion of B; ® B, with respect to the pro-
jective norm, and call it the projective tensor product of By and By. It is
a Banach space. Furthermore, iterating the process, we can define the
k-fold projective tensor product of Banach spaces By, ..., By,

B1®;--®; By
and we have, up to isomorphisms,
B1®; By, =By®;B1, (B1®7;B2)®;B3=DB1®;(B2®;B3) (A.3.6)

In the special case where the Banach spaces are in fact Hilbert spaces, we
notice that the projective norm is stronger than the Hilbert tensor norm,
and up to isomorphism, we can say that

H, ®, Hy < Hy ® Hy, (A.3.7)

and the inclusion is continuous, since the Hilbert tensor norm is also a
Cross-norm.

If T;: B; — B}, i=1,..., k, are bounded operators between Banach spaces,
then

k k
(Th®r-+-®y Ti) : ®y Bi — ®nB£
i=1 i=1

denotes the unique bounded operator satisfying

(T1 &7 @y T) (X1 @+ ®xp) = T1 X1 ® -+ ® Ty X,
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forall x; € B;, i =1,..., k. Furthermore,
T @7 ®x Tillloo < T Moo - - I Tiellloo-
Using this and (A.3.7), we can show that
H ®y - ®; Hc H ®® Hj (A.3.8)

up to isomorphism.

The following universal property characterizes the projective tensor prod-

uct (Ryan 2002, Theorem 2.9): For any Banach space B, the spaces £, (B, B2; B)
of bilinear continuous mappings B; x B, — B and the space £ (B; ®; By; B)

of bounded linear mapping B; ®,; B, — B are isometrically isomorphic.
Furthermore, using (A.1.4), we can extend this statement to

£ (B1®x - ®y By; B) = £y (By,...,Bi; B) (A.3.9)

up to a isometric isomorphism.

A.3.2.1 Projective Tensor Products and Nuclear Operators

The is a very close relationship between projective tensor products of
Hilbert spaces and nuclear operators.

Proposition A.3.2 (Schatten (1950)). Let H be a separable Hilbert space.
Then the mapping V¥V : H®,; H — # (H) defined by linear extension of

Ywuev)=ue®v, Vu,ve H (A.3.10)

is a bijective isomorphism.

A.3.3 Permutation of Tensors

We describe here briefly permutations of tensor products. We will do it for
the Banach space case, with the projective tensor product . ® ., but this
holds also for the Hilbert space tensor product.

Given Banach spaces By, ..., B;, and apermutation v : {1,...,n} — {1,...,n},
we define

Permy () : B1®z B2 ®5 - ®3 By — By(1) ®7*** ®7 By(n)
as the unique linear operator satisfying
n n
Perm, | ® x;| = ® x,(),
i=1 i=1

for all simple tensors. It is clearly a bijective isomorphism. We can also
extend the permutation operator Perm, (-) to tensors of operators. Given
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bounded operators T; : B; — B;, recall that we have defined their tensor
as the bounded linear operator

T1®y®;Tp:B1®y--®; By — B ®y-+-®, By
satisfying ®,”_, T; (87, x;) = ®7_, T;x; for all simple tensors. We define
Permy (11 ® -+ ®7 1) = Ty1) ®n - ®x Ty(n)-

We have the following property:

N

n
® X;
i=1

Perm, (

n
®y Ai
i=1

) — Perm, (@51,, A,-) Perm, (@1 xi) (A3.11)
i=1 1=

A.3.4 Kronecker Products

For two operators A, B € %, (H), we define their Kronecker product A ®2 Be
Frno(Foo(H)), by A®, B(C) = ACBT, for C € F5,(H). It has the following
properties:

Proposition A.3.3. Forany A,B,C,D € %5 (H), u,v, f,g€ H,
1. - @, - is linear on the left, and sesquilinear on the right.
2. (A®, B)(u®, v) = Au®, Bv
3. [|A®2 Bl =< 1Al Blloo
4. (A®; B)(C ®, D)= AC ®, BD
5. (u®20) @ (f@28)=(uer [)@:(ve,g)

6. (AR®, B) = AT ®, B, where (A ®, B) is viewed as bounded opera-
tor on the Hilbert space % (H).

When A, B € % (H), A®, B € % (% (H)), and we have
Proposition A.3.4. Forany A,B,C,De % (H), u,v,f,g€ H,
1. (A®; B,C ®; D), = (A, C)s,(D, B,
2. ||A®: B||l, = IlAll2lBII

In the case H = L?([0,1],C), if A, B € % (H) are Hilbert-Schmidt operators,
hence they are also kernel operators, with kernels a(t,0), b(t,0), respec-
tively. The operator A ®, B is then also a Hilbert-Schmidt operator on
S (H), with kernel

k(r,o,x,y)=a(r,x)b(o,y).
For two operators A, B € ¥ (H), we also define their transpose Kronecker

product AQT B € Foo(Fso(H)), by AQTB(C) = (A®, B)(CT) = ACTBT,
for C € S (H).
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Proposition A.3.5. Forany A,B,C,D € % (H), u,v,f,g€ H,
1. (A®7B)C= (A R, E)ET
2. -®T- is bilinear.
3. (AQTB)(u®,v)= AU®, Bu
4. W V)RT(f®28) = (U®28) &> (f®23) = (u®2f) ®2 (g®27)
5. [1A&7 B|||, < llAllooll Bl
6. (AQTB)(C&®7 D) = (AD ®; BO)
7. (AQTB)(C ®, D)= ADQ7BC
8. (AQ®, B)(C®TD)=ACQRTBD

9. Viewing (AQ+ B) as an operator on the Hilbert space % (H), we get
o n PO T_pT 4T
U@ B =B @A, (AR B =B @ 4

In the case H = L?([0,1],C), if A, B € % (H) are Hilbert-Schmidt operators,
they are also kernel operators, with kernels a(z,0), b(t,0), respectively.
The operator A@T B is then also a Hilbert-Schmidt operator on 4 (H),
with kernel

k(t,0,x,y)=al(t,y)b(o, x).

Proposition A.3.6. Forany A,B,C,D € % (H),
1. (AQ7B,C&7 D), =(A,C)s,(D,B)g,

2. || AQ+B||l, = 1Al I Blll»

The proofs of this subsection are omitted; they follow easily from the
definition of the Kronecker products and tensor products, by evaluating
(if needed) the left-hand and right-hand side of the equations on simple
tensors.



APPENDIX

The Bochner Integral

Since we are working with random elements of Hilbert spaces, or even
Banach spaces, we will need to give a meaning to integrals of mappings
taking values in such spaces. The Bochner integral gives a rigorous treat-
ment of this. Some references are Hildebrandt (1953), Yosida (1995), Ryan
(2002), Mikusinski & Weiss (2014).

Let (Q,0,u) be a complete finite measure space, i.e., @ is a g-algebra
of subsets of Q, and p : @ — [0, +00) be o-additive, with u(Q) < co. For
A€ 0, We call u(A) the measure of A. We assume that S < A € ¢ and
WA =0 = Seo.

Definition B.0.7 (and Proposition). Let B be a complex Banach space,
with norm ||-|l, and Borel o-algebra 9. A function X : (Q,0) — (B, 98) is
called strongly measurable if

X is measurable and X (Q) is separable,

and Bochner integrable if
X is strongly measurable and f I X1l du < oo.
Q

Notice that if B is separable, then “measurable” and “strongly measur-
able” have the same meaning. Strong measurability has the following
characterization:

Lemma B.0.8. Let X : Q — B be a function. The following assertions are
equivalent:

1. X is strongly measurable;
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2. Thereis a sequence of simple functions (X,) n>1 such that

1 X, (w)— X)) =0, VYweQ,n— oo;

3. X(Q) is separable, and $p(X) : Q — C is measurable for allp € B* (the

dual of B).

Moreover, if X is strongly measurable, then one can choose the sequence of
simple functions (X,) such that | X, ()|l < 2| X(w)|l for allw € Q.

Proposition B.0.9. For a Bochner integrable function X, we define its
integral [ Xdu € B to be the unique element satisfying

q)(fQXd,u):fQ(p(X)du, V¢ € B, (B.0.1)

where B* is the space of all linear and continuous functionals ¢ : B — C
(the topological dual of B). Moreover, for A€ O, we define

fXd,uzleAdu.
A Q

We have the following properties:

1.

For every Bochner integrable function, there exists a unique element
in B satisfying (B.0.1).

There exists a sequence of simple functions X,, = Y., b;1,, converg-
ing pointwise to X, such that

fQ I X - X,lldu—0 (B.0.2)

Moreover, for every such sequence of simple functions, we have
n
fQ Xdp= lim IZZI biu(A;) (B.0.3)

Contraction property: || [o Xdp| < Jo 1 X dp

if T : B— B' is a bounded linear operator onto another Banach space
B’, then

T f Xdu = f TXdu (B.0.4)
Q Q

The space of Bochner integrable functions will be denoted £ (Q, B, 1).

Proposition B.0.10 (Dominated Convergence Theorem). Let X, € £(Q, B, 1)

foralln=1,2,..., and let X : Q — B be strongly measurable such that X, —
X pointwise u-almost everywhere. If there exists a function g : Q — [0, +00)
such that | X, || < g for alln and fQ gdu < oo, then



1. XeL(Q,B, W
2. limy oo fo Xndp = [ Xdu

We now wish to define LP-Bochner spaces. Let & = {N € 0 : u(N) = 0} be
the set of all measurable sets of measure zero. We first deal with the case
p € [1,00).

Definition B.0.11. 1. Forp € [1,00), wedefine £P(Q, B, ) to be the set
of all functions X : Q — B such that X1q\y is strongly measurable
forsome N € N, and

1/p
I Xl p := (f IIXllpdu) < oo.
Q\N

2. For p = oo, we define £*°(Q, B, 1) to be the set of all functions X :
Q — B such that X1q\y is strongly measurable for some N € A, and

I Xl g0 := inf{c € [0,00] : (I Xl > ¢) = 0} < c0.

Letnow p € [1,+00]. For X € £P(Q, B, u), we define its equivalence classes
[X] by

(X] = {YEfp(Q,B,M) Ylgwv=Xlo\n for some NE:/V},
We have that the space
LP(Q,B,pw) ={[X]: X € £7(Q,B,w}, (B.0.5)

equipped with the norm [ [X]l;» = | X || ¢r is a Banach space. We shall
often abuse of notation and write X instead of [X].

When Q c R for some positive integer d, and p = A is the Lebesgue
measure, we shall write LP (Q, B) instead of LP (Q, B, ).

The following result, which follows from Proposition B.0.8 and the Domi-
nated Convergence Theorem, will be used later:

Proposition B.0.12. The space of simple functions is densein (LP (Q, B, u), Il .r),
foreach p € [1,00).

B.0.4.1 Bochner L? Spaces on [—m, 7]
The particular case of the space L[2([-n, 7], B), which consists of functions

X :[-m,n] — B with

T
1X1%, =f IX(@)lI*dw < oo,

=7

will be of particular interest in the thesis. The following Lemma gives
some of its dense subsets.

231
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Lemma B.0.13. The following subspaces are dense in LP([-n,7],B), p €
[1,00):

1. The step functions

J
{ . lbjl[wj,wrj] :bj€Biwj, 0 el-mnl,j=1,..,J;]= 1,2,...}
]:

2. The cadlag step functions

J
{Z bjl[wj,wjﬂ):bj EB;—nm=w1<wy<--<wjy=mJ]=12,...
j=1

(B.0.7)

3. The trigonometric polynomials
N
Y buen:bpeB,n=-N,-N+1,..,N;NeN}, (B.0.8)
n=—N

where e, (w) = ", w € [-m, 71].

Proof. Since the space of simple functions is dense in L[2([-7, 7], B), we
only need to show that each of the subspaces is dense in the space of
simple functions

J
{ bjl]jibjEB;IjE@;]<oo}.
j=1

By the triangle inequality, it is enough to show that b1}, be B, I € @, can
be approximated arbitrarily well from each subspace.

(i) For the step functions, notice that

p b2

_ ||b||Pf
-7

LpP

T p
1[((,())— Z l[wj,w'j](w)' dwr
j=1

(B.0.9)
therefore the result follows from classical Lebesgue integration the-
ory.

J
b1, - Z bl[wj,w’j]
j=1

(ii) For the cadlag step functions, the result follows from (i) once we
notice that each step function is equal to a cadlag step function
almost everywhere.

(iii) For the trigonometric polynomials, similarly to (B.0.9),
p

17(w) — Z " do,
In|l<N

p /4

- ||b||Pf
-

bl;— Z bae,
In|l<N

Lp
(B.0.10)
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where a, € C, and the result follows from the theory of Fourier series,
since Fejér kernels is an approximate identity.

O

B.0.4.2 The Case B = %, (H)

Let us add a note about the case where B is a Schatten class of operators
on a Hilbert space. We will take here Q = [—m, ]. First, notice that if A:
[-m, 1] — &, (H) is strongly measurable, then so is AT (w) = (A(w)!. Fur-
thermore, if A; : [-7, 7] — ), (H) and A, : [-7, 1] — #;(H) are strongly
measurable, with p_1 + q_1 =1, then the function A; Az (w) = A; (w) Az (w)
is a strongly measurable mapping [-7,7] — % (H). Indeed, let (A; ),
respectively (A, ), be a sequence of simple functions in converging to A,
in [|-lll ,, respectively Ay in |[l-[ll;. Then by Holder’s inequality,

[ 4142 = Avn Az, = (I AL = Avall] ,1A20 g + [[[ Avall] [ A2 = A2l -

and therefore A; , Ay , converges pointwise to A; A,. Since a product of
simple function is a simple function, A; A, is strongly measurable.
The following result shall be useful at a later stage:

Proposition B.0.14. LetS€ LP([-n, 7], A (H)) and A1, Az € L2 (-7, 7], o (H)),
where 1 < p,q <oco and p~' + g~ = 1. Then the function A18AJ2r(w) =
A1 (0)S(w) Al (w) belongs to L' (-, 7], % (H)).

Proof. Assume without loss of generality that both A; and A, are strongly
measurable on [-7,7]. Then T = AlSA; is also strongly measurable, and
using Holder’s inequality for the Schatten norms and for the L” norms,
we get

[

A8 A )| do= f_ ZmAl @l S@Ih || A} @) _de

T 1/p b3 ) T )
s(f |||%|||{’dw) (f AL @I do f Az (@)X do

=7 =7 =7t

1/2q

< 00,

which finishes the proof. O

B.0.4.3 Approximate Identities for Bochner Spaces, and Cesaro-sums of
Fourier Series

Let T = [—m, ] denote the unit circle, viewed as the quotient group R/27Z,
i.e.a+2kn=aeTforall a €T, let B be a Banach space, and the measure
i = A, the Lebesgue measure. For a function K € L!(T,C), and a function
feLP(T,B), pell,o0], we define the convolution K * f : T — B by

T
(K* f)(a) = Kw)fla-w)dw, acT. (B.0.11)

=7
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Notice that K * f is strongly measurable, and that by Young’s inequality
(Hunter & Nachtergaele 2001, Theorem 12.58),

U—Z i€+ fw) ”pdw)”" = fj, K(@)dw (fj, ||f||’”dw)“p,

in other words, ||K* f||U, < IKll ;2 ”f“u“ and the mapping f — K * f is
a continuous and linear mapping LP(T,B) — LP(T, B). Furthermore, a
simple change of variable yields K * f = f * K.

A sequence of functions (K,) ;=1 € LY(T,C) is called an approximate iden-
tity if

1. sup,, | Kyl < oo,
2. limy—oo /7, Kp(@)dw =1
8. liMy—oo f5<|xj<n [ Kn(@)ldw =0, forall 0 < § < 7.

Approximate identities are important in real Fourier analysis, but also
for us, because their nice properties extend to Bochner spaces. Let us
introduce the notation C(T, B) to denote continuous strongly measurable
functions f: T — B. The following result is proved by following the proof
of Edwards (1967, Theorem 3.2.2), by replacing the modulus by ||-|| when
appropriate:

Proposition B.0.15. Let (K,;),>1 be an approximate identity. Then

lim sup || K, = f(w) - f(w)|| =0, feC(T,B), (B.0.12)
=00 weT
and
lim [[Kyx f=f,=0, feLP(T,B), (B.0.13)

provided p € [1,00).

A concrete example of a approximate identity is the Fejér kernel,

1 sin(Nw/2)
Fn(w) = (

)2—(2 Yy (1—@) fon —(B.0.14)
27N B NJ)¢ e

sin(w/2) In<N

which is important because it is related to the Cesaro-sum of a Fourier
series.

Proposition B.0.16. Let p € [1,00). For f € LP(T, B), let
A n .
fm=em™| flwe™"dweB,
-7
and define
onflw):= ) (1 - '—]'\1,') fmer.

|n|l<N



Then,
lonf-f|;p—0 N—oo. (B.0.15)

Furthermore, if f, g € LP(T, B), p € [1,00], and they satisfy

/4

ﬂ . .
f fwe“"dw = gw)e"dw, Vnez, (B.0.16)
-7 -7

then f = g almost everywhere, and if they are both continuous, f = g
everywhere.

Proof. Notice that

onflw =Y (1—%) f(me“" = Fy x f(w),

In|l<N

and by Proposition B.0.15 implies (B.0.15).

For (B.0.16), since LP(T, B) c L' (T, B) for any 1 < p < oo, we only need to
prove the result for p = 1. Notice that f(n) — g(n) = 0 for all . Therefore,
applying (B.0.15) to the function h = f — g yields lloyh -kl ;1 — 0. But
since o yh = 0, the left-hand side is || 4|1, and does not depend on N.
Therefore || hll;: = 0 and therefore f = g almost surely. O

B.0.4.4 Fourier Series for Hilbert Space Valued Functions

Let us now consider the Bochner space L*(T, H), where T = R/27Z is
defined on page 233, and H is a complex separable Hilbert space. We
define

T
(A1, Ao)p2 = | (A1 (W), A2(w))dw,
=7
for Ay, A, € L2(T,H). This turns the space L[%(T, H) into a separable
Hilbert space.
The following Proposition tells us that Fourier series for the space L?(T, H)

enjoy the same I? properties as Fourier series for functions in L2(T,C).

Proposition B.0.17. For any A€ L*>(T, H), we have

2
dow=0

b4 . 1 T,
Aw) - ). e“””(— f e““”A(a)da)
Inl<N 270 J-n

lim
N—ooJ_g

Remark B.0.18. Forany A€ L2(T, H), we have Denoting the Fourier coef-

ficients
b/

1 .
a,=— e """Ala@)da € H,
W
and the truncated Fourier sums

SN = Z Antn,
|n|l<N

235



236 B. THE BOCHNER INTEGRAL

where ¢, (w) = exp(iwn), the statement of the Proposition can be rewritten
in the following compact form:

|A-=Snl;z —0, as N— oo.

Proof of Proposition B.0.17. We shall use the notation of Remark B.0.18.

Let us first show that (Sy) =1 is @ Cauchy sequence in L%(T, H). Notice
that forall N,M =1,

(SN, Sm)pz = Z Z (nen, Amem) 12
|n|<N|m|<M
/A
= Z Z (ap, am)expliln—m)w]ldw
|n|<N|m|<MY—7

.
= ¥ % anan) [ explit-moldo
|n|<N|m|<M -7

=Y Y (anamy2nbpm
|n|<N|m|<M

=Y Y Aan,amy2nbpm
|n|<N|m|<M

=2 Y. laal®

|n|<min(N, M)

Therefore, if N> M =1,

2 2
”SN_SM”Lzz Z lanll”.
M<|n|<N

Let (@) n=1 be an orthonormal basis of H. We have

Yo llanl? =3 Y Kan @i)l?
nez neZ k=1
<ifﬂ e—ianA(a)da, (p >
27 ), P

= 2.
1 . 2
Ef e Ala), px)da

2

=) )

nezZk=1
T
k=1nez -

T
=) { A(w), i) dw (by Parseval’s identity)

k=1v—T

=| Y KAw), ¢ dw
k=1

- f AP do.

=7

Therefore (Sy)n=1 is a Cauchy sequence, and converges to an element
Se L*(T,H).
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Now notice that for any ¢ € H, we have
T
f I{ A(w) — Sy(@),p)*dw — 0, as N — oo.
-7

Indeed, the function ( A(-),) is in L2 ([0,1],C), and

(SNOL@y= D enlan @)

|n|l<N

is its truncated Fourier series, which converges in I%([0,1],C) to <A(-), (p),
from the classical theory of Fourier series (see e.g. Edwards (1967)). There-
fore, we get

T T
f |<A(a))—S(a)),(p>|2dw:Al]imf I{ A(w) — Sp(w), p)*dw =0,

for all ¢ € H. This implies that S = A almost everywhere (indeed, replace
@ by @;,; for each m = 1, A # S on a set of measure zero; the statement
follows since a countable union of measure zero sets has measure zero)
and finishes the proof. O






APPENDIX

Random Elements in Banach
and Hilbert Space

C.1 Generalities

In the special case where p is a probability measure, denoted p = P, the
Bochner integral allows us to define rigorously the notion of random
elements of a Banach space.

Definition C.1.1. Let (Q,0,P) be a complete probability space and B be a
Banach space. A random element of B is a strongly measurable function
X:Q— B.If [ I X]|dP < oo, we write

[EXZ[ XdpP
Q

In other words, if a random element X of B satisfies E || X| < oo, then its
expectation is well defined, and satisfies T E X = E T X for every bounded
operator T : B — B’, where B’ is another Banach space. In the particular
case where B = H is a separable Hilbert space, if X, Y are random elements
of H with mean zero and finite second moment (E | X||? + E| Y |? < 00),
then the cross-covariance operator of X and Y,

Axy = E[X®Y]

is a well defined, and is a nuclear operator since

IZxy il < EllX @2 Yl = EIXINYII < \/EIXI*E[Y]? < oo.
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Indeed, the first inequality comes from the contraction property of the
Bochner integral, and the second inequality comes from the Cauchy-
Schwarz inequality. In particular, since the trace is a linear operator,

Tr(Zxy)=ETr(X®,Y)=E(X,Y).
Furthermore, if 7, S are bounded operators on H, then

(7®, 8] ElxX®, V1= E(TX®,SY), (C.1.1)

since (T ®2 S) is a bounded operator on . (H) (by Holder’s inequality),
and therefore
E(TX,SY) =Tr(T%XYST) (C.1.2)

If X =Y, then the cross-covariance operator is simply called the covari-
ance operator, denoted # = E[X ®; X]. It is a hermitian positive operator,
which is trace-class, with trace

Tr(%) = ETr (X ®2 X) = EI| X%
The following technical result will be useful for computing the cross-

covariance operator of mean square limits of random elements.

Lemma C.1.2. Let (Xy) 21, respectively (Y) =1 be sequences of random
elements of H with finite second moment, converging in mean square to X,
respectively Y, i.e.

ElX,-XI?—0, ElY,-YIl?*—0, asn— oo.
Then the cross covariance operator of X and Y is well defined and

ElX®:Y]= lim E[X,®: Y], inS(H).

Proof. Recall that | X| ;2 = v/ E|[ X|? defines a norm on L?(Q, H,P). There-
fore X and Y have both finite moments, and their cross-covariance oper-
ator is well-defined. Now since

E[X® V] - E[X,®2 Yyl = E[(X = X,) @ Y]+ E[X;, ®2(Y - Y],

the contraction property and (A.2.8) yield the result. O

The following well-known result relates the trace of the covariance opera-
tor of a random element of an L? space with an integral of its covariance
kernel:

Lemma C.1.3. LetK = ]'[jzl[aj,bj] < R", where —oco < aj < bj < oo for
j=1,...,n. Let u denote Lebesgue measure on R". Let X be a random
element of

L*(K,0)={f:K—C:|f], <oo},
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where || fll2 =\/(f, f) and

(f,g>=fo§du, f,g € I*(K,C).

Letr(t,s) = cov(X(1),X(s)), t,s€K bethecovariance kernel of X, and %
be the operator on L*(K,C) induced by the kernel. If E|| X||5 < oo, then % is
trace-class and

f r(t, )du(t) = Tr (%) < oco.
K

Proof. We already know that Tr (%) = E|| X — EX|? < co. On the other
hand, Tonelli’s Theorem yields

EllX - [EX||§=/K[E|X(t)—EX(t)th:fKr(t, ndu(r).

Hence [i r(t, )dp(t) = Tr (%) < co. O

C.2 Convergence in Distribution

In this section, we briefly talk about convergence in distributions for ran-
dom elements of Banach or Hilbert space. Some references are Vakhania
etal. (1987), Ledoux & Talagrand (2011), Billingsley (1999), and Kallenberg
(1997).

Recall that a sequence of random elements (X,,) of a separable Banach
space B is said to converge in distribution to the random element X € B
if Po X, ! converges weakly to Po X~1. The following characterization of
convergence in distribution is very useful in practice:

Theorem C.2.1 (e.g. Ledoux & Talagrand (2011)). A sequence of random
elements (X,;) of a separable Banach space B converges in distribution to
the random element X € B if and only if

Convergence of Projections: ¢(X},) 4, ¢(X) forall¢p € B*, and,

Tightness: (X},) is tight, i.e.

supliminfPX, e K=1,
K n—oo

where the supremum is taken over all compact sets K c B, and

The tightness condition is crucial in proving convergence in distribution.
It is needed because otherwise we could have PX € B < 1, a phenomenon
that can be intuitively understood as that “mass escaped to infinity”. The
convergence of the projections ensures that the limiting distribution is
indeed given by the law of X.

Since tightness is related to compact subsets, it is important to have a
characterization of all compact subsets of a given space, or at least to
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be able to construct “large” compact subset. For the Banach spaces of
continuous real functions on compact Hausdorff spaces, such a charac-
terization is given by the Arzela-Ascoli Theorem. In the case where B = H
is a separable Hilbert space, I haven’'t found an explicit characterization of
compact subset in the literature. If (e,) ;=1 is an orthonormal basis of a
Hilbert space H, it can be shown that for every b = (b1, by, ...) € £2(R), the
set

{Zanenzlanlslbnl‘dnzl} (C.2.1)

n=1

is a compact subset of H. This following tells us how to construct compact
subsets that are larger that this one, because they will always contain the
sets elements of the form (C.2.1), and also elements of the form x = a, e,
where a, — 0, but possibly with ¥°,,-1 |a,|? = co.

Lemma C.2.2 (A class of compact sets for separable Hilbert spaces). Let
H be a separable Hilbert space with scalar product {-,-) and norm ||-||,.
For any sequence of integers 1 = n; < np < ---, any sequence of positive
numbers I such that limy_.o, Iy = +00, and any complete orthonormal
sequence (ep)p=1,2,.. of H, the set K = ﬂz"zl By is compact, where By =

{xe H:Y%, (x,e;)° < l;l}.

Proof. Suppose H is a real separable Hilbert space (all the following steps
can be reproduced for a complex separable Hilbert space). The sequence
(en) induces an isometric isomorphism H — ¢, (R) via

x€ H— ({x,e1),{x,e2),...).

We can therefore write x = (x1, x2,...), where x; = (x, ;).

Since K is in particular a metric space, showing its compactness is equiva-
lent to showing that it is complete and totally bounded (Munkres 2000,
Theorem 45.1). Recall that a metric space (M, d) is totally bounded if, for
every € > 0, there exists a finite covering of M by e-balls. This means that
there exists a subset F, ¢ M such that

for any point of m € M, there is a point p € F, with d(m, p) <e. (C.2.2)

The set F; is called a (finite) e-net of M.

First notice that K is complete since it is a closed subset of H. Let us show
that is totally bounded. Fix € > 0, and let k be the smallest integer such
that llzl <€?/2. Let

Hj = {(x1,%2,...) € H: xj =0 for j > k}.

Since the set
Hi (1'% = {x € H: lIxllp < 17V}

is compact, it is totally bounded, and there exists a finite \%-net F of
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Hk(ll_uz). Let us show that F is a (finite) e-net of K. Let x = (x1, x2,...) € K,
Py : H— H denote the orthogonal projection onto Hy, and I: H — I be
the identity operator on H. Notice that

Pi(K) € Pr(By) = Hi (I3,

hence there exists a point p € F such that | Prx - p|; < % Notice also
2
that || (I — Pk)xllg < l,;l < % by definition of B. Hence

|x-p|%=|Prc-p) 5+ |d - PO - p)|5 = || Pex - p||3 + 1 - PxI,

since p € Hy. We thus have ||x— p||2 < g, and K is compact. O

The following Lemma gives necessary conditions for tightness of a se-
quence of random elements in a separable Hilbert space. It collects ideas
found in Bosq (2000, Theorem 2.7). We note that it is slightly weaker than
Panaretos & Tavakoli (2013b, Lemma 7.1).

Lemma C.2.3 (Criterion for tightness in Hilbert Space). Let H be a (real
or complex) separable Hilbert Space, and Xt:w — H, T =1,2,... bea
sequence of random variables. If for some fixed orthonormal basis (ey,) n>1
of H, and some T' > 1, we have

1. sup E|Xrl* <oo
T>T

2. lim sup Z [E|<XT,ej>|2:O,

=TS jzn

then (Xr) is tight.

Proof. Fix € > 0. We shall define a compact set K c H such that P(Xr ¢
K) <¢, forall T > T'. This will show that X7 is tight.

Set Sy =suprsp X j=n EI(XT, ej)|*. By assumption, $; < oo and

lim S, =0.

n—oo

Set n; =1, and [; = €/(2S;). We then define [ = kI, and choose integers
1< ny <ng<---such that
S1

Spp < ——

kzk—l'

Define By = {xe H:Z‘]’.‘ink (x,qu)z < l,;l}, and K = N2, Bx, which is

compact by Lemma C.2.2. Using successively the union bound and
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Markov’s inequality, we obtain, for all T > T,

PXrgKl<Y P| Y [(Xre) =1t

k=1 j=ng

< ;lk Y. E[(Xr.e)|

jzng

<> LSn <),
k k

8_
Z—k—E.
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